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ABSTRACT. We show the existence of multiple solutions of a perturbed poly-
harmonic elliptic problem at critical growth with Dirichlet boundary conditions
when the domain and the nonhomogenous term are invariant with respect to
some group of symmetries.

1. Introduction and Main Result. Let K > 1 and let {2 be a bounded smooth
domain in RY with N > 2K. In this paper we consider the polyharmonic elliptic
problem

(—2A) 8y = |u|2u+ f in 02,

9 \J , (Za.f)
2 -0, j=0,... K—1,
(81/) u‘ag J
where f € H=5(£2) and K, = % denotes the critical exponent for the Sobolev

embedding HI(2) — L¥+(02).

If f = 0 this problem is invariant under dilations. Lack of compactness in elliptic
problems which are invariant under dilations is known to produce quite interesting
phenomena. It often gives rise to solutions of small perturbations of such problems.
This behavior has been extensively studied for K = 1 (and 1, = 2*), we refer to [5],
[27] and [30] for a detailed discussion. For K > 1 perturbations of problem (£, o)
by adding a subcritical term have been considered by many authors; we refer to the
work of Gazzola [14] and the references therein. For K = 2 perturbations of the
domain giving rise to solutions were also recently considered by Gazzola, Grunau
and one of the authors [15].

Adding a nonhomogeneous term produces a similar effect. For K = 1 it was
shown by Tarantello [29] that, if f # 0 and ||f||z-: is small enough, problem
(P, ¢) has at least two nontrivial solutions. This result was extended to the case
K = 2 by Deng and Wang [11]. One consequence of the main result in this paper
is that this is true for every K > 1. We shall show that the following holds.
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COROLLARY 1.1. There exists a k > 0 such that, if f # 0 and ||f||g-x < K, then
problem (P, ¢) has at least 2 solutions.

It is well known that the presence of symmetries gives rise, in many cases, to
additional solutions. The impact of symmetries on problem (Zg, ¢) for K =1 has
been studied recently by Kavian, Ruf and one of the authors [10]. The main goal
of this paper is to study the effect of symmetries on the number and on the type
of solutions of problem (Z, ;) for arbitrary K > 1. We consider domains {2 which
are invariant under the action of some closed subgroup G of the group &(N) of
orthogonal transformations of RY, that is, gz € 2 for every g € G, z € 2. We
assume that f is G-invariant, that is, f(gz) = f(x) for every g € G, z € {2, and
look for additional solutions of problem (Zg ) which are also G-invariant. Recall
that G is said to act freely on §2 if g1x # gox for all gy # go € G, x € £2. As a
consequence of our main result we obtain the following.

COROLLARY 1.2. If G # {1} acts freely on {2 then there exists a k > 0 with the
property that, for every f # 0 which is G—invariant and such that ||f||g-x < &,
problem (Pq, f) has at least 3 solutions one of which is G—invariant and one of
which is not.

For example, if {2 is symmetric with respect to the origin (i.e. x € 2 if —x € 2)
and 0 ¢ (2 then, for every even function f # 0 with || f|| -« small enough, problem
(P, f) has at least 3 solutions, one of which is even and one of which is not. We

write
(0. 0) {fn Aty Aty dx if K =2g,
yV)K,2 —

1.1
Jo VAUV Ade if K=2¢+1 1)

for the usual scalar product in the Sobolev space HI(£2), and denote by Sk the
best Sobolev constant for the embedding HI (£2) — LE~(02),

Sk = inf {Jullks : we HE(9), /

u|* da = 1}.
9]

We write § G; for the cardinality of G;. Our main result is the following.

THEOREM 1.3. Let {1} = G1,...,Gy, be closed subgroups of O(N) acting freely on
2 such that 1 G1 < -+ <Gy and Gyy—1 C Gp,. Then at least one of the following
assertions holds:

(@) m > 1 and for f =0 problem (Pq o) has a nontrivial solution u such that
ull 5.5 < (8 Gr1) (k)N

(b) m > 1 and there exists a k > 0 with the property that, if [ is G;—invariant
foreachi=1,...,m, f #0 and || fllg-x < K, then problem (Pgp, ;) has at least
m+ 1 solutions ug, uq, ..., Uy, such that u; is G;—invariant but not G; 1 —invariant
fori=1,...,m—1, and up, is Gy, —invariant.

We recall that a weak solution of (P, ;) belongs to C*($2) if 942 is of class
C?K.2 and f e C%*(02) [20].

Whether {2 has symmetries or not, Theorem 1.3 (with m = 1) asserts the ex-
istence of at least two solutions of problem (g ¢) for f # 0 and ||f| g-x small
enough. This is Corollary 1.1. Moreover, if {2 and f have appropriate symmetries,
Theorem 1.3 provides an additional solution. Indeed, since (g o) has no ground
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state solution, Theorem 1.3 includes Corollary 1.2 as a special case (a detailed
argument is given in Section 4 below).

Theorem 1.3 asserts the existence of many solutions of problem (g, ¢) provided
that it has many symmetries and that the unperturbed problem (%, o) has no
nontrivial solution below a certain energy level.

Little is known about nonexistence of solutions of problem (Zg, o). For K =1
Pohozaev’s identity [23] implies nonexistence of solutions in starshaped domains.
But for K > 1, even though Oswald did show that there are no positive solutions
in domains of this kind [21], as far as we know there is no result excluding sign—
changing ones apart from the case K = 2 where the existence of radial solutions on
a ball has been ruled out [15].

In any case, notice that the condition that G acts freely on (2 is quite strong.
It implies that 0 ¢ {2, which excludes starshaped domains. It also implies that 2
has nontrivial topology. For K = 1 a well known result of Bahri and Coron [1]
asserts the existence of a solution of problem (%, () if £2 has nontrivial topology.
A similar result for any K > 1 was recently obtained by Bartsch, Weth and Willem
[2]. Moreover, even in some contractible domains, solutions of (Zg, f) are known
to exist [22], [15]. Quite recently, however, Ben Ayed, El Mehdi and Hammami [3]
obtained a nonexistence result for problem (Zq o) on thin annuli. They showed
that, for K’ = 1, problem (g o) has no positive solution below a given energy level
if the annular domain is thin enough. This fact, together with Theorem 1.3 and
some stronger results of this kind, provides multiple solutions of problem (g, )
for K =1 and small f # 0 on thin annuli [10].

For f > 0 and K = 1 there is an effect of the domain topology [26] together
with its symmetries [10] on the number of solutions of (Zg, ¢). Also more general
group actions are allowed in this case. This is a consequence of the fact that, for
K =1, least energy solutions are positive if f > 0 and small enough. For K > 1
this positivity preservation property does not hold in general, due to the lack of
maximum principles for (—A)% [17].

Finally we would like to mention that for nonhomogeneous polyharmonic prob-
lems at (small enough) subcritical growth with homogeneous or nonhomogeneous
Dirichlet boundary conditions much stronger results hold for arbitrary K > 1 [18].

This paper is organized as follows: in Section 2 we describe the variational setting
associated to problem (X, f) in the presence of symmetries. In Section 3 we give
a compactness condition for this problem and obtain a first G—invariant solution.
In Section 4 a further G—invariant solution is provided, and Theorem 1.3 is proved.
As in the case K = 1 [29], [10], the proof of Theorem 1.3 for K > 1 relies, on
one hand, on the knowledge of the first G—invariant noncompactness level for the
unperturbed problem (Zg o). On the other hand, it requires fine estimates similar
to those obtained by Brézis and Nirenberg in [8]. These questions will be handled
in Sections 5 and 6 respectively.

2. The Variational Framework. Let G be a closed subgroup of &(N) and as-
sume that 2 and f are G—invariant. Consider the problem

(—A) Ky = |u|BE—2u+ f in £,
(2) u| =0, j=0,....K -1, (28 4)
u(gx) = u(x) for g € G.
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The action of G on 2 induces an orthogonal G—action on H (§2) given by

(gu)(@) := u(g™'2),
that is, (u,v)g2 = (gu,gv)K2 for all g € G, u,v € HE(2). We write ||, for the
LP—norm. The energy functional
g —/ fudx
0

1 2 1
By(w) = 5 lulfe s = 5o
is G-invariant, that is, E;(gu) = Ey(u) for all g € G and u € HI(92).
Weak solutions of problem (98 f) are critical points of the restriction of Ef to
the space of fixed points

HE(2)C = {ue H (2) 1 u(gz) = u(z) for all g € G}.
They lie on the Nehari set
NE :{u e HE(2)C . DEj(u)u = o}

g—/ fudsczO}
Q

From now on we assume that the following condition holds:
(#4) For every v € Hf ()¢ with |v[j" = 1,

2
:{u € HE(2)¢ - ||UHK2 = |u

4K (NfQK S
N —2K\N +2K

This condition is the same one given by Tarantello [29] for K = 1 and by Deng and
Wang [11] for K = 2. Observe that condition () holds provided that

N+2K
| [ fode] < sl 5 b=
2

11l < bavse S/

Let us recall some properties satisfied by the Nehari set.

PROPOSITION 2.1. If condition (%) holds then /\/’J? has the following properties:
(a) if f #0 then ./\/'fG is a C*—submanifold of HE (£2)C; if f =0 then NE\{0} is a
Ct—submanifold of HI ()¢ ;

(b) for every 0 £ u € ./\/fG the line Ru is transversal to ./V'fG at u;

(¢) ./\/'fG has two components

WY ={ueNF : ks~ (reame) it >0,
(./\/fG)_ :{u € ./\/']9 : ||u\|§<2 — (%) |w g < O} :

(d) (NfG)_ is radially diffeomorphic to the unit sphere in HE (02)¢ ;
(e) Ef(u) <0 forue (NF)' withu#0;
(f) Ey is bounded below on ./\/'fG

The proof is easy and similar to the one for K = 1 [29], [10]. Details are left to
the reader. We define

a . . e} .
c7g:= Inf EFr= inf F cy,:= inf Fy.
PO wenve T T weweyr T TR vy
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These infima are natural candidates for being critical values. We shall show that
they are actually achieved. Notice that Proposition 2.1 implies that —co < 6?70 <

c}Cle < 400 and that C};,o <0if f#0.If f =0 we write
N =(NG)™, of = inf Fo.

3. The G—invariant Compactness Range.

DEFINITION 3.1. A sequence (uy,) C HE ()Y such that
Ep(ug) = ¢, [|IDEp(ur)ll-x — 0,

will be called a G-PS-sequence for E¢ at the level c. B¢ will be said to satisfy the G-
Palais-Smale condition (PS)S at the level c if every such sequence has a convergent
subsequence.

Let us set K
pe = (migti Gr) = (SN,
z€es? N
where § Gx denotes the cardinality of the G-orbit Gz = {gx 1g € G} of . The
following Proposition, which extends a result of P.L. Lions [19] to any K > 1, will
be proved in Section 5.

PROPOSITION 3.2. Ey satisfies (PS)S at every ¢ < pu®. In particular, if every G-
orbit in £ is infinite, then Ey satisfies (PS)S at every c € R.
COROLLARY 3.3. E; satisfies (PS)S at every ¢ < cjcf,o + pC. In particular, if every
G-orbit in (2 is infinite, then E; satisfies (PS)S at every c € R.
Proof. Let (ux) be G-PS-—sequence for Ey with Ef(uy) — c. It is readily seen that
(ug) is bounded. Hence a subsequence converges weakly in HE(£2)¢ to a weak
solution u of (338 7). Let v := uy —u. A standard argument shows that
Ep(ux) = Ey(u) + Eo(vk) + o(1)

o(1) = DEy(ux) = DEg(u) + DEo(vi) + o(1) = DEo(vk) + o(1)
as k — +oo. Therefore (vy) is a G-PS-sequence for Ej such that vy — 0 weakly in
HE(02)Y and

Eo(vy) = c— E¢(u) < c— cjcf)o < u.

It follows from Proposition 3.2 that, up to a subsequence, v, — 0 strongly in
HI(2)% and, hence, uj, — u strongly in HX(02)¢. O

Easy consequences of Corollary 3.3 are the following.

THEOREM 3.4. If f satisfies assumption (J41) then C%O 1s achieved at a point u?o €
(NE)T which is a critical point of Ef on Hg (£2). Moreover,

Fllzr-x — 0 = JJuFoll,, — 0.

Proof. If f = 0 take u%o = 0. For f # 0 let (u,) be a minimizing sequence for
E; on (N f )*. Ekeland’s variational principle [30] allows us to assume that (u,,)
is a Palais—Smale sequence for E; on N’ fG . Since C?,o < 0, we may also assume
that u,, # 0. Hence Ru,, is transversal to N f at u, and therefore (u,) is a G-PS—
sequence for Ey at the level cgo. Corollary 3.3 above asserts that a subsequence of
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uy,) converges strongly to u¢, € (N¢)*. Hence, Ef(u$,) = c§,. The last assertion
& 1,0 f F%f0 f,0
follows immediately from the inequality

K 2 N + 2K
0> By(ufo) = 3 lusallia =~ [ Susods

K N +2K (N +2K)*
ZN [uFollx., — —n Mllg-x [uFoll o = ~Tenie M-«

O

For K =1 this result is due to Tarantello [29] if G = {1} and for arbitrary G it
was proved in [10]. A further consequence of Corollary 3.3 is the following.

PROPOSITION 3.5. If condition () holds then CJCJZO < C?,r

Proof. If C?,O = 0%1 then, arguing as in Theorem 3.4, we obtain a u?)l € (J\/]g)*
such that E (u?l) = cﬁl. Let tg > 0 be the largest real number with Ef(tou}%l) €
(NV§)T. Assumption () implies that

Cfo Ef(touf 1) < Ef(uf 1) = Cf1
This is a contradiction. O

4. A Second G-invariant Solution. We wish to give conditions for c%l to be
achieved by Ey on (N JQ )~. Corollary 3.3 immediately gives the following.

THEOREM 4.1. Assume that condition (#61) holds. If every G-orbit of {2 is infinite,
then cﬁl is achieved at a point u%l € (NfG)_ which is a critical point of Ef on
HE ()¢

Next we consider the case when the domain {2 has a finite G—orbit. We assume
throughout that condition (##7) holds and also

(4%) G is a finite group acting freely on (2.
For ¢ > 0 and y € RY we consider the ground state solutions
N—_2K K N_2K

I 5 . 4K
Ts7y(x):CN7K(82+|.’I}—y|2) ) CN,K: { H (N2])}

j=1-K

of the problem (—A)Ku = |u|¥+=2y in RY (see [28]). It satisfies
N/2K K,
1Tl = (5102 = T2y I -
For y € 2 we consider the multi-bump function
We,y = Z Paylegy € H(?(Q)G
geG

where ¢ € C®(RY) is radially symmetric, 0 < ¢ < 1, ¢ = 1 on B(0,1) and ¢ =0
outside B(0,2), and ¢,y (x) = p(p~!(x — gy)) with

1 1
0<p< min{idist(y,&()), 1 lgy —d'y|: 9,9 €G, g# g’}.

Hence supp(¢gy) C 2 and supp(¢gy )N supp(pyy) =0 if g # ¢'.
If f # 0 then u% 70 # 0 and we may assume without loss of generality that u¢ 70>0

in some set X' C {2 of positive measure. The following lemma, which extends a result
of Brézis and Nirenberg [8] to any K > 1, will be proved in Section 6.
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LEMMA 4.2. For each K > 1 and t > 0 and for a.e. y € X' the following holds

[ 1o tweyl 1 = [ ol ot [ e, 1 do
[0} [0} 0

+K*tK**1/ufowK* Ldx
2

+ K*t/ |u§O\K**2u§-’j0 Wey dx + Re + Se
Q

with R = o (s(N’ZK)ﬁ) and S: = o (s(N*ZK)/z) as € — 0.

PROPOSITION 4.3. Assume that f # 0 and that conditions (1) and () hold.
Then for every t > 0 and a.e. y € X it results

Ef(ugo +tw, ) < C?O + ,uG
for each € > 0 sufficiently small.

Proof. For every t > 0 and each y € (2 it results
G t° 2
(Uf,07w67y)K,2 + 5”“’6@”1{,2

1
_?|uﬁ0 —|—tw€¢y|§z —/ fu](c’jo dx —t/ fwe y dx.
* (9] 2

In view of Lemma 4.2, this equality yields

Ef(uﬁo +twe,y) = 3

t2 tK*
Ef(“?,o + twa,y) = Ef(“?o) + tDEf(U?,O)w&y + 5”“&3/”%{,2 dx — F|wfay|K:
*

ftK**l/ u?owK* ld:ero(s(" 2K)/Q)
0

£ K
—Cf0+ ||ws,y||K2d$ K —|weyl k"
—tf—t /Qufow A 0( ("_QK)/Q) (4.1)
as e — 0 for a.e. y € Y. Arguing as in [14], one finds C' > 0 such that
louTealicn < S5+ CN2, oy Ty 5 > 8525 =N, (42)
as € — 0. Since % — t;; < % and since G acts freely on (2, it follows that

GN/2K
Ef(u?,o + twe,y) < C o+ (f G) /2

7

(4.3)
_tK*—l/ Ufow 1dm+0( (N—2K)/2)
Q

as € — 0 for a.e. y € X. On the other hand,

/Q u?ow “ldx = (1G) /Q U?,o‘ﬁy _1T6Ky ~dx
c(N+2K)/2

— G K,.—1
- (ﬂ G)DN,K /]RN uf,O(x) @y (I) (62 ¥ |J3 — y|2)(N+2K)/2 dx

1 —
= (1G) Dy e N2/ / o) ol o) ()
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where Dy g > 0 and (&) = (1 + [£]2)~V+2K)/2_ Since by [13, Theorem 8.15]

oo (oo [ wieri

3

as € — 0 for a.e. y € X it follows that for some 5N7K >0

Ey(ufo + twey) < cgo+pu®

i (4.4)
_ tK*_lDN,K(ﬁ G) ugo(y) E(N_2K)/2 + O(E(N_ZK)/Q).

as € — 0. Finally, since uJCJ:O(y) > 0 for a.e. y € X, the result follows. O

Notice that if we knew that u]CJ:O > 0 in all of {2, a similar argument would yield

By + twey) < o+ = g + (ming Gr) 2(5) /26
€2
even if the action of G on 2 is not free (see [10, Proposition 18]). But, since all
we know is that “?,0 > 0 in some set X' of positive measure it might very well be
that, if the action is not free, no G—orbit Gy with y € X has minimum cardinality.
This is why we consider free actions. Proposition 4.3 and Theorem 4.4 below are
still true if instead of (.#4) we assume that (2 has only one G-orbit type, that is,
all G—-orbits in {2 are G-isomorphic.
As a consequence of Proposition 4.3 we obtain the following result.

THEOREM 4.4. Assume that f # 0 and that conditions (74) and () hold. Then
CJCZ:l is achieved at a point u]q’l € (./\/fG)’ which is a critical point of E; on HE (02)€.

Proof. Since the ray {uf, +tw.y : t >0} crosses (Nf)~, it follows from Proposi-
tion 4.3 above that

G : G G
ci1= inf Ef<cio+pu.
F1 uE(./\/'fc)_ ! .0 K
By Corollary 3.3 the value 0?,1 is achieved by E; on (N f ). O

For K = 1 this result was proved by Tarantello [29] for the trivial group and
extended to arbitrary groups in [10].
For the proof of Theorem 1.3 we require the following easy Lemma.

LEMMA 4.5. For every a > 0,

N o —1/2
1fllgox < (=cF) a = & —a<cf.
K £

Proof. Let ¢ > 0 and let v € (/\/'Jg)_ be such that Ef(v) < C?,l +e¢e. Let ¢t > 0 be
such that u = tov € (N§)~. Then Ey(u) = %Hu||%(2 > ¢ and, therefore,

e > Byu) = Bo(w) ~ [ fude > Bofu) = [ fllyx (o)
> Bo(w) — () a (Bo(w))? > o — a

—1/2

because the function {t+— t — (c{') at!/?} is increasing for ¢ > cf'. O
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Using the results above and arguing as in the case K = 1 [10] one can now prove
Theorem 1.3. We give the details for the reader’s convenience.
Proof of Theorem 1.3. Assume that problem (2 () has no solution u € N
such that Eg(u) %Hu”iz < HEGno)E (SK)N/QK. Then, by Theorem 4.1 and
Proposition 3.2, ¢ = u&i = (4 Gl)% (SK)N/QK < oo fori=1,...,m—1.TIf &
is not achieved by Ey on N¢m then ¢ = uSm too. On the other hand if it is

m—1

. . G G . .
achieved then necessarily ¢ > ¢}~ because ¢; is not achieved by Ey on

NGm—1 5 NGm_ So, since #G;_1 < # G, we obtain in any case that ¢ > c:LG""1 for
alli=2,...,m. Let
o ::min{c?" —clci’1 : i:2,...7m} > 0.
By Lemma 4.5 above there is a k£ > 0 independent of f, such that, if || f|| ;-1 < &,
then f satisfies assumption (J4) and cfi —a < c?l for all 7 = 1,...,m. This,
together with Proposition 4.3, implies that
cﬁb < c?ll << cfi_l < c?l << cf’"'_l < cﬁ”l".

Theorem 3.4 and Theorem 4.4 provide m + 1 different solutions, u?(l) e W fG Hty
u?ll € (./\/fGi)’, with Ef(u?})) = c?b and Ef(u?a) = c?ll for i = 1,...,m. Since
ci’;’l is the least possible energy of a G;;1—invariant solution on N, u?’l is not
Giy1—invariant for i =1,....m — 1. 0

Proof of Corollary 1.2. Since problem (%, ) is invariant under dilations, the
best Sobolev constant Sk is independent of the domain. It follows that the infimum
K
CP} _ N(SK)N/QK
is not achieved by Ey on N1 ¢ H(2). Indeed, if it were achieved at some point
up € N1 then extending uy by 0 outside of £2 would give a minimum of Ey on the
Nehari manifold in H¥ (R¥), that is, a solution of the problem (—A)Xvy = |u|[%<~2y
in RV which vanishes outside of 2, contradicting the unique continuation property
[24]. As a consequence, assertion (b) of Theorem 1.3 must hold. O

Observe that Theorem 1.3 is still true if we assume that every G,,—orbit of (2 is
infinite instead of asking that G,, acts freely on {2. The proof is similar except
that, in this case, both c?’” and 0?,71” are always achieved (cf. Theorem 4.1). In
particular, the following holds.

COROLLARY 4.6. If every G-orbit of {2 is infinite, then there exists a £ > 0 with
the property that, for every f # 0 which is G—invariant and such that || f|| ;-x < K,
problem (Pg, ¢) has at least three solutions one of which is G-invariant and one of
which is not.

REMARK 4.7. These results can be extended to eigenvalue problems

(—2A) 5y = Xu+ [u|"2u+ f in 0,

9 J
(ay> u :O, jZO,...,K—l,
o

provided that 0 < X\ < A1, where Ay is the first eigenvalue of (—A)X with Dirichlet
boundary conditions (see [11]). For f = 0 and £2 = Bg(0) this problem has been

(Zant)
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studied by many authors (see e.g. [4, 25]), mainly in dealing with the so called Pucci—
Serrin conjecture which says that the dimensions for which there is 0 < A < A1 such
that (Pa.x0) admits no solution for A < A are precisely

2K +1,...,2K+j,..., 4K — 1.
FEven though a full proof of the Pucci—Serrin conjecture seems out of reach, a weak

version (for positive solutions) has been given by Grunau in [16].

5. Proof of Proposition 3.2. In this section we prove Proposition 3.2. Let us
first prove the following result.

LEMMA 5.1. Assume that (vy,) C HX(RY) is such that v, — 0. Then
Yhe CX(B): ||kl = Wk, h*Tk) k.2 + o(1)
as k — 4o0.

Proof. We consider the case K = 2q. The case K = 2¢q + 1 can be treated in a
similar fashion. Setting for each k > 1

q Clal—
H2a=lelg, olelp
Ak: = Cja ppy )
jlwg;qﬂ 75 31’?1—0‘1 .. .axi q 8x?11 .. .axjoqu
ae{0,1,2}9, a0
it results
|AY(hvg)|? = h?| A%y |* 4+ 2h AR AT + A7 (5.1)
Moreover, setting
9 2q—alg lal p2
Bk = Z Cj,a 9 Q,aal avk2—aq axa?. . araq 3
Gl dg=1 L) T qu J1 Ja
a€{0,1,2}9, a0
it follows that
Aq@kAq(fﬂﬁk) = hQ‘Aq@kP + B Ay, . (5.2)
By combining (5.1) and (5.2) yields
|Aq(h@k)|2 = Aqfkﬂq(h2fk) + Ai — (Bk — QhAk)Aq@k . (53)

Since DIy, — 0in L2 (RY) for j =0,...,2¢ — 1, being a # 0, it results

Ay — 0, By —2hA; — 0 in L*(supth)

as k — +oo. In particular equation (5.3) yields the assertion. O

Proof of Theorem 3.2. Let (u;) C H(2)% be a G-PS-sequence for Ey such
that Eg(ur) — ¢ < p®. We wish to show that a subsequence of (u;) converges
strongly in HE(£2). Since PS-sequences for Ey are bounded in HE (£2),

el = 2 Bolug) — ~ 52 DEp(ur)uy — e
as k — +oo. Thus ¢ > 0. We may assume that u, — u weakly in HI(£2) and
that up — u a.e. in £2. It is easy to see that DEy(u) = 0 and that vg := ux —u is a
PS-sequence for Ey such that vy, — 0 weakly in HI(£2) and

Ey(vi) = Eo(ug) — Eo(u) + o(1) = ¢ — Ep(u) + o(1).

Let d := ¢ — Eo(u). Thus 0 < d < c. If d = 0 then uy, — u strongly in H(£2) and
we are done.
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So let us assume that d > 0. Since (vy) is a PS—sequence for Ey, it is bounded
in H(2). Hence

N N N
ol " = 7 Fo(vr) = 5= DEo(v)vop — 7zd > 0.

N
Let § = min {%, (STK) 2K } and denote by B(z, o) the closed ball in RY with center

x and radius . The Levy concentration function
K.
b)) = sup [l ag
z€RN J B(z,0)

satisfies ®;(0) = 0 and ®j(400) > 0 for k large enough. Hence we may choose
yr € £2 and e > 0 such that

sup / |5 d¢ = lop| 5" de =6 >0. (5.4)
z€RN J B(z,e1) B(yk.ex)

Observe that, 2 being bounded, the sequence (&) is bounded. We define

N-2K

Ek(z) =€ 2 Uk(EkZ +yk) S HK(RN).

It results ||Ek||§<$2 = Hvk||§(’2 and |Ek|§* = |vk|§ In particular, (7)) is a bounded
sequence in H% (RY) and, up to a subsequence,
Tp =T weakly in HE(RY),
DIty — DT ae. in RV, 7=0,..., K —1,
D%, — DT in L (RY), j=0,...,K -1,

as k — +o00. We wish to show that 7 # 0. Assume by contradiction that T = 0.
It follows from Lemma 5.1 and equality (5.4) above, and from Sobolev and Holder
inequalities that, as k — +oo,

Sk |Wokl5. < |[hkll

= (Ty, h%k)m +o(1)

_ /RN W2 0| di + DEo(og) (12 - ;ky’“) o) +o(1)

2K /N 2/K.
< (/ |vk|K*dx) (/ hvk|K*dx) +o(1)
B(z,1) RN

S
< PN gl +0(1) < 2 el + (1)

for each z € RN and h € C®(B(z,1)). Hence T — 0 in L 5(RN). This is a
contradiction to (5.4). Therefore, T # 0.

Since 2 is bounded and v, — 0 in HX(£2), up to a subsequence, y, — y € {2
and e5, — 0. If (g, 'dist(yx, 002)) is bounded, we may assume that

lim ¢, 'dis 2)=h.
S e dist(yx,02) =b

It is then easy to verify that, up to a rotation of RY, the sets

Qk:{zERN: Ekz—i-ykEQ}
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satisfy
+o00o

ﬂ (Uﬂk> =HY = {(21,...7ZN)E]RN:2:N>_[)}.
k=n

n=1
Hence, ¥ is a nontrivial solution of the equation
(=A% u=u 2y inH.
On the other hand, if
e Mdist (yx, 002) — +oo
then ¥ is a nontrivial solution of the equation
(-5 u=u* 2y inRN.

In both cases we obtain that Ey(7) = £ ||§||§(2 > K (Sg)N2K,

Let I' = {g € G : gy = y} be the isotropy subgroup of y. Thus, the G-orbit
Gy of y is G-homeomorphic to the homogeneous space of right cosets G/I" [12].
Let S = {g1,..-,9m} be a finite subset of G whose elements represent pairwise
distinct cosets [g1],...,[gm] iIn G/I. Since y, — y and e — 0, it follows that
s,?l\giyk — g;yx| — +oo for each ¢ # j. Hence, since vy is G-invariant, it results

m 2
Vi — & vg; _—
i=1 €k K,2

N—2K m o 2
N-2K _ 91Yk — GilYk
=lle, * vk(ex - +glyk)—211gi 1( : +Z>H
i=1 Ek K,2
2
gt — gt — nglq( L i gzyk> H
€k K2

2
et - v (222 | g o)
K,2

i#1 k
2
2K—N _ . — . 2
o= e i ()| - s o)
i#1 Ek K2 ’
and, inductively,
m 2
2 2K—N o . —_ gyk 2
Ionticn = o= o 0 (22| el ot
i=1 K2

> m(Sg)N/*K 4 0(1)

as k — oo for all m < §G/I". Since ||vk|\§(2 is bounded it follows that Gy = G/I"
is finite. If ¢ < u“, then ||vk||§<,2 — &d < ZpC. 1t follows that

¢Gy < (iréi%ﬁGx).

This is a contradiction. Hence Ej satisfies (PS)¢ for each ¢ < u©.
For a complete description of all G-PS-sequences for K = 1 we refer to [9].
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6. Proof of Lemma 4.2. By [8, Lemma 4] there exists Cy x > 0 such that for
all a, f € R

o 8% — [l =8I = K. (Jal =2+ 8] ~2)|

jaf [B]F-~1 for |a] > |5,

< CNJ({ la|%==1138]  for |a| < |3 .

if N > 6K, and for all o, 8 € R
llo+ 815 = ol = 18" = Kvaf (a2 +15]72)]
< Cn i (laf=72(8] + |af?|8]%-72)
provided that N € {2K +1,...,6K —1}.

In the following, it is understood that ugo = 0 outside (2.

e Case N > 6K ; by (6.1), to prove the assertion on R, it suffices to estimate the
right hand side of the inequality

R < Cvae [ ol (tw.., )< da.

{lu?()l}tws.y}

Splitting the integration into |z — y| < ¢/2 and p/2 < |z — y|, one gets

G 1+
|R.| < Cy ;e (ﬁG)E’Yz(N—QK)/Q/ |uf o ()|

o Jz =y 2] 47

+Cly ks (£G) c(N+2K)/2
where 71,72 > 0 satisfy 71 + 72 = K, — 1 and 72 < N/(N — 2K). Note that
o € LRY), o202 € L (RY)
since 1 +v; < K, and v2(N — 2K) < N. In particular, by [13, p.232],

1
G 1+v1
/RN o (@) ey e < 4o

for a.e. y € ¥ (as convolution of two L' functions). It follows that R. = O (e
for each ¥ < 1. In a similar fashion, estimating the right hand side of

Nﬁ/Z)

5] < Cly / uSo|K- 1 tu, , da
{[ug ol <tw. , }

yields S = O (5N19/2) for each 9 < 1lase — 0.
e Case N € {2K +1,...,6K — 1}; it results

AK +2j
g

N=2K+j, K. . j=1,...,4K — 1.

We distinguish three cases:
ej=1...,2K—1,
o j =2K,
e j=2K+1,..., 4K — 1.
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e Case j=1,...,2K — 1; by (6.2) for each j it results

) . 1
R| < Chg.e' (4G Gol@)| K ———d
Rel < Chaea () [ ol s da

2K —j
< j G 2 £ )
IS:| < O k1 €7 (8G) /RN uf o() 2+ |z — y|?)2K dx

The first estimate gives R, = O (sj ) since the integral, again by [13, p.232], is finite
for a.e. y € X. The second estimate gives R, = O (sj ) as well, since the kernels

g2k~ 1 1
{m — (2 + [z — y2)2K TN (1 N |$€_3’|2)2K}
correspond to that of a mollifier (up to a constant) and thus
G (2 e G ()2
/]RN ufo(z) EFRrED dx — cuy o(y)

as € — 0 for some ¢ > 0 and a.e. y € X (see [13, Theorem 8.15]).
e Case j = 2K ; by (6.2) it results

82K

G 2
|R€|’ |SE| < C;\/',K,t (ﬁG) /]RN |U‘f,0(x)‘ (52 F ‘I *y|2)2K de.

If 41,92 > 0 satisfy v1 + v = 2K, then
1 1 1
(€2 + o —y[2)2K = e |z —y|2e

)

which implies

Rel 1521 < Chiae 2 6) [ @) oy
This yields R. = S. = O(25?) for all ¥ < 1.
e Case j =2K +1,...,4K —1; by (6.2), one has
e 4K/j g2k
Rel < Cliea 266 [ ool s da.
5. € Chaea e (:6) [ o) g

Taking into account that

1

G 2

Ut o(x)|* ———— dz < +00
~/]RN ‘ f,()( )| |$ — y|4K

a.e. y € X and that the kernels

{ gI—2K 1 1 }
€T +— T = — T
2 — 2\j N o2\ J
E =P " (1 e
correspond to that of a mollifier (up to a constant), arguing as before one gets
R.=8.=0(*F).

Therefore, putting the previous conclusions together, we have
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O (¢) if N=2K+1,

O (&%) if N=2K+j,
R.=5.=¢" :

O (e2571) if N =4K —1,

O (e2%7) if N=4K,

O (%) if Ne{4K+1,...,6K —1},

O (eN?/%) if N >6K

for each ¥ < 1 as € — 0. In particular, in any case it results

R.=S. = o(cWV72K)/2)

as € — 0 and the proof is complete. O
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