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ABSTRACT. We study the combined effect of concave and convex nonlinearities
on the number of positive solutions for a fractional system involving critical
Sobolev exponents. With the help of the Nehari manifold, we prove that the
system admits at least two positive solutions when the pair of parameters (A, u)
belongs to a suitable subset of R2.

1. Introduction. This paper is concerned with the multiplicity of positive solu-
tions for the following elliptic system involving the fractional Laplacian

(—A)Su = Nu|?%u + %\u|a72u|v|ﬁ in Q,

(—A)Sv = plv|T %0 + %MQMB_QU in £, (1)

u=v=0 on 01,

where Q@ € RY is a smooth bounded domain, \,u >0,1<g<2and a>1,8>1
satisfy a + 8 = 2% = 2N/(N — 2s), s € (0,1) and N > 2s. When o = ,a+ ( =
p < 25X = p and u = v, problem (1) reduces to the semilinear scalar fractional
elliptic equation
(=A)u = Mu|?2u+ |[u[P~%u in Q, @)
u=20 on 0f).

Recently, a great attention has been focused on the study of nonlinear problems
like (2) which involve the fractional Laplacian. This type of operators naturally
arises in physical situations such as thin obstacle problems, optimization, popu-
lation dynamics, geophysical fluid dynamics, mathematical finance, phases transi-
tions, straitified materials, anomalous diffusion, crystal dislocation, soft thin films,
semipermeable membranes, flames propagation, conservation laws, ultra-relativistic
limits of quantum mechanics, quasi-geostrophic flows, multiple scattering, minimal
surfaces, materials science and water waves, see [21]. We refer to [12,23,26,27,29,32]
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for the subcritical case and to [3,4,11,14, 15,22, 24, 28] for the critical case. In the
remarkable paper [9], Caffarelli and Silvestre gave a new formulation of the frac-
tional Laplacian through Dirichlet-Neumann maps. This is extensively used in the
recent literature since it allows to transform nonlocal problems to local ones, which
permits to use variational methods. For example, Barrios, Colorado, de Pablo and
Sénchez [3] used the idea of the s-harmonic extension and studied the effect of lower
order perturbations in the existence of positive solutions of (2). Bréndle, Colorado
and de Pablo [5] investigated the fractional elliptic equation (2) involving concave-
convex nonlinearity, and obtained an analogue multiplicity result to the problem
considered by Ambrosetti, Brézis and Cerami in [2]. In the case ¢ = 2 and p = 27,
Servadei and Valdinoci [24] studied (2) and extended the classical Brézis-Nirenberg
result [6] to the nonlocal case. In [8], Cabré and Tan defined (—A)/? through the
spectral decomposition of the Laplacian operator on 2 with zero Dirichlet boundary
conditions. With classical local techniques, they established existence of positive
solutions for problems with subcritical nonlinearities, regularity and L°°-estimates

for weak solutions. In particular, Tan [28] considered
(—=A)Y2u = du + N in Q, 3)
u=0 on 0,

investigating the solvability (see also [32] for a subcritical situation). Very recently,
Colorado, de Pablo, and Sanchez [14] studied the following nonhomogeneous frac-
tional equation involving critical Sobolev exponent

{(—A)su = [u*>2u+ f(z) inQ,

u=20 on 0N).

and proved existence and multiplicity of solutions under appropriate conditions on
the size of f. For the same problems, Shang, Zhang and Yang [22] obtained similar
results.

The analogue problems to (1) for the Laplacian operator have been studied exten-
sively in recent years, see [1,13,19,20,30,31] and the references therein. In particular,
Hu and Lin [20] studied the Laplacian system with critical growth and obtained the
existence and multiplicity results of positive solutions by variational methods.

The purpose of this paper is to study system (1) in the critical case a+5 = 2%. Using
variational methods and a Nehari manifold decomposition, we prove that system (1)
admits at least two positive solutions when the pair of parameters (A, 1) belongs
to a certain subset of R?. To our best knowledge, there are just a few results in
the literature on the fractional system (1) with both concave-convex nonlinearities
and critical growth terms. We point out that we adopt in the paper the spectral
(or regional) definition of the fractional laplacian in a bounded domain based upon
a Caffarelli-Silvestre type extension (see [14]), and not the integral definition. We
shall refer to [25] for a nice comparison between these two different notions. In [18],
a problem like (1) with ¢ = 2 is investigated, using the integral notion, from the
point of view of existence, nonexistence and regularity.
To formulate the main result, we introduce

2% —q g 2 = 2—gq 2% ] 252
A= =2 NN 30| = o9 5 4
1 (2* — (ksS(s, V)72 (9 ) {2(2* > (ksSs,0,8) G

S S

where |Q] denotes the Lebesgue measure of Q, ks is a normalization constant and
the numbers S(s, V), S o, are best Sobolev constants that will be introduced later.
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For v > 0, we also consider
%, = {(\p) €RZ: 0 < AT 4 p=o7 <y},
Then we have the following

Theorem 1.1. The following facts holds

(i) system (1) has at least one positive solution for all (A, ) € G, .
(ii) there is Ao < Ay such that system (1) has at least two positive solutions for
all (A, 1) € Gh,.

Concerning regularity, one can get a priori estimates for the solutions to (1) and
hence obtain, as in [3, Proposition 5.2], that u,v € C*®(Q) for s = 1/2, u,v €
CY%(Q)if 0 < s<1/2 and u,v € CH*71Q)if 1/2 < s < 1.

The paper is organized as follows. In Section 2 we introduce the variational setting
of the problem and present some preliminary results. In Section 3 we show that the
Palais-Smale condition holds for the energy functional associated with (1) at energy
levels in a suitable range related to the best Sobolev constants. In Section 4 we
give some properties about the Nehari manifold and fibering maps. In Section 5 we
investigate the existence of Palais-Smale sequences. In Section 6 we obtain solutions
to some related local minimization problems. Finally, the proof of Theorem 1.1 will
be given in Section 7.

2. Some preliminary facts. In this section, we collect some preliminary facts in
order to establish the functional setting. First of all, let us introduce the standard
notations for future use in this paper. We denote the upper half-space in Rf 1 by

RY = {2 = (2,y) = (21, ,on,y) € RN iy > 0}
Let Q C RY be a smooth bounded domain. Denote by
Co == Q x (0,00) C RYT!,

the cylinder with base Q and its lateral boundary by 91,Cq := 90 x (0, c0). The pow-
ers (—A)?® of the positive Laplace operator —A, in §2, with zero Dirichlet boundary
conditions are defined via its spectral decomposition, namely

(—A)*u(z) = Zajpﬁ%(x),

where (p;, ¢;) is the sequence of eigenvalues and eigenfunctions of the operator —A
in £ under zero Dirichlet boundary data and a; are the coefficients of u for the
base {¢;}52, in L*(©2). In fact, the fractional Laplacian (—A)* is well defined in
the space of functions

oo oo /
Hj(Q) = {u = Zajgaj € L*(Q): lull g = (Za?pj-)l ’ < oo},
j=1 j=1

and |lul|gg = [|(—A)*/?ul|r2(q). The dual space H~*((2) is defined in the standard
way, as well as the inverse operator (—A)~*.
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Definition 2.1. We say that (u,v) € H§(2) x H§(2) is a solution of (1.1) if the
identity
/ ((~A)2u(=A)2p1 + (—A)20(=A)2ps) da — / (Alul" 2wy + plo] " vips)da
Q Q

2
a+p

26
u|*2ulv]? dx—i/ ul®[v]P2vpadr = 0,
[zl ends = 22 [ ol g,

holds for all (g1, @s) € HE() x Hi(Q).

Associated with problem (1), we consider the energy functional
1 Squl? 32 1 q q
Tonuu,0) =5 Q(I(*A)Qul +(=4)20| )dfvfg Al + plol?)dz

2
2
/ u|®|v]P d.
a+ B Q

The functional is well defined in H§(Q) x H(Q), and moreover, the critical points
of the functional Jy , correspond to solutions of (1). We now conclude the main
ingredients of a recently developed technique used in order to deal with fractional
powers of the Laplacian. To treat the nonlocal problem (1), we shall study a
corresponding extension problem, which allows us to investigate problem (1) by
studying a local problem via classical variational methods. We first define the
extension operator and fractional Laplacian for functions in H§(2) x H5(Q2). We
refer the reader to [3-5,10] and to the references therein.

Definition 2.2. For a function v € H{(2), we denote its s-harmonic extension
w = E;(u) to the cylinder Cq as the solution of the problem

div(y'=?*Vw) =0 in Cq
w=0 on 01,Cq
w=u on Q x {0},

and

(~A)*u(z) = —k, lim yl—%%@,y»

y—0t+
where ks = 2172 (1 — s)/I'(s) is a normalization constant.

The extension function w(zx,y) belongs to the space
X3 (Co) = —CSO(Q X [0700))H'ng(cg)

endowed with the norm

1/2
2l xs(ca) = (ks/c y1_25|Vz|2dxdy) )
Q

The extension operator is an isometry between H§(Q2) and X§(Cq), namely

lull g () = 1B (w)ll xgcq),  for all u € Hi(Q).
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With this extension we can reformulate (1) as the following local problem

—div(y'=2*Vw,) = 0, —div(y!72*Vwy) =0 in Co

wy = wy =0 on 01,Cq
Wy = U, W2 =0 on Q x {0} 5)
ow, 2
=\ q—2 a—2 8 QO 0
g”s |wi |7 2wy + a;b5|w1| wylwal?  on Q x {0}
w
8u52 = pt|wa |9 wy + m|w1\°‘|w2\ﬁf2w2 on 2 x {0},
where 5 5
w; W
L=k lim oyt i=1,2
gy =k Jm G i,

and wy,wy € X§(Cq) are the s-harmonic extension of u,v € H§(2), respectively.
Let us set

E5(Ca) == X5(Ca) x X5(Ca).

An energy solution to this problem is a function (wy,w2) € E§(Cq) satisfying

ks/ y =BV, - Vpidzdy + ks/ Yy =2 Vw, - Vpodzdy
CQ CQ
q—2 2« a—2 B
=X [ || fwiprde + —— | |wi|Y wr |we|Pprdx
Q a+ 8 Jg

_ 2 o _
o / a2 waipada + 22— / s | w2~ wnpade,
Q a+ 8 Ja

for all (1, ¢2) € E§(Cq). If (w1, ws) € E§(Cq) satisfies (5), then
(u,v) = (w1(-,0), w2 (-, 0)),
defined in the sense of traces, belongs to the space H(2) x H3(€2) and it is a solution

of the original problem (1). The associated energy functional to the problem (5) is
denoted by

ks 9
Dyp(w) := Iy p(wr, wa) = ?/ yl 2 (\Vw1|2 + |Vw2|2)dxdy
Ca

1
- / (lwalt + ) — —— / [ * v
Q

Critical points of 7y, in Ej(Cq) correspond to critical points of Jx, : H§(2) x
HE(Q2) — R. In the following lemma we list some relevant inequalities from [5].

Lemma 2.3. For any 1 <r < 2% and any z € X§(Cq), it holds

(/Q |u(a?)|rdac)2 < C'/CS2 y 2|V, y) Pdady,  u = Tr(z), (6)

for some positive constant C = C(r,s,N, Q). Furthermore, the space X§(Cq) is
compactly embedded into L™ (), for every r < 2%.

Remark 1. When r = 2%, the best constant in (6) is denoted by S(s, N), that is
Jeo ¥ %IV 2(x,y)Pdady

S(s,N) := 7 (7)
(fQ 2(x,0) 2*d3:)

in
z€X§(Ca)\{0}
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It is not achieved in any bounded domain and, for all z € X* (Rf ),

N-—2s
N

/RN+1 y1_28|Vz(x,y)|2dﬂcdy > S8(s,N) (/RN z(x70)1v2]\§sdx) ) (8)
N

S(s, N) is achieved for Q = RY by functions w. which are the s-harmonic extensions

of
c(N=25)/2

— N
ue(x) == EFNFREEE e>0, xeR". (9)

2s

Let U(z) = (14 |#|2)*=" and let W be the extension of U (cf. [3,5]). Then
U(z)dz
W(z,y) = E,(U) = cN7sy28/ )

&Y (|2 = 2? +°)
is the extreme function for the fractional Sobolev inequality (8). The constant
S(s, N) given in (7) takes the exact value
2" D (M2 )T (1 - s)(D(§) ¥

D(s)D(F5%)(T(N))*

N+2s 9
2

S(s,N) =

and it is achieved for 2 = RY by the functions w..

Now, we consider the following minimization problem
Je, v (V0 P + [Vws|?)dxdy

2
(o [ wa?da) ™

Using ideas from [1], we establish a relationship between S(s, N) and Ss.qa.5 (see
also [18]).

Ss.0,8 1= inf

(10)
(w1,w2)€EF(Ca)\{0}

Lemma 2.4. For the constants S(s,N) and Ss o, introduced in (7) and (10), it

holds )
Seap = [(ZY + (i) 2] S(s, N). (11)

In particular, the constant Ss o 5 is achieved for Q@ = RN,

Proof. Let {zn} C X§(Cq) be a minimization sequence for S(s, N). Let o,t > 0 to
be chosen later and consider the sequences w1 ,, := 02z, and wa,, = tz, in X§(Cq).
By means of (10), we have

2 2 = Os,a,B+

O ()
Defining g : RT — RT by setting g(x) := 2
8 a

o2 412 o ) o\ B\ #
Zgol5) o= st = o/ = ()" ()"

Choosing o, t in the previous inequality such that o/t = \/a/f and letting n — oo

yields
5 o
AN A%
[ (5) N (a) [565,8) > 81

o ¥

o2+ 12 Jo, v |V an (2, y)Pdrdy
z)

2:4

IE
|
[V}
Q
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On the other hand, let {(w1,n,w2,)} C E§(Ca) \ {0} be a minimizing sequence for
Ss,a,8- Set hy := opws,, for oy > 0 with [, w1, 2o dx = Jo |h,|% dzz. Then Young’s

inequality yields
25 Ja Q Q

«
[ lwinllhnPds < 2 [ oy
Q s JQ
In turn, we can estimate
1-2s \v4 2 \v4 2 d d
. Y (Vw1 (2, y)|° + [Vwz n (2, y)|*)drdy
Q %
(/ w0l )
Q
28

o / Y2 (Vw2 )| + [Vwa (3, 9) 2)dady
Co

_2
(/ 0] | Pd)
Q

28 2

28
GZS/ Y TV (2, ) Pdedy o 0;2/ Y 72 | Vhy (2, y)dedy
CQ CQ

(o)™ ()
> S(s,N)g(0n) > S(s, N)g(v/a/B).

Passing to the limit as n — oo in the last inequality we obtain

(5)

Whence, the conclusion follows by combining the previous inequalities. O

2 dz.

Y]

[w

+ (i) N [86s.V) < S

¥

In the end of this section, we fix some notations that will be used in the sequel.
Notations. In this paper we use the following notations:

o LP(2), 1 < p < oo denote Lebesgue spaces, with norm || - ||,. E = X§(Cq) X
X;(Ca) is equipped with norm [2]]2 = [ (wn, wa) |2 = o | e, Hlwa B e

e The dual space of a Banach space E will be denoted by E~!. We set tz =
t(wy, we) = (twy,tws) for all z € E and ¢t € R. z = (wy,ws) is said to be
non-negative in Cq if wy(z,y) > 0,ws(z,y) > 0 in Cq and to be positive if
wi(z,y) > 0,w2(z,y) > 0 in Cq.

e || is the Lebesgue measure of 2. B(0;r) is the ball at the origin of radius 7.

e O(g?) denotes |O(et)|/et < C as e — 0 for t > 0. 0,(1) denotes 0, (1) — 0.

e C, (C;, c denote various positive constants which may vary from line to line.

3. The Palais-Smale condition. In this section we shall detect the range of
values ¢ for which the (PS).-condition holds for the functional Z) ,. Let ¢ € R and
set, for simplicity, E := E§(Cq). We say {z,} C E is a (PS).-sequence in E for
Dy Iy u(2n) = c+0,(1) and I3 (2n) = on(1) strongly in E~1 asn — oco. If any
(PS)c-sequence {z,} in E for Z, , admits a convergent subsequence, we say that
T\, satisfies the (P.S).-condition. We shall need the following preliminary result.
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Lemma 3.1. Let {z,} C E be a (PS).-sequence for I, for some ¢ € R with
zn — z in E. Then If\’u(z) = 0 and there exists a positive constant Ky, depending
only on q, N, s and ||, such that

Ty, (z) > — Ky ()\fzq n Mz%q).

Proof. Consider z, = (w1,n,w2,,) C E and z = (wy,we) € E. If {2,} is a (PY).-
sequence for Z , with z, — z in E, then wy, — wy and wy, — ws in X§(Ca),
as n — oo. Then, by virtue of Sobolev embedding theorem (Lemma 2.3), we also
have wy (-, 0) = w1(+,0) and wa ,(-,0) = wa(+,0) strongly in L1(£2), as n — oo. Of
course, up to a further subsequence, wy ,(-,0) = wi(-,0) and wa ,(-,0) = wa(-,0)
a.e. in Q. It is standard to check that 7} ,(z) = 0. This implies that (Z} ,(z),2) =0,
namely

ks/ yl=2s (|Vw1\2 + \Vw2|2) dxdy = /(/\|w1|q + plwa|)dx + 2/ |w1|a|w2|ﬁd1’.
Co Q Q

Consequently, we get
1 1

Ty p(2) :(5 - 2—)14/6 g =25 (|Van |2 + |Vews|?)dzdy (12)
S Q

- (G- 55) [l + pwalya.

By (12), Hélder and Young inequalities and the Sobolev embedding theorem, we
obtain

1 1 1 1
Do) = (5= 52 118 = (5 = 55) [ ot + s

5 2 —¢q *_g) /o
NHZH2 - q7|9|(25 q)/zs()\le

S

Y

3¢ + pllwal3,)

s 2% — " « q

el = = I 2 (s, N))E N[+ gl )
2— —q

S22 = (S5t [ 4+ 7 |+ LT [+ flwa)?) )

= Sllzl? = 2l - Ko (A7 + 757

2 2
)

Y

%

which yields the assertion, where we have put

2% —q .\ o _a NqC = e(2—4q)
C == Q| -0/% (k. S(s, N)) "2 = Ky:= ——>C
q2§ | | ( <87 )) , € 25 y 0 2 )
the positive constants involving only ¢, ||, s and N. O

Lemma 3.2. If {z,} C E is a (PS).-sequence for Iy ,, then {z,} is bounded in
E.

Proof. Let z, = (w1n,w2,) C E be a (PS).-sequence for 7, , and suppose, by
contradiction, that ||z,|| — oo, as n — co. Put

_ Zn :(wl,n w2,n>
20l l2all” llznll

gn - (wl,nvwln) :
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We may assume that z,, = Z = (w1, W) in E. This implies that w; ,,(-,0) — w1 (-, 0)
and Wsa,(+,0) — wa(+,0) strongly in L™(£2) for all 1 <r < 2% and, thus,

[ V@t + el = [ (N1 [2+ plal7)da + o (1),
Q Q

Since {z,} is a (PS). sequence for ) ,, and ||z, | — oo, we get

k, s e~ _ 2n|]972 _ ~
S [y (Vi 92 2) dody — L [ 010 4 )
Ca q Q (13)
2|2, |25 2 ~ ~
e P = 00 (1),
25 Q
and

ks |y 72 (VoL + [Va,0]?) dedy — [|2a]]*72 / Alw1,n|? + plw,p|*)dz
Q

Ca
(14)
=2z 2:_2/ |{Dl,n‘a|{‘72,n|ﬁdx = on(1).
Q
Combining (13) and (14), as n — oo, we obtain
ks |y 7% (IVWLa|* + |V, |*) dody (15)
Ca
2(25 - q) qu/ ~ ~
=——1 A a nl?)d 1).
q(2: — 2) ||ZnH Q( ‘wl,n| +,U|7U2, | ) a:+on( )
In view of 1 < ¢ < 2 and ||z,|| = oo, (15) implies that
k/ Y (Vw1 + [V |?) dedy — 0,
Ca
as n — oo, which contradicts to the fact that ||Z,| = 1 for any n > 1. O

Lemma 3.3. 7, , satisfies the (PS). condition with c satisfying
<c< 2 ((ksSsap ; K (A% + %)
—00 < €< Cop 1= — - —a - ),
N D) 0 K

where Ky s the positive constant introduced in Lemma 3.1

Proof. Let {z,} C E be a (PS).-sequence for 7, , with ¢ € (—00, cos). Write z,, =
(w1, Wa,p). By Lemma 3.2, we see that {2, } is bounded in F and z,, — z = (w1, w2)
up to a subsequence and z is a critical point of Z ,,. Furthermore, w;, — w; and
Wy, — we weakly in X§(Cq), wi n(-,0) = wi(-,0) and we ,(-,0) = wa(+, 0) strongly
in L™(Q) for every 1 <r < 2% and wy »(-,0) = w1(+,0), w2 ,(-,0) = w2 (-,0) a.e. in
Q, up to a subsequence. Hence, we have

| Ot + plwan)dz = [ (unf? + pluaft)de +0n(D). (16)
Q Q

Let W14, 1= w1 5 — W1, Wa p = Wa,, — Wy and Z, := (W1,y, Wa,n). Then, we obtain

1Znll* = ll2n]l* = [121* + 0n (1)
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In light of [19, Lemma 2.1], we also get
/ |@1,n|* 2,0 " :/ |w1,n\°‘|w2,n|ﬂdx*/ Jwi|*ws|Pdx + 0n(1).  (17)
Q Q Q

Using 7y u(2n) = ¢+ 0,(1) and I}, (25) = 0,,(1) and (16)-(17), we conclude
1 2 ~ g~
S5l = 5 [ (10l e = = Ty (2) + on(), (18)

121> — 2/Q |@1,0|* B2, P = (T}, (20), 20) = (T4 u(2), 2) + 0 (1) = 04 (D).

Hence, we may assume that
1Zal12 = ¢, 2/ |ﬁ317n|“|@27n\5d1 — /. (19)
Q

If ¢ = 0, the proof is complete. If £ > 0 then from (19) and the definition of Ss o g,

we have
2

JANEH ~ . . ~
650 (5) 7 = HeSuas tim ([ 1800101800 000) " <t [P =

which implies that £ > 2(k5857a7/3/2)%. On the other hand, from Lemma 3.1, (18)
and (19),

W)
w*‘m

which contradicts ¢ < ¢ . O

4. The Nehari manifold. Since the energy functional 7, , associated with (5) is
not bounded on F, it is useful to consider the functional on the Nehari manifold

Ny = {z € E\{0} : ( ;#(z),z> = O}.
Thus, z = (w1, ws) € N, if and only if z # 0 and

<I§\’N(Z’)7Z> = HZHQ - Q)\,M(Z) - 2/Q |U}1|O(|U}2|ﬁd3j = 07 (20)
where
Qan(z) = / (Alws]® + pluws]9)de
Q

It is clear that all critical points of Zy , must lie on N , and, as we will see below,
local minimizers on N) , are actually critical points of Z, ,. We have the following
results.

Lemma 4.1. The energy functional Iy ,, is bounded below and coercive on Ny .

Proof. Let z = (wq,wz) € Ny ;. Then by (20) and the Holder and Sobolev inequal-
ities

25— 2 2 —gq
() = “gr 2l = =5 0ue) (21)
25 — 2 2 — g 2ze =
> S5 lal? — 2 S (s M) TR (A ) el

Since 1 < g < 2, the functional 7 ,, is coercive and bounded below on N/\,u- O
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The Nehari manifold Ny ,, is closely linked to the fibering map @, : t — Iy ,(tz)
given by

212
o+ ﬂ Q

Such maps were introduced by Drabek and Pohozaev in [16] and later on used by
Brown and Zhang [7]. Notice that we have

t2 t4
B.(0) = Tu(t2) = G20 = = [ (an 7+ oo -

\w1|a\w2\ﬂdx.

(1) ZtHZHQ—tq_l/(A|w1|q+u\w2|q)dfc—2t2:_1/ w1 w2 dz,
Q Q

B2(0) = 1P~ (g1 | N[+ plual) o225 - D852 [ Jun [P
Q Q

It is clear that @/ (¢t) = 0 if and only if tz € N, ,. Hence, z € Ny, if and only if
/(1) = 0. Introduce now the functional

Rou(2) = (T3 u(2), 2).

Then, for every z € N ,,, we have
(Riu2):2) = 221 = 0@ (2) = 223 [ fonf*funfPda

= (2= )2l* - 2(2¢ - ¢) /Q Jw: | |wz |’ da (22)

= (27 — )Qxu(2) — (27 = 2)lI2]1*.
Following the method used in [30], we split Ny , into three parts
N/{f“ ={z€Nyu: (R).(2),2) >0},
MRy =12 € Nyt (R ,(2),2) = 0},
N/\_,u ={z€Nxu: (R} (2),2) <0}
Then, we have the following lemmas.

Lemma 4.2. If zy is a local minimizer for I, on Ny, and zy & Nf#, then
73 ,.(20) = 0.

Proof. Let zg = (wo,1,wo2) € Ny, be a local minimizer for the functional Z, ,
on N, ,. Hence, there exists a Lagrange multiplier v € R such that Ié\,u(zo) =
YR, . (20). Thus,

(T3 u(20), 20) = Y(R} 1. (20), 20) = 0.
Since 29 € Ny ,, then (R} ,(20),20) # 0, yielding v = 0. O
Let A; be the positive number defined in (4). Then we have the following result.
Lemma 4.3. Assume that (A, j1) € €p,. Then Ny , = 0.

Proof. Assume by contradiction that there exist A > 0 and p > 0 with 0 < AT 4
2
17-1 < Ay and such that Ng,u #£0. Let z € Ng,u' Then, by virtue of (22), we get

o2 = ZE2D [ fefunlPar, el =
Q

2;—q
o% _ QQ)\7N(Z)-

S
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By Holder inequality and the Sobolev embedding theorem, we have

ll2]| > [ﬂ(k S )%72:1—2
= 12(2r — ¢ s9s,a,p )

2% — q 2i—4a %q 2 2 1
[[2]] < (Qi _g(kSS(S7N))_§|Q| 23 )2 ()\2311 _~_N23q)2’

S

which leads to the inequality

*
2b

L (koS(s, M) HQ

2*
)\2 q = a > (
+ 2:

contradicting the assumption. O
From Lemma 4.3, if 0 < AT7 4 u77 < Ay, we can write A}, = NY L UNT,
and define

Q= mf Thu(2), a;\"u:: inf 7y ,(2), ay = inf T, ,.(2).

s T )
N 2eN 2ENY L

Moreover, we have the following properties about the Nehari manifold Ny .
Theorem 4.4. The following facts holds
(2) If (A, 1) € €n,, then we have vy, < aj\'u <0

(i) If (A, 1) € Clqp2)2/-0n, then we have ay > co for some positive constant
co depending on A, u, N, s and |9|.

Proof. (i) Let z = (wy,ws) € N;:M. By formula (22), we have

2—gq 2
S B FILES / ¥
2(25_q) Q

1 1 .
Toul) = (2q) |z||2+2(2*) / s sl
- (G E) e

( )

= Iz

and so,

l\Dl\DM—A

I* <

Therefore, by the definition of ay ,, O‘;\_u’ we can deduce that ay , < O‘;\_u < 0.
(i) Let z € Ny ,. By equation (22),

sl < [ sl

By the Holder inequality and the Sobolev embedding theorem, we have

a B % 2
/ |2l < (kaSaap)” T |2
Q

Hence, we obtain

1
Ed

N
1

2—q : B
||Z|| > (2(2;‘-@) (ksS&a’ﬁ) s for all z S N)\“u
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From the last inequality we infer that

2 —2 2 —¢q
Tanle) = 2 = 22Q000)
2% _ 9 9% _ 2-q 229
> et [ B 21 = (s, )40 5 (a2 )
q 2—¢q
2—q 252 aN [2F —2 @-g)N 2—q 25-2
>\ 375 kSSS «a 4s |: 2 ksss «a 4s 7y
()™ e [ 08000 (555 )
25 —q =2

(s, 0) 0 () T,

Thus, if AT 4 uﬁ < (q/2)2%‘11\1, then
Iy u(z) > ¢, forall ze N/\_,u’

for some positive constant ¢y = co(A, i, s, N, |]). O

Lemma 4.5. Let (A, ) € Ga,. Then, for every z = (w1, w2) € E\{(0,0)}, there
exist unique numbers t~ =1t~ (z) > 0 and t* =t (z) > 0 such that

t+z€./\/;:”, tsz./\/';M.

In particular, we have

1

e (@ e\
th<t<t, t'_<(25*—2)||;lblz>

as well as t — Ty ,(tz) strictly increasing on [t*,t7] and

Dop(t?z) = min Tou(tz),  Dau(t”2) = max Ty, (t2).

Proof. Fix z = (w1, w2) € E, so that Qx ,(z) > 0, and let m : (0,00) = R be
defined by

m(t) := 272 || 2] — 1972 Qx u(2), fort>0. (23)

Obviously, m(t) — —oco as t — 07 and m(t) — 0 and m(t) > 0 as t — oo. Since
m'(t) = (2= 20" 2] = (¢ = 20t Qaul2),

we have m'(t) = 0 at t = t = tmax, M'(t) > 0 for t € (0,¢max) and m'(¢) < 0 for
t € (fmax, 00). Hence, m achieves its maximum at €.y, is increasing for ¢ € (0, tiax)
and decreasing for ¢ € (fyax, 00). By (A, p) € €a,, (21) and (4), we have

2—g

Qri2) < (ksS(s, N)HQIF (3757 4677 ) © o]

< (ksS(s,N))EQ T A7 2] (24)

2—-gq

2—gq 2r ] 25=2
I=I° [2(2* =g aaap)? ] '

-2
S 2i—g¢
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By (24) and a simple calculation we have

Z||2 - (gmaX>q_2: QA,M(Z)

m(tmax) = (gmax)Q_Q‘:f

2—2% q—2%
= w - ||Z||2 _ W 2-a Qrn(2)
(25 = 2)ll=1? (25 — 2)[|z[2 o
2—2%
2: —-q\ ¥ 2—q 2(25—a) 2-2%
- (2* - 2) X g @l (25)

*
s

* 2
> 221 (ksSs.0) "7 -

Then, taking into account the definition of S, o g we have
m(0) = —00 <0< 2/Q Jwy | |we|Pda < 2(k:3837a,5)_§\|z\\23 < M(tmax)-
In turn, there exist unique tT and ¢t~ such that 0 <tT <. <17,
m(t) =2 [ funf*fu o = m(e"),

and m’(t1) > 0 > w/(¢7). By the equation for ®’,(¢) and (23) we have

(1) = %71 [m(t) — 2/Q |w1|0‘|w2|ﬁdm] , (26)
which yields @’ (%) = 0. By virtue of (26), we also have £®”(t*) > 0. This shows
that @, has a local minimum at ¢t and local maximum at ¢~ with t¥z € N /i%u'
The function ¢ — Z, ,(tz) is increasing on [t*,¢”] and decreasing over [0,¢1] U

[t,00). Hence, Iy ,(t72) = ming<;<;- I, (tz) and Iy ,(t7 2) = maxy>o Ly, (t2),
concluding the proof. O

5. Existence of Palais-Smale sequences.
Lemma 5.1. Let (A, i) € €a,. Then, for any z € Ny, there exists v > 0 and a
differentiable map & : B(0;7) C E — R such that £(0) =1 and {(h)(z —h) € Ny,
for every h € B(0;r). Let us set

Ti = ka/ y' =% (Vw, - Vhy + Vwy - Vhy) dzdy,

Ca
Ty = q/ ()\|w1|q72w1h1 + ,u|w2|q72w2h2) dzx,
Q

Tz = 2/ (a|w1|a72’w1h1|w2|ﬁ + 5|w1|a|w2|B72w2h2) dz,
Q

for all (h1,h2) € E and (w1, ws) € E. Then

Ts+T-T
(2= @)zl = 22 — q) [, [wr|*|wo| dz’

<€l(0)’h> =

for all (h1,hs) € E.
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Proof. For z = (wy,ws) € Ny, define a function %, : R x E — R by
%(gvp) :<I3\,p,(£(z - p))7£(z - p)>

:52ks/c Y2 (IV(wi — p1) |2 + |V (ws — p2)[?) dzdy
Q

— ¢t [ Olun=pil*+ahos—paf?) da =262 [ wn—pi[*fus = .
Q Q
Then J7,(1,0) = (Z} ,(2),2) = 0 and, by Lemma 4.3, we have

d.(1,(0,0))

=2||z|? *(I/ (A\wl\q+ﬂ|w2|q>dx*22:/ w1 |*|ws|*da
dg Q Q

— 2?22 —q) /Q [ uws] Pz # 0.

In turn, by virtue of the Implicit Function Theorem, there exists » > 0 and a
function £ : B(0;7) C E — R of class C! such that £(0) = 1 and formula (27) holds,
via direct computation. Moreover, 52, (£(h),h) = 0, for all h € B(0;r), is equivalent
to

(T}, () (= — B)), €(R) (= — ) = 0, for all h € B(0;7),
namely &(h)(z — h) € Ny . O

Lemma 5.2. Let (A, p1) € €r,. Then, for each z € Ny ,, there exists 1 > 0 and a
differentiable function ¢~ : B(0;7) C E — R such that £ (0) =1, £ (h)(z — h) €
Ny, for every h € B(0;7) and formula (27) holds.

Proof. Arguing as for the proof of Lemma 5.1, there exists » > 0 and a differentiable
function £~ : B(0;7) C E — R™ such that £7(0) =1, £ (h)(z — h) € Ny, for all
h € B(0;r) and formula (27) holds. Since

(R u(2),2) = 2 = q)ll=|” — 221 - q)/Q jwi|*ws|Pdz <0,

by the continuity of the functions R’A , and £, up to reducing the size of r > 0, we
get

(R (€ (B) (= — W), €~ (W) (= — ) = (2 — Q)€ (W) (= — W)
=202 =) [ 1€ (=Nl ()= W)alPde <o,

where (§7(h)(z — h)); € X§(Cq) denote the components of £~ (h)(z — k). This
implies that the functions {~(h)(z — h) belong to Ny ,. O

Proposition 1. The following facts hold.
(i) Let (A, ) € €n,. Then there is a (PS)a, ,-sequence {zn} C Ny for Iy ,.
(ii) Let (\,p1) € €(q/2)2/2-0n,- Then there is a (PS)Q;\-,H -sequence {z,} C Ny,
for I ..

Proof. (i) By Lemma 4.1 and Ekeland Variational Principle [17], there exists a
minimizing sequence {z,} C Ny , such that

1
I/\,H(Zn) <ayy+ E’

1
Thu(zn) < Iy pu(w) + EHw —zyp||,  for each w € Ny . (28)
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Taking n large and using ay , < 0, we have

1 1 1 1
Tuulen) = (5 = 52 )lenll® = (0~ 52) / (Alwr ol + plun,o)dz— (29)

1 Q|
<arut o< 2“.
This yields that
q2; /
———ay, < Mwi T+ plwe.n|?)dz 30
s < [ (s, (30)

*
2% —¢q

<[Q 7 (keS(s, N)) E(ATT 4 uT7) 7" 2, ]|,

Consequently, z, # 0 and combining with (29) and (30) and using Hélder inequality

Hzn” > |: 2(2: _q)a)\>#|Q‘ ’ (]CSS(S,N)) ()‘ —I—,U, ) :| ’
and 1
2(2; — ¢ Ze _a, 2 2 . 2-g]|%¢
laall < | 21015 (S5, M) E 0P )2 T )

Now we prove that
||If\,,¢(2n)HE71 — 0, asn — oo.

Fixn € N. By applying Lemma 5.1 to z,,, we obtain the function &, : B(0;7,) — R
for some 7, > 0, such that &, (h)(z, —h) € Ny . Take 0 < p < r,,. Let w € E with
w # 0 and put h* = £45. We set h, = &,(h*)(z, — h*), then h, € N, ,, and we

= el

have from (28) that
1
Drulhp) = Ixu(zn) > _thp — zn||.
By the Mean Value Theorem, we get
1
( ;,H(Zn)a hy — Zn) + O(”hp —zn|)) > _ﬁ”hp — 2n|-

Thus, we have

* * * 1
(Do) =H) £ (Ea(17) = (T3 u(zn)s 20 = h7) = =Ny = zall + o([lhy = zu]).

Whence, from &, (h*)(z, — h*) € N, it follows that
w

(T ), o) + Ealh) = DT u(zn) = T4 () 20 — )

[[w]]
1
2 = llhy = zall + ol = zul))-

So, we get

< o (Zn), ol = zull)

w 1
— N<h, — 2,
) <qollh =zl +

]l
+ Wp)_l)<13\,u(zn) - I&,u(h‘/ﬂ% Zn —h7).

Since [[hy — zn || < pl€n(h™)] + [€n(h") — 1[[zn]| and

n h* - 12
lim '“p)l' on

p—0
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For fixed n € N, if we let p — 0 in (32), then by virtue of (31) we can choose a
constant C' > 0 independent of p such that

(L) ) < (1416, 0)]).

[[w]]

Thus, we are done once we prove that ||£/,(0)|| remains uniformly bounded. By (27),
(31) and Holder inequality, we have

Ci|lh
(€ (0). 1] < 1
|2 = llznll2 = 2025 = ) fo w1 nl ez, ]

for some C7 > 0. We only need to prove that

‘(2 = q)llzal® = 2(25 = ) /Q |w1,0]* w2, | dz| > Co,

for some C3 > 0 and n large enough. We argue by contradiction. Suppose that
there exists a subsequence {z,} such that

2~ )llzall? - 227 — q) / o

By virtue of (33) and the fact that z, € Ny ,, we have

“wg [P dz = 0,(1). (33)

2(2¢ — ¢ 25—4
||Zn||2 = ( — ) [win CK|w2,n|'8d$"' on(1), HanQ = o _ Qxu(zn) + 0n(1).
2 2r —2
q Q s

Taking into account that Zy ,(z,) — ax, < 0 as n — oo, we have |z,|| /A 0
as n — o0o. Then, arguing as in the proof of Lemma 4.3 yields (\, p) & %a,, a
contradiction. Then,

c

w
(R

(Thulen) o) <

[

This proves (i). By Lemma 5.2, one can prove (ii), but we shall omit the details
here. O

6. Local minimization problems. Now, we establish the existence of a local
minimizer for Zy ,, in Ny .

Proposition 2. Let (\,p) € €a,. Then Iy, has a local minimizer 2% in Ny,
satisfying the following conditions:

(i) Ihu(zT) =ax, = oz:\")u < 0;

(ii) 2T is a positive solution of (5).

Proof. By (i) of Proposition 1, there exists a minimizing sequence
{zn} = {(w1,n,w2,)} for ) , in Ny , such that, as n — oo,

Dau(zn) = axy+o0n(1) and I} ,(2,) = 0u(1) in E~L (34)

By Lemma 4.1, we see that Zy , is coercive on N ,, and {z,} is bounded in E.
Then there exists a subsequence, still denoted by {z,} and 2+ = (wi,wj) € E

such that, as n — oo,
Wi, —wl, wa, —wi, weakly in X§(Q),
Wy, — wy, Wa,, — w;, strongy in L"(Q2) for all 1 < r < 2%,
Wi,n — wy, W, — wy, ae. in Q,
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up to subsequences. This implies that, as n — oo,

Qxp(zn) = Qxu(z1) + 0, (1). (35)
We claim that 2t is a nontrivial solution of (5). It is easy to verify that 27 is a

weak solution of (5). From z, € N, , and (21) we deduce that

2% —2 2%
Quplin) = Dl = 52T, () (36)

Let n — oo in (36), by (34), (35) and ay,, < 0, we have

l2nll*

*

q2
Qu(z") = =57 == > 0.
s — 4
Therefore, z+ € N, is a nontrivial solution of (5). Now we show that z, — z*
strongly in E and 7, ,(21) = ay . Since 2t € N, ,,, then by (36), we obtain
)

o < Dau(z

S 2 254

NP = 25t

: 5 2 254

Jim (Sllenll? = =5 Qunlzn)

S

IN

= lim 7, ,(zn) = o p-

n—oo
This implies that Z, ,,(27) = ay, and limy, o0 |2, ]]? = [|27]|?. Since
l2n = 2712 = llzall? = 2717 + 0n (1),

we conclude that z, — 21 in E. We claim that 2T € N} .- Assume by contradiction
that 2™ € Ny ,. Then, by Lemma 4.5, there exist (unique) ¢} and ; with ¢ 2" €
N, and t7 2t € Ny . In particular, we have ¢} < ¢ = 1. Since

d " d? T

%Ixu(tz )ltztf =0, and EI,\,M(I‘,Z )|t=t1+ > 0,
there exists ¢ < t* < #] such that Z, ,(t72") < Z, ,(t*2"). By Lemma 4.5, we
have

ay, < IA’M(tfz“‘) < I}HM(t*Z-F) < I)\’#(tliz-i_) = IA»H<Z+) = Q\p,

a contradiction. Since T, ,(2*) = Iy ,(jwy |, |wy|) and (Jwi|, |wi|) € Ny, by
Lemma 4.2 we may assume that 2T is a nontrivial nonnegative solution of (5).

In particular wf % O,w; # 0. In fact, without loss of generality, we assume by

contradiction that wj = 0. Then wj is a nontrivial nonnegative solution of

—div(y!=%Vw) =0 in Cq

w=20 OIlaLCQ
w=1u on Q x {0}
ow

s Aw]9=2w on Q x {0},

By the maximum principle [27] we get w}™ > 0 in X§(Cq) and
[(wi", 0)[I* = Qx,pu(wi, 0) > 0.
Moreover, we can choose wj € X§(Cq)\{0} such that
10, w3)[* = Qx,u(0,w3) > 0.
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Note that

QWi w3) = Qxu(wy,0) + Qx,u(0,w3) > 0,
and so by Lemma 4.5 there is unique 0 < ¢+ < # < ¢~ such that (tTw;,tTw}) €
N ;r u Moreover,

I

P 1

_ <(2§ _Q)Qk,u(wf’wS)yq _ <2§ —q>24 -
(22 = 2)|(wy", w3)||? 9¢ 2

and

I>\7M(t+wir7 t+w§) = ogi?gft* INM(twii_’ twy).

This implies that
a;\"’# < I, (tTwi tTws) < Iy, (wi,wh) < Iy, (wi,0) = a}\"’ﬂ

which is a contradiction. Then by the Strong Maximum Principle [10, Lemma 2.4],

we have w;,wy > 0 in Cg, hence, 2% is a positive solution for (5). O

Next we will use w. = F(u.), the family of minimizers for the trace inequality
(8), where u, is given in (9). Without loss of generality, we may assume that 0 € .
We then define the cut-off function ¢ € C§°(Cq),0 < ¢ < 1 and for small fixed
p >0,

[ 1, (z,y) € By,
(b(x’y) B { Oa (:c,y) ¢ BQpa
where B, = {(z,y) : |z|> + y*> < p?,y > 0}. We take p so small that By, C Cq.
Recall W is the extension of U introduced in Section 2, we have (cf. [3]) |[VW(z, y)| <
Cy="W(z,y). Let

1
() = ———F=, >0
(€% +[af?)
Then the extension of U, (z) has the form
Ue(z)dz _ x Yy
We(z,y) =c 323/ - =2 NW(f,f).
s( y) N,sY BN (|{E—Z|2+y2)N;2S cle

Notice that pW. € X§(Cq), for € > 0 small enough.
Lemma 6.1. Thereis z € E\{0} nonnegative and A* > 0 such that for (A, u) € Gp+

supZy . (t2) < Coo,
>0

where co 18 given in Lemma 3.5. In particular, ay , < Coo for all (\, ) € Epx.

Proof. By an argument similar to that of the proof of [3, formula (3.26)], we get

loWellXs = ks /RNH y' VWL Pdedy + O(1) (37)
+
=2 Nk, /N+1 y 2 IVW(z, y) [Pdedy + O(1).
]R+
We notice that
" 2
U52i:/ U.|%d :/%d,
||¢ 2% o |¢ xz o (62+ |1‘|2)N €z
2r 1 _ N2
||U5 2: = AN md‘r =& HU 2:.
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Then, one has that

N2 9% (z) -1 / du
—e MU = | SFmwde — 2+ [z2)N
e ||28 /Q 2+ [z2)N z rv\a (€2 + [z[2)N

which yields

16U |32 —

s
*
25‘

d:v+/
/Q\B(o,p) (e2 + \$|2 r\@ ( €2+ |»T| R

= (4.
/N\B(Op) (e +\$|2 /N\B(o 0) |55|

This implies that

1 — Ce|Ul3:” "< eNoU;

Ul <1+ Cse

Taking € so small that Cse 2_*2: < 1, since 2/2% = (N — 2s)/N < 1, we obtain

-2

1-—- ENC3 o

2 —2* * —92s
< (1—eNCy|U)5: )% < N7 oUe |3

2%

< (1+NCU52)2/% <1+ MOy U152

U

Hence ||

— 2N|[U|3. + O(%). Since W = B, (U) optimizes (8), by (37),

[ W3y 2 Vhs ey 2 VW (a,y)Pdady + O(1) )

U3« g2~ 5. +0(e%)
ks fRN+1 Y172 | VW (z, ) |2 dady
_ + 1+O EN—QS
018, (1+oE )

=k S(s,N) + O(eN %),
Now we consider the function J : E — R defined by
J(2) == 1/2|2|* - 2/2.’2/ [wr|*ws|"da.
Q

Set wo1 = VadWe, wo2 = VBoW. and zp := (wp 02) € E. Notice that
J(0) = 0, J(tzg) > 0 for t > 0 small and J(tz0) < 0 for ¢ > 0 large. The map
t — J(tzp) maximizes at

to = ( o] > . (39)
2 [q lwo 1% |wo 2| da
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Then from (11), (38) and (39), we conclude that

227%

11 2ol =2
sgg J(tz0) = J(tozo) = (2 _ 2*> 20 ——
t ; 2% -2
- ’ (2 Jo |w0,1|°‘\w0,2|5)
25
s [ Bk, y”SIV@WE)IQd:cdy] S
b % o
(afﬁg fﬂ |¢)UE 2:d.13> % 2=
_B_ _a —92s ﬂs
o [(a)w N (5>a+5}xlksfcgyl 2 |v(¢w5>|2] ’ (40)
=— 7~ |\7 - =
N2 ’ (o loU.Pidz)™
8 o
s [ A (6) P 5% [ N_9a:] 2%
- _[(2 + (2 koS(s, N) + O(e ]
—=[(5)7 + (& (5.V) + O ~)
= s [FeSeas + OV )]
N2N2525 [ a, ( )
N
s 1 N 2s (kS 25
_ 2 kg . bl N-2s\ _ =2 s9s,a,f8 N-—2s .
n g (a4 0N = 3 (52 ) Ty o)
We now choose §; > 0 so small that, for all (X, u) € €5,, we get
N
25 (ksSsa8\2% 2 2
-3 (52 e
By the definition of 7 ,, and zp, we have
2
Ty pu(tzo) < 5||zo||2, forall t > 0 and A, pu > 0,
which implies that there exists ¢ty € (0,1) satisfying
sup Iy . (tzo0) < €oo, for all (A, p) € €5,
te[0,to]
Hence, from (40) and «, 8 > 1 we see that
4
sup T,y (t20) = sup (J(t20) = = Qx(20)) (41)
t>to t>tg q
2s ksSsag % _ tq q q
< 7(7> + O(EN 25) _ 20 ()\az +M/32> / |U |qu
N\ 2 q BOw)
28 ksSs « ﬂ % N—-2 tq
< 2 (B2t 4 o S)——O()\—s—u)/ U.|1da.
N\ 2 ( q B(0sp) v

Letting 0 < ¢ < p, we have

1 1
/ |U:|dx = / sy dr > / —— g dr = Cy,
B(0;p) B(0ip) (€2 + |z|?)™ = B(0ip) (2p%)" 2

2 2 S
for some Cy = Cy(N, s, p). Combining this with (41), fore = (AT=a+p777 ) 7> < p,

25 (ksSs.ap) 2 2 2 td
sup Iy, (tzo) < NS (Tﬁ) ) ()\2311 + M23q> — O\ 4 p)Cy.
t>to q
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Choosing d2 > 0 small enough, for all (A, u) € G5,, we have

tq
o ()\Tzq +ufq> — EO()\+M)C4 < —Kj (A%q —i—uﬁ) :
If we set A* = min{&y, pV 2%, 65} > 0, then for (A, u) € G-,
supZy ,(t20) < Coo- (42)
>0

Finally, we prove that a) , < co for all (A, i) € Ep+. Recall that

20 = (wo,1,w0,2) = (VagWz, /BWs).
By Lemma 4.5 there is tg > 0 such that tyzo € ./\/;:#. By the definition of oy, and
(42), we conclude

ay , < Ty pu(tozo) < supZy ,u(tzo) < €0,
>0

for all (A, u) € Gax. O

Let A* be as in Lemma 6.1. We prove the existence a local minimizer for Z , on
Ny
Proposition 3. Let A* > 0 be as in Lemma 6.1 and set

As == min{A*, (¢/2)7 7 Ay }.
For (A, p) € G, Inpu has a minimizer z~ in Ny, with I ,(27) = ay . Further-
more, 2z~ is a positive solution of (5).
Proof. By (ii) of Proposition 1, there is a (PS’)a;M sequence {2, } C N, , for I, ,
for all
()\7 /J,) S %(q/Q)z/(Q*‘I)Al'

By Lemmas 3.3 and 6.1 and (ii) of Theorem 4.4, for (A, ) € Ga-, Iy, satisfies
the PS condition at the energy level ay , > 0. Therefore, there exist a subsequence

still denoted by {2} = {(w1,n,w2,n)} C Ny, and 27 = (wy ,w; ) € E such that
zn — 2~ strongly in F and

Dau(z7) =y, > 0forall (A, p) € Ch,. (43)

Now we prove that z~ € Nk—w' By virtue of z, € ./\/)\_,M we see that
(R&M(zn),zn> =(2—q)|zll* —2(2F — q) /Q |w17n|a|w2)n\5dm‘ <0, Yn e N.
Taking the limit in the last inequality and using z, — 2z~ in E, we get
(Ryu(z7)27) = 2= q)ll="[I* - 2(2; — q) /Q i |*wy [Pde < 0. (44)

Observe that we must have the strict inequality in (44). Otherwise, by (43), we
have z= # (0,0), and so z~ € N/(\),u’ but this contradicts to Lemma 4.3. Thus,

2z~ € Ny . Since I, ,(27) = Iy (|27 () with [27| = (Jwy [, |wy ), and [27] € Ny,
by Lemma 4.2 we may assume that z~ is a nontrivial nonnegative solution of (5).
Moreover, by 2z~ € Ny, we get from (44) that

- - 2—q -2
lwi | wy |Pde > ———||2 > 0.
[t s e > o)
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This implies that w; # 0,w, # 0. Using the maximum principle as in the end
of the proof of Proposition 2, we have w; ,w; > 0 in Cq. Hence, 2z~ € N/\_u is a
positive solution for (5). O

7. Proof of Theorem 1.1 concluded. By Proposition 2, for (A, 1) € a,, system
(5) has a positive solution 2T € N, /\+ .- By Proposition 3, a positive solution 2z~ €
Ny, exists for (A, u) € €h,. Since N;:u NNy, =0, then z* are distinct solutions
of (5), so that (u*(z),vE(x)) = (wi(z,0),ws(z,0)) are distinct positive solutions
of (1). O
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