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1 Introduction and main result

Let © € R™ be a bounded domain, 1 < p < n and p < ¢ < p*, where p* denotes
the critical Sobolev exponent. In this paper, we are concerned with the existence
of solutions u € W, (Q) of the following problem (77, )

{ —div (Ve 2 (z,u, Vu)) + D 7 (x,u, Vu) = |ulP” 2u+ Nu|?"?u+eh in Q
u=0 on 05}

with h € LP' (Q), h # 0, provided that & > 0 is small and A > 0 is large.

Motivations for investigating problems as (Z. ) come from various situ-
ations in geometry and physics which present lack of compactness (see [7]). A
typical example is Yamabe’s problem, i.e. to find w > 0 such that

-1
n 2AMu = R'y(mt2)/(n=2) _ R(z)u on M
n_

—4

* The author was partially supported by Ministero dell’Universita e della Ricerca Scientifica e
Tecnologica (40% — 1999) and by Gruppo Nazionale per 1’ Analisi Funzionale e le sue Applicazioni.
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for some constant R’, where M is an n-dimensional Riemannian manifold, R(z)
its scalar curvature and —Aj; is the Laplace-Beltrami operator on M. Since the
embedding W, *(2) < LP"(Q) fails to be compact, as known, one encounters
serious difficulties in applying variational methods to problems as (Z¢ »).

If h =0 and A = 0, to obtain solutions of

—Ayu=|ul’ 2u in Q
u=20 on 01},

one has to consider in detail the geometry of € (see [5]) or has to replace the
critical term w?” ~! with «?” ~1~¢ and then investigate the limits of u. as ¢ — 0
(nearly critical growth). See [16] and references therein.

Assume instead that h = 0 but A # 0. As we show in Corollary 6.2 by a
refined version of the well know Pucci-Serrin identity [18], if

PV, L (x,s,€) - —nDZ(x,8,€)s> 0

a.e. in Q and for all (s,£) € R x R", then (%, ) admits no nontrivial smooth
(C1) solution for each A < 0, provided that € is star-shaped and . is sufficiently
smooth. Therefore, in general, in this case we are reduced to take A\ positive.

Let us briefly recall the historical background of existence results for problems
at critical growth having perturbations of lower-order. In 1983, in a pioneering
paper [7], Brézis and Nirenberg proved that the problem

{ — Ay =ut2D/("=2) 4 Ny in Q
u=20 on 0f)

admits at least one positive solution u € H}(Q) provided that
.)\6(0,/\1) ifn>4
A
e )e (41,)\1) if n=3, Q=B(0,R),
being A; the first eigenvalue of — A with Dirichlet boundary conditions.

The extension to the p-Laplacian was studied by Garcia Azorero and Peral
Alonso [13, 14] (see also [4]). They proved that the problem

{ —Apu = |ul? 2u+ Nu|?%u in Q
u=70 on 02

has at least one nontrivial solution u € Wy (), provided that
e X e (0,)) if l<p=g<pand p’°<n

edc (N, +x) if I<p<qg<p*and p>>n
e )A€ (0,+c0) if 1<p<g<p*and p’< n,
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where A; is the first eigenvalue of —A, with Dirichlet boundary conditions and
Ap is a suitable positive real number.

Let us finally assume h # 0. Then, a natural question is whether inhomo-
geneous problems like (.77, ) have more than one solution. If € is bounded, one
of the first answers was given in 1992 by Tarantello [21], who showed that the
problem

{ —Au=|ul* 2u+h(z) inQ
u=0 on Of)

has two distinct solutions if A € H~1() and [|h]|_12< ;25(255) 2/ 45m/4,

The existence of two nontrivial solutions for the degenerate problem

{ — Apu = [ul” "2u + Nu|?%u 4+ h(z) in Q

u=0 on 0f2

with 1 < p < ¢ < p*, A > 0 large and ||h||,» small enough, was proven in 1995 by
Chabrowski [9]. Finally, these achievements have been extended by Zhou [22] to
the equations

— Apu+ clulP"2u = |ul” "2u+ f(z,u) + h(z) (¢>0)

on the entire R", being f(z,u) a suitable lower-order perturbation of |u|P” ~2u.
This latter case involves a double loss of compactness, one due to the unbound-
edness of the domain and the other due to the Sobolev embedding.

Now, more recently, some results for the more general problems

{ —div (VeZ(z,u,Vu)) + Ds & (z,u, Vu) = g(z,u) in Q

u=20 on 0f)

with g subcritical and superlinear have been considered in [1, 2, 17] and [19]. It

is therefore natural to wonder what happens when g reaches the critical growth.
The first answer goes back to a work by Arioli and Gazzola [3], who showed

the existence of a solution u € H}(2) to the quasilinear problem

n n
— ¥ Dj(aij(x,u)Diu) + 1 > Dsa;j(z,u)D;uDju
ij=1 ij=1 (1)
= |ul* "2u+ M\u in
u=20 on Of)
where the coefficients (a;;(z, s)) satisfy some suitable assumptions, including a
semilinear asymptotic behaviour as s goes to +00 (see Remark 1.2).
In view of the above mentioned results, it is expected that under natural
assumptions on & problems (. ) admits at least two nontrivial solutions for
A large and e small (depending on A). In order to prove this, we argue on the

functional f. 5 : W, ?(Q) — R given by
. A
P dx — 7/ |u|qu—5/ hu dz,
q.Jq Q

i 1
fea(u) = / Z(x,u, Vu)dr — —*/ |u
Q P Ja
where W, *(2) is endowed with the standard norm [uf|, , = (Jq IVulP dx) Y
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In general, under reasonable assumptions on ., f,  is continuous but fails
to be locally Lipschitzian unless . does not depend on u or it is subjected to
some very restrictive growth conditions. Consequently, we will apply techniques
of the non-smooth critical point theory developed in [8, 10, 11].

We assume that Z(z,s,£) : Q@ x R x R" — R is measurable in z for all
(5,) € R x R", of class C! in s and of class C? in £. Additionally the map
Z(x,s, +) is strictly convex, p-homogeneous and ¥ (x, s,0) = 0. Moreover:

(Z1) there exists v > 0 such that

. 1%
7 > Zigpp
(2,5,8) > p\fl

a.e. in Q and for all (s,&) e R x R";
(#2) there exists ¢, co > 0 such that

Do (,5,6)| < erlg,
|Vées (2,5,)] < calP™ (2)

a.e. in Q and for all (s,€) e R x R™;
(Z'3) there exist R > 0 and v € (0,q — p) such that

|s|]| > R = D;%(x,s,&)s >0, (3)
D (x,5,8)s <7 (,5,§) (4)

a.e. in Q and for all (s,&) € R x R"™.

Under the previous assumptions, the following is our main result.

Theorem 1.1 For each A > 0 sufficiently large there exists eg > 0 such that
(Z-.5) has at least two nontrivial solutions in W, *() for any 0 < & < &g.

This result extends the achievements of [9, Theorem 6] to a more general
class of elliptic boundary value problems. We stress that, unlike in [9], we prove
our result without any use of concentration-compactness techniques [15]. Indeed,
to prove the existence of the first solution as a local minimum of f; , we merely
show that our functional is weakly lower semicontinuous on small balls of T/VO1 P(Q).
From this viewpoint, our approach seems to be simpler and more direct.

Furthermore, we give in Theorem 4.4 a precise range of compactness for f; .
This, to the author’s knowledge, has not been previously stated for fully nonlinear
elliptic problems, not even for the quasilinear problem (1). Infact, in [3] it was
only found a “nontrivial energy range” for the functional, inside which weak limits
of Palais-Smale sequences are nontrivial and solve (1).
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Remark 1.2 No further behaviour is assumed on #(x,s,¢) and D7 (x,s,&)s
as s goes to +o0o. In [3] it was supposed that

sEToo a;j(z,s) = 0ij, SETOO sDsa;j(z,s) =0, (i,j=1,...,n)

uniformly inside Q, i.e. problem (1) converges “in some sense” to the semilinear
elliptic equation —Au = |u|?> ~2u + \u.

Remark 1.3 We assume (3) for |s| > R for some R > 0. In [3] it was assumed
VseR: Z sDga;j(x,9)6& >0
ij=1
for a.e. z €  and each £ € R™.

Remark 1.4 Assumptions (3) and (4) have already been considered in literature
(see [1, 17, 19]). For instance, taking A € C*(R) N L>(R) with A’ € L>=(R),
A(s) 2 v and yA(s) = A'(s)s = 0 for each s € R, the class of Lagrangians

P(a,s,6) = %A(S)IEV’

fulfils all the requirements. An example is A(s) = % + arctan(s?).

2 Recalls of non-smooth critical point theory
We briefly recall from [8] some basic notions of non-smooth critical point theory.

Definition 2.1 Let (X, d) be a metric space, f : X — R a continuous function
and u € X. We denote by |df|(u) the supremum of o € [0, +oo[ such that there
exist § > 0 and a continuous map

2 Bs(u) x [0,6] = X
such that for all (v,t) € Bs(u) x [0, 0]
d(AZ(v,t),v)< t, f(AZ(v,t))< f(v) — ot.
We say that the extended real number |df|(u) is the weak slope of f at u.

Definition 2.2 Let (X, d) be a metric space, f : X — R a continuous function
and u € X. We say that w is a critical point of f if |df|(u) = 0.

Definition 2.3 Let (X, d) be a metric space, f : X — R a continuous function
and ¢ € R. We say that f satisfies the Palais-Smale condition at level c if every
(up) C X with f(up) — c and |df|(up) — 0 admits a convergent subsequence.
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Let us recall the mountain pass theorem without Palais-Smale condition in
its non-smooth version (see [8]).

Theorem 2.4 Assume that X is a Banach space, f : X — R is continuous and
the following facts hold:

(a) there existn > 0 and ¢ > 0 such that

Vue X : |ullx =0 = f(u) >n;

(b) f(0) =0 and there exists w € X such that

f(w) < and flwllx > e

Moreover, let us set
¢ = {7 € C([(), 1]3X) : 7(0) =0, 7(1) = U}}
and

< B = inf £).
n< B 7llélcbtren[gfi]f(w( )

Then there exists a Palais-Smale sequence for f at level (5.
Let us now return to our concrete situation.

Definition 2.5 We say that u is a weak solution to (Z..) if u € Wy (Q) and
—div (Ve Z (2, u, V) + Do (z,u, V) = |ulP ~2u + Au|?2u + eh(z)

in 7'(Q).

By the growth conditions on -# this definition is well posed.

Definition 2.6 We say that (uj,) C W, () is a concrete Palais-Smale sequence
at level ¢ € R ((CPS).-sequence, in short) for f; x, if fo x(un) — ¢,

—div (V2 (a, un, Vup)) + Dy 7 (x, up, Vuy) € WHP'(Q)
eventually as h — +o0o and

—div (Ve Z(x, up, Vuy))
+ D, up, Vup) — Jup | 2w, — Mup | 2up — eh(x) — 0
strongly in W‘l’p/(Q). We say that f. ) satisfies the concrete Palais-Smale

condition at level ¢ ((C'PS). in short), if every (CPS).-sequence for f. » admits
a strongly convergent subsequence.
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Proposition 2.7 Assume that u € Wy'?(Q) is such that |df. \| (u) < +oco. Then
wy = —div (Ve 2 (2, u, Vu))
+ D, Lz, u, V) — ul?” 2w — Mu|?%u — ch(z) € W17 (Q)
and [wul-1 < 1dfen] (3).

In particular, if u is a critical point of f. » then u is a weak solution to (7. »).

3 The first solution of (7))
By combining & (x,s,0) = 0 and (2), one finds by, b2 > 0 such that
Lz, 5,8) < blgl”, ()
a.e. in Q and for each (s,&) € R x R",
Ve (@, 5,€) < bafe[P™ (6)
for in © and for each (s,£) € R x R".

We now prove a local weakly lower semicontinuity property for f. .

Theorem 3.1 There exists o > 0 such that f.  is weakly lower semicontinuous
on BWLP(Q)(O, o) for each A € R and e > 0.
0

Proof. Let (up) € WyP(Q) and u with u, — u in Wy () and |usl1, < o
Taking into account that, up to a subsequence, we have for s < p*

up, — u in L°(Q), Vup, = Vu in LP(Q) (7)

and up(x) — u(z) for a.e. x € Q, by (5) it results
/E(x,uh,Vu) dr = / Z(x,u, Vu) dz + o(1)
Q Q

as h — +oo. Note also that, of course,

/|uh|qu:/ lu|? dx + o(1), /huhda::/hudx+o(l)
Q Q Q Q

as h — +oo. In particular, it suffices to show that

limhinf{/,%(x,uh,Vuh)dx—/y(x,uh,Vu) dx
Q Q

1 . 1 .
77/ | dx+—*/ fuf? dx}>o (8)
P Ja P Ja
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for o sufficiently small. Let k£ > 1 and consider the function T} : R — R given by

—k ifs< —k
Tk(s)z{s if —k<s<k
k ifs>k

and let Ry : R — R be the map defined by Ry = Id — T}, namely

Ri(s) =140 if —k<s<k

{s+k if s< —k
s—k if s>k.

It is readily seen that
/ﬂ Z(x,up, Vuy) dx
- /Q P, un, VTe(un)) dz + /Q P, un, VRi(un)) da )

for each k> 1. Of course, one also has

/Qj(x,u;“Vu) dx = /QJ(fC,U}“VTk(’LL)) dx —|—/Q;Z"(ac,uh,VRk(u)) dxz (10)
for each k> 1. Now, taking into account that

[ 1l un  al e = o(1)
Q
as h — +o0o and that for any k> 1
[ i) = Tl do = o)

as h — +o00, there exist ¢y, ca, c3 > 0 such that for any k fixed

1 * 1
—*/|uhpda:——*/\u
b Ja b Ja

< c1/ <|uh|p*71 + |u\p*71) lup, — u| dx
Q

P dx

< C2/ |up — u\p* dz + o(1)
Q
<o | Tt~ TuG)”
Q
+C3/ | Ry (up,) — Rk(u)|p* dx + o(1)
Q

_ c?,/ | Ro(un) — Re(w)P" de + o(1) (1)
Q
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as h — +oo. For each h, k> 1 we have
P, un, VR (un)) dz > © / IV Ry (un)|P d.
Q P Ja

On the other hand, by the definition of Rj we obtain

/_y(x,uh,vzzk(u))dxg bl/ VR)Pdr< 2 [ |V Ruw) de + o(1)

Q Q P Ja
as k — 400, uniformly in h € N. In particular, since for each k> 1 it holds
limhinf{/ Lz, up, T,(Vup)) de — / Lz, up, Ty (Vu)) dx} >0,
Q Q

by (9), (10) and (11) there exists ¢, > 0 such that:
hmlnf{ ZL(x,up, Vup) da:—/ Z(x,up, Vu) dx
——/ lup|P” do 4+ — / ulP” dm}
> limhinf{/ fl’(x,uh,VRk(uh))dx—/:—/(x,uh,VRk(u)) dz
Q Q
703/ |Ric(un) — Rip(u) [P dz}
Q
o v v
> hmmf{/ |VRk(uh)|pdx—f/ IV Ry (w)|P da
h b Ja b Ja
—03/ |Ri(un) — Ri(u)|?” daz} —o(1)
Q
> limhinf {Cp/ |V Ry (up) — VR, (u)|p dx
Q
703/ |Ri(up,) — Ry (u)|P” d:c} —o(1) (12)
Q
as k — +o00. By Sobolev inequality we find d;,ds > 0 with

lim n {c,, / IV Ris(un) — VRe(u)P dz — cs | |Re(un) — Ri(u)?” dm}
Q Q

> limhinf ”Rk(uh) — Rk(u) 5* {dl — dgHRk(uh) - Rk(u) »

provided that g is sufficiently small (independently of ¢ and A). In particular the
assertion follows by (12) by the arbitrariness of k. |



62 Marco Squassina NoDEA

Lemma 3.2 For each A\ € R there exist € > 0 and 0,1 > 0 such that
Vu e WoP(Q): |ullp =0 = for(u) >n.

Proof. Since

1 * A
Jea(u) = K/ |Vu|pdx——*/ [ul? dm—f/ \u|qu—5/ hu dzx,
pJa p” Ja qJa Q

by [9, Lemma 2] one gets

Fer(w) = [lullp{llul ) ealllullip) — llhllyel™(Q) 7} (13)
where @ : [0, +00[— R is given by
S—p* * A P —q
oa(T) = - " TP TP — AL () e TP
p p q
for some ¢ > 0. By (13) the assertion follows. a

Proposition 3.3 For each A € R there exists £9 > 0 such that (<)) admits at
least one solution u; € Wy P(Q) for each € < gg. Moreover f. »(u1) < 0.

Proof. Let us choose ¢ € W, () so that

/ hodz > 0.
Q

Since for each t > 0 it results

Foa(td) =17 /Q P (@, 16, V) du

P . A4
—— / |p|P dx——/ \¢|qu—5t/h¢dx,
P Ja q Jo Q

there exists t.,» > 0 such that f. »(t¢) < 0 for each ¢ € ]0, . »[. In particular,

inf fe’,\(u) <0,

llullp<e

for each p > 0. By Theorem 3.1 there exists u; € BW(},p(Q) (0, o) such that

fea(u1) = min gfa;\(u) <0

lull1,p<

for o small enough. Moreover, up to reducing p, it has to be |luq][1,, < ¢ fore >0
sufficiently small, otherwise by Lemma 3.2 we get fe x(u1) > 0. In particular uq
is a weak solution of (7. ). O
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Remark 3.4 By (13), one can get a weak solution of (#, ) for each £ > 0 on
domains Q having £"(Q) sufficiently small.

Remark 3.5 Following Lemmas 3 and 4 of [9], one obtains existence of a weak
solution also in the case p>¢q. On the other hand we remark that if p > ¢ and
A > 0 one has to require that £™(£2) is small enough.

4 The (CPS). for f.,

In this section we prove that f.  satisfies the concrete Palais-Smale condition
inside a suitable range of energies.

Lemma 4.1 Let ¢ € R. Then each (CPS).-sequence for f. x is bounded.
Proof. Let ¢ € R and let (up,) be a (CPS).-sequence for f. x. Set:

(wp,, @) :/VE,C//(x,umVuh)-Vgodx—i—/Dsff(x,uh,Vuh)godx
Q Q

—/ gen (T, up)pde — / lun|P” " 2upp dzx
Q Q
for all ¢ € C°(Q), where ||wp||—1,,» — 0 as h — +o0 and
gen(z,8) = A|s|97%s + eh(x).
It is easily verified that for each p < a < p* there exists b, € L'(Q) with

" A 1 *
gen(z,8)s +s|° > a {q|s|q + E|s|p + sh(x)s} — ba(2)

a.e. in  and for each s € R. Now, from

[[un]

=o(1)

1,p

as h — +00, one deduces that
/p](x,uh,Vuh) dx +/ Dy 7 (x,up, Vup)up do
Q Q
= / ge (T, up)up, d +/ lup|P” dz + (wp, up)
Q Q
A 1 .
>aq— [ |Jup|fde+ — [ |up|” dr+e | huyde
q.Jq P Ja Q
—/ bo(x) dx + (wp,up) > oz/ Z(x,up, Vuy,) dz

Q Q

—afea(up) f/Qba(x) dx + (wp, up).
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On the other hand, by (4) one obtains

%(a—’y—p)/ [Vup|?P dz < (a—’y—p)/ﬁ(m,uh,Vuh)dx
Q Q

< afe(un) + / ba () da: + [[wn | —1.p¢ it 1.
Q

Choosing a > p such that a — v — p > 0, the assertion follows. O

Remark 4.2 By exploiting the proof of Lemma 4.1 one notes that

sup { / hu dx
Q

for some o > 0 independent of € > 0 and A > 0.

: w is critical point of f. ) at level c € R} <o

Remark 4.3 Let 1< p < oo. It is readily seen that the following fact holds:
assume that up — wu strongly in LP(£2) and v, — v weakly in L? (Q) and a.e.
in €. Then upvy, — uv strongly in L'(Q).

Let now S denote the best Sobolev constant [20], i.e.

S = inf{|Vul?: ue WEP(Q), [u

p* = 1}~

The next result is the main technical tool of our paper.

Theorem 4.4 There exist K > 0 and g9 > 0 such that f. x satisfies (CPS). with

pPr—y—p n/
O<e< ———m— vS p—Ké‘ 14
p*(v+p) %) 14

for each € < ey and A > 0.

Proof. Let (up) be a concrete Palais-Smale sequence for f. » at level ¢. Since (uy,)
is bounded in Wol’p(Q) by Lemma 4.1, up to a subsequence, we have

up — u in LP(Q), Vup, = Vu in LP(Q).
Moreover, by the results of [6], we also have
for a.e. € Q: Vuy(z) — Vu(z).

Arguing as in [19, Theorem 3.2] we get

(We,n, u) + ||u||§: = / Ve (x,u,Vu) - Vude +/ D, Z(z,u, Vu)udx,
Q Q
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where w. y € W=1#'(Q) is defined by

(we x, @) =>\/ Iulq_2u<pdx+e/ he dz.
Q Q

This, following again [19, Theorem 3.2], yields the existence of d € R with

lim sup {/ Ve (@, un, Vug) - Vuy, —/ un P dx} <d
h Q Q
< /Vg,,?”(x,u,Vu)-Vuf/ lulP” d. (15)
Q Q
Of course, we have:
Vgﬁ!’(:z,uh, Vuh) — ng/(x, Up, V(uh — u)) — Vgﬁ!’(x,u, VU)
in LPI(Q). Let us note that it actually holds the strong limit
Ve (@, up, Vuy) — Ve (x,up, V(up, —u)) — Ve Z(z,u, Vu)
in L”'(€). Indeed, by (2) there exist 7 €]0,1[ and ¢ > 0 with

Ve Z(z,un, Vup) — Ve (@, up, V(up — u))|
< |V§55/(x, up, Vup + (17 — 1)Vu)| [Vl
< | Vup[P72|Vul + ¢|VulP~L.

Therefore, by Remark 4.3, we have

Ve (x, up, Vug) - Vup, = Ve L (x, up, V(up —u)) - Vuy,
+VeZ(x,u,Vu) - Vu = u+o(l) = Ve L (2, up, V(up —u)) - V(up —u)
+Ve L (2, u, Vu) - Vu+o(1) in L'(Q)

as h — +oo, i.e.

VeZ(x,un, Vug) - Vup, — Ve L (2, u, Vu) - Vu
= Ve (2, upn, V(up —u)) - V(up —u) +o(1) in L'(Q) (16)

as h — +00. In a similar way, since there exists ¢ > 0 with
llunl”" = Jun P Plun = ulP| < € lunl?” 7P (Jun P~ + [ul?~")ul,

one obtains
unl?” — un [P "Plup, — ul? — [u[P" in LNQ). (17)
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In particular, by combining (15), (16) and (17), it results
limhsup/Q[V5f/(x,uh, V(up —u)) - V(up —u) — |upl? "Plup — ulP] dz < 0. (18)
On the other hand, by Hélder and Sobolev inequalities, we get
/Q[ngf(x, up, V(up — ) - V(up —u) — |up|” “Plup — ul?] dz
> V19 G — )~ g anll2 719 G — ) (19)

H
= vV — —
g

which turns out to be coercive if

} 19 un — w2,

lim sup ||Uh||§: < (vS)"/?. (20)
h
Now, from f. x(up) — ¢ we deduce

) 1
/ Sf(x,uh,vuh) dx — Tuuh
Q p

Y
L= f||u||g+5/ hudz + ¢+ o(1) (21)
q Q
as h — +oo. On the other hand, by using (4), from f{ ,(up)(us) — 0 we obtain

Y+p

1 A €
L(x,up, Vuy) dr — —||up p*>fuq+f/hudx+01 22
p.4 ( ) pH|b M\M A () (22)

as h — +oo. Multiplying (21) by WP#, we obtain

m/ff(m,uh,Vuh)dx—LTHuh g:
p Q pp
+ + +
= XEP e + us/ hu+ 204 o(1) (23)
Pq p Q p

as h — 4o00. Therefore, by combining (23) with (22), one gets

pr—v—p

N
p
* P*<

Allullg

q—7—p
[|un -
Pq

74D

+c’6/hudx+ c+o(1)
Q

7tp

< c’s/ hudx + c+o(l)
Q

as h — +o00. Now, taking into account Remark 4.2, we deduce

p*(v+p)

| |B- < c+ Ke +o(1),
P pr—y—p
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as h — 400 for some K > 0. In particular, condition (20) is fulfilled if

p*(y+p)

- ¢+ Ke < (vS)™/?
p=7-D

which yields range (14) for € small and a suitable K > 0. By combining (18), (19)
and (20) we conclude that uy, goes to u strongly in W, (£). O

Remark 4.5 for the equation
—Ayu = |ulP "2+ Mu|?%u + eh(z)
being v = 0 and v = 1, the range (14) reduces to

Sn/p

O0<e< — Ke

for some K > 0, according to the results found in [9].

5 The second solution of (7. )

Finally, we come to the proof of Theorem 1.1.

Proof. Let us choose ¢ € WP N L>(£2) such that

l¢ll, =1 and /h¢dm <0.
Q

It is readily seen that
tlégloo Jea(tg) = —o0,

so that there exists ty . > 0 with

f57)\<tA)5¢) = SU.IO) fs’,\(t(é) > 0. (24)

t=

Taking into account (4), the value ¢ . must satisfy

E/ h¢:ti,sl{ti,sq[/.ﬁf(m,h,s% Vo) dx
Q Q

+/ Ds:f(xat)\,a(bv V¢)t)\’5(]5dx‘| - tz))\*;q - )‘/ |¢|qd$}
Q ’ Q

< tg,;{ﬁ;gM/va dxt’;fEQA/dex},
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for some M > 0. Now, being

lim {p _q+/\/|¢qdaj} +00
A—+oo

it has to be ty . — 0 as A — +oo. In particular, by (24) we obtain

lim sup fo(t6) = 0,

A——+o00 t>0

so that there exists A\g > 0 with
pr—y—p n/
0< bup t vS)"P — Ke 25

for each A> Ao and € < ¢¢. Let w = t¢ with ¢ so large that f. x(w) < 0 and set
® = {7 € C([0,1], Wy*(Q)) : 4(0) =0, 7(1) = w}

and

Bex = inf max foA(y(t))

Y€P t€(0,1]

Taking into account Lemma 3.2, by Theorem 2.4 one finds (uy) € Wy?(Q) with
fealun) = Bex  ldfenl(un) — 0,

0<n< fex = inf e < = (1) 26
<n< Ber= ngmmami]f A(v(@®) iggf,x(¢) (26)

By Theorem 4.4 f. ) satisfies (CPS)g, ,, since by (25) and (26)

AN = 0<Bor< T Ppgnr ke
p*(v+p)
for each & < gg. Therefore there exist a subsequence of (up) C WHP(Q) strongly
convergent to some ug which solves (7. ). Since fe x(u1) < 0 and f. x(uz) > 0,
of course u; # us. O

Remark 5.1 For the Lagrangian ¥(z, s,&) = %|§\p in [9, Theorem 6] it was also
provided a quantitative estimate for the smallness of h (in norm). Given A > 0
large enough, one gets two solutions if

./ p*!

, x! p"
max{[[hll, [BI70} < min { ey, 2P gnip

’I’L%+1

being €5 > 0 such that f. x(u)> 0 if ||h|, < ex and |Ju||1 , is sufficiently small,
according to [9, Lemma 2].
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Remark 5.2 In the case 1 < ¢< p < p*, in general, our method is inconclusive
since it is not clear whether

sup for(t9) £ 0 as A — +oo
t>0

Furthermore, it may also happen that for each A > 0 fixed

sup fea(t¢) A0 as L"(Q) — 0.
20

See section 4 of [9] where this is discussed for < (z, s,£) = ]%|§|p.

6 Non-existence results for (7 )

Assume that - is of class C! on @ x RxR™ and V¢ is of class C*. The following
results follow by the general variational identity for C' solutions recently proven
in [12], which relaxes in the regularity assumptions a classical result due to Pucci
and Serrin [18].

Theorem 6.1 Let Q) be star-shaped with respect to the origin and

VL (x,8,6) x— Z%Dsii”(x, $,€)s — ppi Lon |s|?> 0, (27)

*

a.e. in Q and for all (s,§) € R x R"™. Then problem (#¢ ) admits no nontrivial
solution u € C1(Q).

Proof. If we define .7 :  x R x R™ — R by setting
A 1

V(z,5,§) € AxRxR": F(z,5,8) = L (2,5,8) — —|s]! — —|s P
q p
the assertion follows by the main result of [12], being the inequality
nF+V,7-x—aDs7s— (a+1)Ve7-£2 0
equivalent to (27) provided that a = *2£. O

Corollary 6.2 Let Q) be star-shaped with respect to the origin, A < 0 and
'V, L (x,8,&) v —nD; L (x,5,6)s> 0, (28)

a.e. in 2 and for all (s,§) € R x R™. Then problem (¥ x) admits no nontrivial
solution u € C1(Q).

Proof. Being g < p* and A < 0, condition (28) implies condition (27). O
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Remark 6.3 Assume that A<0 and V,. = 0. Then the non-existence condi-
tion (28) becomes Dy “(s,£)s <0. Note that this is the contrary of (3). From
this point of view (3) seems to be pretty natural.

Acknowledgements. The author wishes to thank M. Degiovanni for providing
some useful discussions.

References

[1] D. ARCOYA, L. BOCCARDO, Critical points for multiple integrals of the
calculus of variations, Arch. Ration. Mech. Anal. 134 (1996), 249-274.

[2] D. ARCOYA, L. BOCCARDO, Some remarks on critical point theory
for nondifferentiable functionals, NoDEA, Nonlinear Differential Equations
Appl. 6 (1999), 79-100.

[3] G. ARIOLI, F. GAZZOLA, Quasilinear elliptic equations at critical growth,
NoDEA, Nonlinear Differential Equations Appl. 5 (1998), 83-97.

[4] G. ARIOLI, F. GAZZOLA Some results on p-Laplace equations with
a critical growth term, Differential Integral Equations 11 (1998), 311-326.

[5] A. BAHRI, J.M. CORON, On a nonlinear elliptic equation involving the
critical Sobolev exponent: the effect of the topology of the domain, Comm.
Pure Appl. Math. 41 (1988), 253-294.

[6] L. BOCCARDO, F. MURAT, Almost everywhere convergence of the gra-
dients of solutions to elliptic and parabolic equations, Nonlinear Anal. 19
(1992), 581-597.

[7] H. BREZIS, L. NIRENBERG, Positive solutions of nonlinear elliptic equa-
tions involving critical Sobolev exponent, Comm. Pure Appl. Math. 36
(1983), 437-477.

[8] A. CANINO, M. DEGIOVANNI, Nonsmooth critical point theory and quasi-
linear elliptic equations, Topological Methods in Differential Equations and
Inclusions, 1-50-A. Granas, M. Frigon, G. Sabidussi Eds.-Montreal (1994),
NATO ASI Series-Kluwer A.P. (1995).

[9] J. CHABROWSKI, On multiple solutions for the nonhomogeneous
p-Laplacian with a critical Sobolev exponent, Differential Integral Equations
8 (1995), 705-716.

[10] J.N. CORVELLEC, M. DEGIOVANNI, M. MARZOCCHI, Deformation
properties for continuous functionals and critical point theory, Topol. Meth.
Nonlinear Anal. 1 (1993), 151-171.



Vol. 11, 2004 Two solutions for inhomogeneous nonlinear elliptic equations 71

[11]

[12]

[13]

[20]

[21]

[22]

M. DEGIOVANNI, M. MARZOCCHI, A critical point theory for nonsmooth
functionals, Ann. Mat. Pura Appl. 167 (1994), 73-100.

M. DEGIOVANNI, A. MUSESTI, M. SQUASSINA, On the regularity of solu-
tions in the Pucci-Serrin identity, Calc. Var. Partial Differential Equations,
(2003), in Press.

J. GARCIA AZORERO, I. PERAL ALONSO, Existence and non-uniqueness
for the p-Laplacian, Comm. Partial Differential Equations 12 (1987),
1389-1430.

J. GARCIA AZORERO, I. PERAL ALONSO, Multiplicity of solutions for
elliptic problems with critical exponent or with a nonsymmetric term, Trans.
Amer. Math. Soc. 323 (1991), 887-895.

P.L. LIONS, The concentration-compactness principle in the calculus of
variations. The limit case, part I and II, Rev. Matemdtica Iberoamericana
(1-2) 1 (1985).

A. MUSESTI, M. SQUASSINA, Asymptotics of solutions for fully nonlinear
problems with nearly critical growth, Z. Anal. Anwendungen 21 (2002),
185-201.

B. PELLACCI, Critical points for non differentiable functionals, Boll. Un.
Mat. Ital. B 11 (1997), 733-749.

P. PUCCI, J. SERRIN, A general variational identity, Indiana Univ. Math.
J. 35 (1986), 681-703.

M. SQUASSINA, Existence of weak solutions to general Euler’s equations via
nonsmooth critical point theory, Ann. Fac. Sci. Toulouse Math. (6)9 (2000),
113-131.

G. TALENTI, Best constant in Sobolev inequality, Ann. Mat. Pura Appl.
110 (1976), 353-372.

G. TARANTELLO, On nonhomogeneous elliptic equations involving criti-
cal Sobolev exponent, Ann. Inst. H. Poincaré Anal. Non Linéaire 9 (1992),
281-304.

H.S. ZHOU, Solutions for a quasilinear elliptic equation with critical sobolev
exponent and perturbations on R", Differential Integral Equations 13 (2000),
595-612.

Received: July 2001



