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The semi-classical regime of standing wave solutions of a Schrédinger equation in the
presence of non-constant electric and magnetic potentials is studied in the case of
non-local nonlinearities of Hartree type. It is shown that there exists a family of
solutions having multiple concentration regions which are located around the
minimum points of the electric potential.

1. Introduction and main result

1.1. Introduction

Some years ago, Penrose [26] derived a system of nonlinear equations by coupling
the linear Schrédinger equation of quantum mechanics with Newton’s gravitational
law. Roughly speaking, a point mass interacts with a density of matter described
by the square of the wave function that solves the Schrodinger equation. If m is the
mass of the point, this interaction leads to the following system in R?:

h2
o AU = V(@) + U =0,

AU + 4nvy|p|? = 0,

(1.1)

where 1 is the wave function, U is the gravitational potential energy, V is a given
Schrédinger potential, 4 is the Planck constant and v = Gm?, with G being New-
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ton’s constant of gravitation. Note that, by means of the scaling

1 9(a) 1 1
Y(x) = B By Vizg) =5 -V(z),  Ulz)=5-Ul2),

system (1.1) can be written, maintaining the original notation, as

B2 AY — V() + Ush = 0,
(1.2)
R2AU + | = o.}

The second equation in (1.2) can be explicitly solved with respect to U so that the
system becomes the single non-local equation

R2AY — V(z)) + : (/ HOF dg>w =0 inR® (1.3)
Arh2 \ Jrs |z — €|
The Coulomb-type convolution potential W (z) = |z|~! in R? is also involved in
various physical applications, such as electromagnetic waves in a Kerr medium (in
nonlinear optics), surface gravity waves (in hydrodynamics) as well as ground-state
solutions (in quantum mechanical systems) (see, for instance, [1] for further details
and [14] for the derivation of these equations from a many-body Coulomb system).
We will study the semi-classical regime (namely the existence and asymptotic
behaviour of solutions as i — 0) for a more general equation having a similar struc-
ture. Taking ¢ in place of /i, our model will be written as follows:

(?V - A(x)) u+V(z)u= E%(W * |ul®)u  in R, (1.4)

where the convolution kernel W : R3\ {0} — (0,00) is an even smooth kernel,
homogeneous of degree —1 and we denote the imaginary unit by i. The choice of
W(z) = |z|~! recovers (1.3). Equation (1.4) is equivalent to

1 2
(iV — Ag(x)> uw+ Ve(z)u = (W |u/*)u in R3, (1.5)

where we have set A.(z) = A(ex) and V.(x) = V(ex).

The vector-valued field A represents a given external magnetic potential, and
forces the solutions to be, in general, complex valued (see [11] and the references
therein). To the best of our knowledge, in this framework, no previous result involv-
ing the electromagnetic field can be found in the literature. On the other hand, when
A =0, it is known that solutions have a constant phase, so that it is not a restriction
to look for real-valued solutions. In this simpler situation, we recall the results con-
tained in [24,25], stating that, at fixed h = ¢, system (1.2) can be uniquely solved
by radially symmetric functions. Moreover, these solutions decay exponentially fast
at infinity together with their first derivatives. The mere existence of one solution
can be traced back to [22].

Wei and Winter [29] proposed a deeper study of the multi-bump solutions to the
same system and proved an existence result that can be summarized as follows:
if Kk > 1and Py,..., P, € R?® are given non-degenerate critical points of V' (but
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local extrema are also included without any further requirements), then multi-
bump solutions ¥y exist that concentrate at these points when 7 — 0. A similar
equation is also studied in [23], where multi-bump solutions are found by some
finite-dimensional reduction. The main result about existence leans on some non-
degeneracy assumption on the solutions of a limiting problem, which was actually
proved in [29, theorem 3.1] only in the particular case where W (z) = |z|~! in R3.
Moreover, the equation investigated in [23] cannot be deduced from a singularly
perturbed problem like (1.3) because the terms do not scale coherently.

For precise references to some classical works (well-posedness, regularity, long-
term behaviour) related to the nonlinear Schrédinger equation with Hartree non-
linearity for Coulomb potential and A = 0, we refer the reader to [28, p. 66] (see
also [8]).

1.2. Statement of the main result

We shall study equation (1.5) by exploiting a penalization technique which was
recently developed in [12] (see also [3-5] for A = 0), whose main idea is searching
for solutions in a suitable class of functions whose location and shape is the one
expected for the solution itself. This approach seems appropriate since it does not
need very strong knowledge of the limiting problem (2.1) introduced in the next
section. In particular, for a general convolution kernel W, we still do not know if
its solutions are non-degenerate. In order to state our main result (as well as the
technical lemmas contained in §§ 2 and 3), the following conditions will be retained.

(A1) A:R3 — R3 is of class C*.
(V1) V :R® — R is a continuous function such that

0< Vo= inf V(x), liminf V' (z) > 0.

zeR3 || — o0

(V2) There exist bounded disjoint open sets O, ..., O* such that

0<m; = inf V() < min V(x), i=1,... k.
z€0! ©€dOoi

(W) W:R3\ {0} — (0,00) is an even function of class C! such that W(\z) =
AW (x) for any A > 0 and x # 0.

Convolution kernels such as W (z) = 2?/|x| for z € R?\ {0} or, more generally,
W(z) = Wi(z)/Wa(x) for z € R3\ {0}, where Wy and Wy are positive, even and
homogeneous of degree m and m + 1, respectively, satisfy (W).

For each i € {1,...,k}, we define

M ={r €O :V(z)=m},
Z ={z €eR*:V(x) =0} and m = min;eqy,._ ) m;. By (V1) we can fix m > 0 with

m < min {m, lim inf V(m)}

|| =00
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and define V_(z) = max{rm, V.(z)}. Let H. be the Hilbert space defined by the
completion of C§°(R?, C) under the scalar product

1 1 -
(u,v)e = Re/ (,Vu - As(x)u> (,VU - Ag(x)v) + Ve(z)uvdx
R3 1 1
and let || - || be the associated norm.
The main result of the paper is the following theorem.

THEOREM 1.1. Suppose that (A1), (V1), (V2) and (W) hold. Then, for any suffi-
ciently small € > 0, there exists a solution u. € H. of equation (1.5) such that |u.|
has k local mazimum points xt € O satisfying

lim max dist(ex’, M") =0,

e—=04i=1,....k

and for which
lue(x)] < Cy exp{ —Cy I{link |z — x§|},

,,,,,

for some positive constants C1 and Cy. Moreover, for any sequence (g,) C (0,¢]
with €, — 0, there exists a subsequence, still denoted by (g,) such that, for each
i € {1,...,k}, there exist z* € M" with Enxén — ', a constant w; € R and
U; € HY(R3 R), a positive least-energy solution of

—AU; +mU; — (W = |U|)U; = 0, U; € H'(R*,R), (1.6)
for which we have

k
Ue, () = Z Ui(x — xén) exp{i(w; + Az (z — xén))} + K, (x), (1.7)

i=1
where K, € He, satisfies | K, |, = o(1) asn — +oo.

The one-dimensional and two-dimensional cases would require a separate analysis
in the construction of the penalization argument (see, for example, [7] for a detailed
discussion). The study of the cases of dimensions larger than three is less interesting
from a physical point of view. Moreover, keeping the soliton dynamics in mind as a
possible further development, in dimensions N > 4 the time-dependent Schrodinger
equation with kernels, say, of the type W (x) = |22~ does not have global existence
in time for all H' initial data (see, for example, [9, remark 6.8.2] and the heuristic
discussion in the next section).

1.3. A heuristic remark: multi-bump dynamics

We can also think of theorem 1.1 as the starting point in order to rigorously justify
multi-bump soliton dynamics for the full Schrédinger equation with an external
magnetic field

1 : 1
iedru + 3 (TV - A(m)) u+V(z)u= ?(W * |ul?)u  in R, s

u(z,0) = up(x) in R3.
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In the following, we describe what we expect to hold (the question is open even for
A = 0; see the discussion by Frohlich et al. in [16]). Given k > 1 positive numbers
G1,-- -5 Gk, if £ HY(R3) — R is defined as

&=y [ IVular—§ [ Wie = plu@)Plut) dsdy,
let U; : R? =R, j=1,...,k, be the solutions to the minimum problems
£(U;) = min{&(u) : w € H'(R?), [lullf> = g5},
which solve the equations
—IAU; + mU; = (W |U;P)U; in R?

for some m; € R. Consider now in (1.8) an initial datum of the form

uo<x>=ivj(g”;xé)exp{;[Auf;)-<x—mé>+x~53]}, reRS,

where 2, € R? and &) € R3, j = 1,...,k, are the initial position and velocity for
the ordinary differential equation

i (t) = (1),
k
§(t) = =VV(x;(t) — Y miVW(x;(t) — z:(t)) — &(t) x Blx; (1), p  (1.9)

i#j
7 (0) =20, &) =&, j=1....k
with B = V x A. The systems can be considered as a mechanical system of

k interacting particles of mass m; subjected to an external potential as well as
a mutual Newtonian-type interaction. Therefore, the conjecture is that, under suit-
able assumptions, the following representation formula might hold:

T —xi(t i ,
wlent) = 30U (T2 oxp {0y (0 (0 s 0) 42500 + 02001 o,
j=1
_ (1.10)
locally in time, for certain phases 62 : RT — [0,27), where w. is small (in a
suitable sense) as ¢ — 0, provided that the centres = in the initial data are chosen
sufficiently far from each other. Now, neglecting, as € — 0, the interaction term
(e-dependent)
k
e m VW (x;(t) — x:(t))
1#]
in the Newtonian system (1.9), and taking

zd,. ., ak eRP:VV(2)) =0 and & =0 forallj=1,...,k,
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then the solution of (1.9) is

zj(t) =), &@t)=0 forallte[0,00)andj=1,... k,

so that the representation formula (1.10) reduces, for € = ¢,, — 0, to

e, () = in € ‘) exp { L LAGh) - (2 = )+ 62, (0]} +

namely, to formula (1.7) up to a change in the phase terms and up to replacing «

with e,z and ) with epal forall j=1,... k.

1.4. Plan of the paper

In § 2 we obtain several results about the structure of the solutions of the limiting
problem (1.6). In particular, we study the compactness of the set of real ground
states solutions and we achieve a result about the orbital stability property of
these solutions for the Pekar-Choquard equation. In §3 we perform the penaliza-
tion scheme. In particular, we obtain various energy estimates in the semi-classical
regime ¢ — 0 and we get a Palais—Smale condition for the penalized functional
which allows us to find suitable critical points inside the concentration set. Finally,
we conclude with the proof of theorem 1.1.

1.5. Main notation
e iis the imaginary unit.
e The complex conjugate of any number z € C is denoted by Zz.
e The real part of a number z € C is denoted by Re z.
e The imaginary part of a number z € C is denoted by Im z.

e The symbol RT (respectively, R™) means the positive real line [0, 00) (respec-
tively, (—o0,0]).

e The ordinary inner product between two vectors a,b € R?® is denoted by
(a]).

e The standard LP norm of a function u is denoted by ||| s.
e The standard L® norm of a function u is denoted by ||l po.
e The symbol A means D2 + D2 + D2 .

e The convolution u * v means

(uv)(x) = / u(z — y)o(y) dy.
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2. Properties of the set of ground states

For any positive real number a, the limiting equation for the Hartree problem (1.4)
is
—Au+au= (W |u/*)u in R (2.1)

2.1. A Pohozaev-type identity

We now give the statement of a useful identity satisfied by solutions to prob-
lem (2.1).

LEMMA 2.1. Let u € HY(R3,C) be a solution to (2.1). Then
1/ IVl de + ga/ (uf? dz = 5/ Wiz - y)lu(@) 2u@)? dedy.  (2.2)
2 Jgs R3 4 Jraxms

Proof. The proof is straightforward, and we include it for the sake of completeness.

It is enough to prove it for smooth functions, then use a standard density argument.
We multiply equation (2.1) by (z | Vu). Note that

Re(Au(z | Vu)) = div(Re((z | Vu)Vu) — 1|Vul’z) + 3| Vul, (2.3)
Re(—au(z | Vu)) = —adiv(}|ul*z) + 3a|ul?, (2.4)
(z) Re(u(z | Vu)) = div(zlue(z)z) — 3lul® div((z)), (2.5)

where
o) = [ Wia=n)lut)l

We can easily obtain that

(o) = 32 (o [ W i) oy

i=1
=N [ WPy [ W) )l .
Summing up (2.3)—(2.5) and integrating by parts, we reach the identity

1
7/ |Vul|? do + %a/ u? dz — §/ Wz —y)|u(z)*|u(y)]* dz dy
2 Jgs R3 2 Jrexrs

1

3 [ VW) [P dedy 0. (20)
R3 xR3

By exchanging x with y, we find that

[ (Wl =) | D) u) P dedy
R3 xR3

T / VW (@ =) [ )lu@)Plu(y)? de dy.
R3 xR3
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Therefore,

/ (YW (& — y) | @) u() () ? d dy
R3xR3

- % /RBX]RS (VW (x —y) | z — y)|u(z)*|u(y)|? dz dy

_ 1 () Pl 2 da
=3 [ W= plaa) Pt dz dy

via Euler’s identity for homogeneous functions. Plugging this into (2.6) yields (2.2).

O
2.2. Orbital stability property
In this section, we consider the Schrédinger equation
. Ju 2 . 3
i— +Au+ (Wu])u=0 in R x (0, 00),
ot (2.7)
u(z,0) = ug(z) in R3
under assumption, coming from (W), that
Ch Co
— < W(x) < —, (2.8)
|z |z

for positive constants Cy and Cy (cf. (2.27)). This equation is also known as the
Pekar-Choquard equation (see, for example, [10,19,21]). Consider the functionals

E(u) = 3| Vul: — §D(u),  J(u) = 3| VulZ + FallulZ: — 3D(u),
where
D(u) = /RG W (z — y)u(z)*u(y)|* dz dy, (2.9)
and let us set
M= {ue H'(R®,C): ||ullf- = p},
N ={uec H(R* C):u+#0and J (u)(u) =0}
for some positive number p > 0.

DEFINITION 2.2. We denote by G the set of ground-state solutions of (2.1), i.e.
solutions to the minimization problem
A = min J(u). 2.10
min J(u) (2.10)
REMARK 2.3. By corollary 2.7 (see also the correspondence between critical points
in the proof of lemma 2.6), the minimization problem in definition 2.2 is equivalent
to a constrained minimization problem on a sphere of L? with a suitable radius p.
For the latter problem, one can find a solution by following the arguments of [10, § 1],
as minimizing sequences converge strongly in H'(R3). In particular, G # 0.
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In lemma 2.6 we will prove that a ground-state solution of (2.1) can be obtained
as a scaling of a solution to the minimization problem
A= min & 2.11
min E(u), (2.11)
which is quite a useful characterization for the stability issue. We now recall two

global existence results for problem (2.7) (see, for example, [9, corollary 6.1.2]). We
remark that (2.8) holds.

PROPOSITION 2.4. Let ug € H'(R3). Then problem (2.7) admits a unique global
solution u € C'([0,00), H'(R3,C)). Moreover, the charge and the energy are con-
served in time, namely,

lu@)llze = lluollzz,  E(u(t)) = E(uo) (2.12)
for allt € [0, 00).

DEFINITION 2.5. The set G of ground-state solutions of (2.1) is said to be orbitally
stable for the Pekar—Choquard equation (2.7) if, for every ¢ > 0, there exists § > 0
such that, for all uy € H'(R? C),

inf ||ug — < ¢ implies that sup inf [|u(t,-) — <eg,
inf luo — ¢l p sup inf [lu(t,) Yl

where wu(t, -) is the solution of (2.7) corresponding to the initial datum wug.

Roughly speaking, the ground states are orbitally stable if any orbit starting from
an initial datum ug close to G remains close to G, uniformly in time.

In the classical orbital stability of Cazenave and Lions (see, for example, [10]) the
ground-states set G is meant as the set of minima of the functional £ constrained
to a sphere of L2(R?). In this section we aim to show that orbital stability holds
with respect to G as defined in definition 2.2.

Consider the following sets:

Ky = {m € R : there is w € N with J'(w) =0 and J(w) = m},

Kam = {c € R™ : there is u € M with &'|p(u) = 0 and E(u) = c}.
In the next result, we establish the equivalence between minimization problems
(2.10) and (2.11), namely, that a suitable scaling of a solution of the first problem

corresponds to a solution of the second problem with a mapping between the critical
values.

LEMMA 2.6. The following minimization problems are equivalent

A= min E(u), Ir= ;Iélj{l/g](u) (2.13)

for A <0 and A =U(I"), where ¥ : Knxr — K is defined by

1/3\°
W(m):—z(ap> m=2, me K.
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Proof. Observe that if u € M is a critical point of |y with E(u) = ¢ < 0,
then there exists a Lagrange multiplier v € R such that £'(u)(u) = —vp, that is
|Vul|2, — D(u) = —yp. By combining this identity with D(u) = 2||Vu||3. — 4c, we
obtain —||Vul|3, + 4c = —vp, which implies that v > 0. The equation satisfied by
u is

—Au+yu= (W *|u*)u in R>.
After trivial computations, one shows that the scaling

w(z) = TMu(z) = \2u(\z), A= /2 (2.14)
v
is a solution of equation (2.1). On the contrary, if w is a non-trivial critical point
of J, then, choosing

A= p HwlZe, (2.15)

the function v = T"/*w belongs to M and is a critical point of E|m- Now, let m
be the value of the free functional J on w, m = J(w). Then

m = 3|[Vwl|i: + zallwl|i. — 3D (w)
= 3X°|[Vul2 + al|ulz: — 33°D(u)
= NE(u) + arp
=cX? + Tarp. (2.16)
Observe that, since D(w) = ||[Vw||3. 4 al|w||3. and w satisfies the Pohozaev iden-

tity (2.2), we have the system
3IIVwlz: + 3alwlzs = F(IVwlZ: + allw]|72),
iIVwlie + falw|z: = m,

namely,

3IVw|iz — alwlz. =0,

Vw72 + allwlz. = 4m,

which, finally, entails
2 2 3
IVwllze =m,  Jwlz. = —m. (2.17)
As a consequence, a simple rescaling yields the value of A, that is,
3
A= 2, ="m.
oA =l = m

Substituting this value of A in formula (2.16), we obtain
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namely,

In conclusion, we obtain

c—w(m) %1 (fp)—gma (2.18)

where the function ¥ : R* — R~ is injective. Of course, formally m = ¥~1(c),

where
1/3\"°
T (c) = —() ,
2c \ ap

which is injective. In order to prove that W—! is surjective, let m be a free critical
value for J, namely, m = J(w), with w a solution of equation (2.1). Then, if we
consider u = T/ w(x) = A~2w(A~1x) with A given by (2.15), it follows that u € M
is a critical point of €|, with Lagrange multiplier v = aA~2. By using

-1
_(a
= ()

de = |[Vullf2 —p

in light of (2.17), we have

= A3 Vw22 — apA 2

3 —2
ap 3m
=|l—=—|m—ap|— ) ,
() ner()
which yields m = ¥~1(c), after a few computations. We are now ready to prove the

assertion. Note that, by formula (2.18), we have

A= min E(u) = min ¢,

ueM ueM
-3
1/ 3 9
=min¥(m,) = —max - — m,
veN ( v) veEN 2 (a ) v

||
w\'—'
/\ /\
S
b
v
%5
z5
3
[~
N—
s

- wm

If & € M is a minimizer for A, that is, A = £(4) = minpq &, the function @ = T 4
is a critical point of J with J(1) = ¥~1(A) = I', so that w is a minimizer for I,
that is J(w) = minxs J. This concludes the proof. O
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COROLLARY 2.7. Any ground-state solution u to equation (2.1) satisfies

3r

lullze =, p=—, (2.19)

where I is defined in (2.13). Moreover, for this precise value of the radius p we
have

i = mi 2.2
min J(u) = min J(u), (2:20)

where M = M,

Proof. The first conclusion is an immediate consequence of the previous proof. Let
us now prove that the second conclusion holds, with p as in (2.19). We have

. _ . 1 2
min J(u) = min E(u) + zalullz.

ap
:A _—
T3

-3
1/3 _ ap
=) 2y 22
2(@p> + 2
= I = min J(u),
ueN

by the definition of p. O
The following theorem is the main result of this section.

THEOREM 2.8. The set G of the ground-state solutions to (2.1) is orbitally stable
for (2.7).
Proof. Assume by contradiction that the assertion is false. Then we can find g > 0,

a sequence of times (¢,,) C (0,00) and of initial data (u?) C H*(R?,C) such that

n—00 ¢p&

lim ing lug — @llgr =0 and igg ltun (tn, ) — Y||g1 = €o, (2.21)
where uy, (¢, ) is the solution of (2.7) corresponding to the initial datum uf. Taking
into account (2.19) and (2.20), for any ¢ € G, we have

3r

I6lEe = po.  J(6) = min J(w), po= -

Therefore, considering the sequence 7,,(x) := u,(t,,x) bounded in H*(R?,C), and
recalling the conservation of charge, as n — oo, from (2.21), it follows that

1llZe = llun (tn, 72 = ugllze = po + o(1).
Hence, there exists a sequence (w,) C R* with w, — 1 as n — oo such that

|wnTnll2: = po for all n > 1. (2.22)
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Moreover, by the conservation of energy (2.12) and the continuity of £, as n — oo,
J(Wn n) E(wn )+ a||wnT ”L2
o) + a”Tn”L2 +o(1)

(

E(Tn) +

Eun(tn, ) + gallug |z +o(1)
E(ug) + zallug 7> +o(1)

J(ug) +o(1)

= uénj\lxﬁo J(u) + o(1). (2.23)

n
Uo
n
0

U,

Combining (2.22) and (2.23), it follows that (w,7,,) C H*(R3,C) is a minimizing
sequence for the functional J (and also for £) over M. By taking into account the
homogeneity property of W, following the arguments of [10, § 1], we deduce that,
up to a subsequence, (w,7;,) converges to some function 7y, which thus belongs to
the set G, since, by (2.22), (2.23) and equality (2.20),

J(X) = uénj\l/lrio J(u) = gélj{lf](u)

Evidently, this is a contradiction with (2.21), as we would have
g0 < lim inf ||V, —llgr < lim ||V, — Yoz = 0.
n—oo YeG n— 00
This concludes the proof. O

In the particular case where W (x) = || =1, due to the uniqueness of ground states
up to translations and phase changes [24], theorem 2.8 strengthens as follows.

COROLLARY 2.9. Assume that w is the unique real ground state of
—Aw+aw = (|z| 7t xw?)w in R3.
Then, for all € > 0, there exists § > 0 such that

up € HY(R?,C) and inf  lup — e®w(- —y)||g <6

yE]R
0e[0,2m)
implies that
sup  inf lu(t,) —e®w(- —y)||gr <e.
t>0 yeR?
0e0,2m)

2.3. Structure of least-energy solutions

We can now state the following.
LEMMA 2.10. Any complex ground-state solution u to (2.1) has the form

u(x) = e |u(x)| for some 6 € [0,27).
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Proof. In view of lemma 2.6 (see also corollary 2.7), searching for ground-state
solutions of (2.1) is equivalent to considering the constrained minimization problem
min, e, €(u) for a suitable value of p > 0. Then the proof is quite standard; we
include a proof here for the sake of self-containedness. Consider

oc = inf{€(u) : u € H'(R? C), |jul32 = p},
or = inf{E(u) : u € H* (R} R), [jul32 = p}.

It holds that oc = ogr. Indeed, trivially one has oc < ogr. Moreover, if u €
H(R? C), due to the well-known inequality |V|u(z)|| < |Vu(z)| for almost every
z € R3, it holds that

[ IVl@IPds < [ 1Vut)P da,

so that £(|u|) < £(u). In particular, og < oc, yielding o¢c = or. Now let u be a solu-
tion to o¢ and assume by contradiction that u({z € R3 : |V]u|(z)| < |Vu(z)[}) > 0,
where 1 denotes the Lebesgue measure in R3. Then |||ul||z2 = |Jul|z2 = 1 and

oR < %/|V|u||2dx — ID(Jul) < %/|Vu\2dm —1iD(u) = oc,

which is a contradiction, being oc = or. Hence, we have |V|u(z)|| = |Vu(z)| for
almost every z € R3. This is true if and only if ReuV(Imu) = ImuV(Rew). In
turn, if this last condition holds, we obtain

aVu = ReuV(Reu) + ImuV(Imu) almost everywhere in R?,

which implies that Re(iti(x)Vu(z)) = 0 almost everywhere in R3. From the last
identity we find € [0, 27) such that u = €'’|u|, concluding the proof. O

We then get the following least-energy levels result for the limiting problem (2.1).
COROLLARY 2.11. Consider the two problems
—Au+au= (W |u®)u, ue H (R*R), (2.24)
—Au+au= (W |u®)u, ue H (R C). (2.25)
Let E, and ES denote their least-energy levels. Then
E,=E;. (2.26)
Moreover, any least-energy solution of (2.24) has the form eTU, where U is a

positive least-energy solution of (2.25) and T € R.

2.4. Compactness of the ground states set

In light of assumption (W), there exist two positive constants C; and Cy such

that

Cl| <W(z) < |CQ| for all 2 € R3\ {0}. (2.27)
x x
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We recall the following two Hardy—Littlewood—Sobolev-type inequalities (see, for
example, [27, theorem 1] and [20, theorem 4.3]) in R3:

for all uw € LO/G+20(R?), ™! % w?l|ze < Cllulloseren, (2:28)
for all u € L'?/°(R?), / |z — y| " P (y)u?(z) dy do < Ollul| 7125 (2.29)
RS

We have the following lemma.
LEMMA 2.12. There exists a positive constant C' such that, for all u € H'(R3),
D(u) < Cllullzellull -

Proof. By combining (2.27), (2.29) and the Gagliardo—Nirenberg inequality, we
obtain

D(u) < Cy /}R6 |z =y~ P (2)u®(y) da dy < Cllullfazss < Cllullzs |,

which proves the assertion. O
More generally, we recall the following facts from [23, §2].

LEMMA 2.13. Assume that K € L*(R3) + L>®(R®) for some s > 3. Then there
exists a constant C > 0 such that, for any u,v € H'(R?),

1K (uv) [ < Cllullar[|v]| g (2.30)

Moreover, assume that K € L37¢(R3) + L3*¢(R3) for some sufficiently small e > 0.
Then
| l‘im (K xu?)(z) =0 (2.31)
xr|— o0

for any u € H*(R3).

Proof. Write K = K| + K with Ky € L*(R?) and K, € L*(R%), s > 2. Then,
by Sobolev’s embedding theorems, H'(R3) C L?*/(*=1(R3) and hence, for some
C >0,

1K # (wo) || Lo = [|(K1 + K2) * (uv) ||~

< Kl zoe flull 22 vl 22 + [ K ze

< || ps/s-1)
< Ko lull ol gy + 12 2o lull 2/ -0 [0l p2ere-n
< Cllullg vl g1
Concerning the second part of the statement,
|K +u?(2)| < | K1+ u(2)] 4 | Ko+ u?(x)]
for every x € R? and, for sufficiently small ¢ > 0, by Sobolev embedding
e L(3—s)’(R3) ﬂL(?’JrE)I(]Rg’),

where (3—¢)’ and (3+¢) are the conjugate exponents of 3—e and 3+¢, respectively.
Then the assertion follows directly from [20, lemma 2.20]. O
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Let S, denote the set of (complex) least-energy solutions u to equation (2.1) such
that

[4(0)] = ma u(z) |

By lemma 2.10, up to a constant phase change, we can assume that w is real valued.
Moreover, S, # 0 (see remark 2.3).

PROPOSITION 2.14. For any a > 0 the set S, is compact in H*(R3,R) and there
exist positive constants C, o such that u(z) < Cexp{—o|z|} for any x € R3 and all
uesS,.

Proof. If L, : H*(R?) — R denotes the functional associated with (2.1),
Lo(u) = L(u) = %/ |Vu|? dz + %a/ v’ dz — 1D(u),
RS RS

since D(u) = | Vu||3. + al|ul|3. for all u € S,, we have
Ma = La(u) = 1(I[VullZ2 + allulZ2),

where m, = min{L,(u) : u # 0 solves (2.1)}. Hence, it follows that the set S, is
bounded in H'(R3). Moreover, S, is also bounded in L>(R3) and u(z) — 0 as |z| —
oo for any u € S,. Indeed, from the Hardy-Littlewood—Sobolev inequality (2.28),
for any ¢ > 3,

W s w?(| e < O] ™ % u?|[Ls < CllullFes @20 < Cllule < C, (2.32)
so that |z|~! * u? € LY(R3), for any ¢ > 3. Setting
fla) = (W xu?)(2)u(z) — au(),
for all m with 2 < m < 6, by the Holder and Sobolev inequalities, we obtain

£l < Cllullw + Cll(J2| ™" % w?)ul g

< Cllullpm + C|l|z| ™ % u?|| Lom/o—m) ||ul| Lo
<

C.

By virtue of (2.31), we have (W * u?)(x) — 0 as |x| — oo, and thus standard
arguments show that w is exponentially decaying to zero at infinity (see also the
argument just before (2.36)), which readily implies f(z) € L*(R?). From equa-
tion (2.1), namely —Au = f, by the Calderén—Zygmund estimate (see [17, theorem
9.9, corollary 9.10 and preceding lines]; note also that f € L*(R?) so that, by means
of [2, lemma A5], it holds that w = G x f, where G is the fundamental solution of
—A on RY) and it follows that u € W2™(R3), for every 2 < m < 6, with |lu//y2.m
uniformly bounded in S,. Hence, it follows that w is a bounded function which
vanishes at infinity and S, is uniformly bounded in C1*(R?) (take 3 < m < 6
to obtain this embedding). Actually, u has further regularity as, again using the
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equation, the boundedness of u, the Calderén—Zygmund estimate and the Hardy—
Littlewood—Sobolev inequality, we have

[ullwzm < C[|fllLm

~

< Cllullpm + C|l (|2~ * u?)ul| Lm
< C+C|Hx|71 % u2| m

<C,

so that u € W2™(R3) for every m > 2. Let us now show that the limit u(x) — 0
as |z| — oo holds uniformly for u € S,. Assuming by contradiction that w, (x.,) >
o > 0 along some sequences (u,,) C S, and (z,,) C R? with |z,,| — oo, shifting u,,
as Up (T) = Up (T + ), it follows that (v,,) is bounded in H(R3) N L>°(R3) and
it converges, up to a subsequence, to a function v, weakly in H!(R?) and locally
uniformly in C(R?). If u denotes the weak limit of u,,, we also claim that u and v
are both solutions to equation (2.1), which are non-trivial as follows from (local)
uniform convergence and t,(0) = Unm (Zm) > o (since 0 is a global maximum for
Uy ) and Uy, (0) = U (T) = 0. To see that u and v are solutions to (2.1), set

om(@) = | We—yhun@)dy, o) = [ W-yu’(y)dy.
R R
Let us show that ¢, () — (), as m — oo, for any fixed z € R3. Indeed, we can

write o () — p(x) = I} (p) + I2,(p) for any m > 1 and any p > 0, where we set

I (p) = / W (a — y)(u,(y) — u(y)) d,
B,(0)

12(p) = / W — )2, (y) — () dy.
R3\ B, (0)

Fix € R3 and let £ > 0. Choose pg > 0 sufficiently large that

C

I2 v
po — |z|

2 (po) < / O 2y ) dy <

- (2.33)
3\ B, (0) ly| — ||

€
5"
On the other hand, by the uniform local convergence of u,, to v as m — oo and
the Holder inequality, for some 1 < r < 3,

1/r
e u(ywczy)
PO

1\
< Ol =l o ([, 57 )
po \T

< Cllum = ull v (5, (o))

I (po) < Cllum — ull (5, (o)) </B

< 3¢ (2.34)

for all sufficiently large m, where r’ denotes the conjugate exponent of r. The bound
r < 3 ensures that the singular integral which appears in the second inequality is
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finite. Combining (2.33) with (2.34) concludes the proof of the pointwise conver-
gence of p,, to ¢. For all n € C§°(R?) and any measurable set E, we observe that,
for any ¢ € [2,6) and p~! + ¢ =1,

Pm (€)um (x)n(2) dz
E

1/p 1/q
<(fmerar) ([ enwum@iar)
E E
1/6 (6—4)/6q
< ||77||LP(E)(/]RS |t ()| dx) </ | o (1) |09/ 6=0) dx) ’

and we observe that 6¢/(6 — ¢) > 3 since ¢ > 2. Since we already know that {¢,}
is bounded in any L" with r > 3, we conclude that, for some constant C' > 0,

\ [ ent@um@nto) ds

and the last term can be made arbitrarily small by taking F of small measure. Since
the support of 1 is a compact set and ¢, u,,n — @un almost everywhere, the Vitali
convergence theorem implies

< Cllnllzr ),

lim OmUpmndr = / pundx
K K

m——+oo

for all n € C>°(R?) with compact support K. This concludes the proof that u and
v are non-trivial solutions to (2.1). It follows that, for any m and &,

Talum) = Jofur) = § [ (T + i) do,
4 R3
Ja(u) > Ja(z) = My,
Ja(v) P Ja(z) = Mg,

for all z € S,. On the other hand, for any R > 0 and m > 1 with 2R < |2,

Ma = Jo(Um)

2 %hmlnf/ (|vum|2 —|—Clu7”) dl‘
Br(0)

+ 1 lim inf (V| + av?) dz
™ JBr(0)
> Jo(u) + Jo(v) — e
> 2mg — o(1)
as R — oo, which yields a contradiction for sufficiently large R. Hence, the conclu-

sion follows. Let us now prove that

lim o(z) =0, @)= [ W(z-yu’(y)dy. (2.35)

|| =00 R3
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Note that, for small € > 0, |z|~! can be written as the sum of
|$|_1XB(O,1) S L3_E(R3) and ‘$|_1XR3\B(O,1) S L3+E(R3).

In particular, (2.31) of lemma 2.13 is fulfilled for u € H'(R?®). Then, since W <
Clz|™", the quantity sup, g [W * u®| can be made arbitrarily small by choosing
sufficently large R. In light of (2.35), let R, > 0 such that p(z) < ia for any
|z| > R,. As a consequence,

—Au(z) 4+ sau(z) <0 for |z] > R,. (2.36)

It is thus standard to see that this yields the exponential decay of w, with uniform
decay constants in S,. We can finally conclude the proof. Let (u,) be any sequence
in S,. Up to a subsequence, it follows that (u,) converges weakly to a function u,
which is also a solution to equation (2.1). If D is the function defined in (2.9), we
immediately obtain

n—-+oo

lim / |Vu,|? + au? — D(u,) =0 = / |Vu|? + au? — D(u). (2.37)
RS RS

Hence, the desired strong convergence of (u,,) to u in H'(R?) follows once we prove
that D(u,) — D(u) as n — oo. In view of the uniform exponential decay of w,,
it follows that u, — u strongly in L'?/°(R?) as n — co. Taking the observation
that (u,) is bounded in H*(R3) and that W is even into account, we obtain the
inequality

ID(tn) — D(w)| < /B unl? — [a2[1/2)y/D((unl? + [u2)1/2), neN,

D defined as the operator I with the Coulomb kernel |z|~! being in place of . In
fact, taking [20, theorem 9.8] into account, and since W is even, we have

ID(u) — D(w)
- \ [ WG =@l drdy - | W(x—y>|u<x>|2u<y>|2dxdy]
R6 R6
- \ / W (2 — ) n () P un ()] iz dy + / Wz — ) un () Puy) [ de dy
R6 R6
= [ W= o) Plun(o) P dedy - [ W(m—y>|u<x>|2u<y>|2dxdy]
RS R6
- \ [ W= (@) = o)) () + ) dxdy]

< / W (@ = y)lun(@)]* = [u(@)*[Jun ()| + |u(y)*] dz dy
]RG

< C/RG =yl [un (@)” = [u(@) ]| Jun(v)* + [u(y)*| dz dy

< CB(unl? ~ ul212)y/B((un? + ul2)1/2)
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Then, by the Hardy—Littlewood—Sobolev inequality and the Holder’s inequality, it
follows that

ID(un) =D(u)[* < Cllfun]® = [l [V2) a5l (nl + )2 [ 125 < Cllun —ullf 125
As a consequence,

D(u,) = D(u) + o(1) as n — oo,
which concludes the proof in light of formula (2.37). O

3. The penalization argument

Throughout this and the following sections we mainly use the arguments of [12],
highlighting the technical steps where the Hartree nonlinearity is involved in place
of the local one. For the sake of self-containedness and for the reader’s convenience
we develop the arguments with all the detail.

For any set 2 CR? and e > 0, let 2. = {z € R3 : ez € 02}.

3.1. Notation and framework

The following lemmas, taken from [12], show that the norm in H. is locally
equivalent to the standard H' norm.

LEMMA 3.1. Let K C R3 be an arbitrary, fized, bounded domain. Assume that A
s bounded on K and that 0 < a <V < (8 on K for some «, 3 > 0. Then, for any

fized € € [0, 1], the norm
1
<lv - Aa(y)>u

ul%, = /
K

is equivalent to the usual norm on H'(K.,C). Moreover, these equivalences are
uniform; namely, there exist constants c1,co > 0 independent of € € [0,1] such that

2
+ Ve(y)lul® dy

e

allullk. <llullgx..c) < collullx. -
COROLLARY 3.2. Retain the setting of lemma 3.1. Then the following facts hold.

(i) If K is compact, for any € € (0, 1], the norm

fulle = [ (57 -2}

is uniformly equivalent to the usual norm on H'(K,C).

2
+ Ve(y)lul® dy

(i) For Ag € R? and fived b > 0, the norm

1
i = [ ](iv— Ao)u
R3

is equivalent to the usual norm on H*(R3,C).

2
+ blu|? dy

(iii) If (ue,) C HY(R3,C) satisfies u., =0 on R*\ K., for anyn € N and u., — u
in HY(R?,C), then ||ue, — ullc, — 0 as n — .
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For future reference, we recall the following diamagnetic inequality: for every

u € H,,
i

See [15] for a proof. As a consequence of (3.1), |u| € H}(R3,R) for any u € H..
For any u € H., let us set

> |V|u|| almost everywhere in R. (3.1)

Fow) =3 [ D@ o=y [ Wmplu@)P )P drdy. (32

3 xR

where we set D = (V/i— A.). Define, for all € > 0,

) 0 if y € O,, i(y) 0 if y € (0Y).,
Xel\y) = Xe\Y) = )
e=%/r ify ¢ 0., e=0/1 if y & (O,

and

et =( [ i) @=( [ vwra)" 6y

+ +

The functional ). will act as a penalization to force the concentration phenomena
of the solution to occur inside O. In particular, we remark that the penalization
terms vanish on elements whose corresponding L°°-norm is sufficiently small. This
device was first introduced in [6]. Finally, we define the functionals I, I'}, ... I'* :
H. — R by setting

I(u) = Fo(u) + Qc(u), Ii(u) = Fo(u) + QL(u), i=1,...,k. (3.4)

It is easy to check, under our assumptions and using the diamagnetic inequal-
ity (3.1), that the functionals I'. and I} are of class C* over H.. Hence, a critical
point of F. corresponds to a solution of (1.5). To find solutions of (1.5) which con-
centrate in O as € — 0, we shall look for a critical point of I. for which Q. is
zero.

Let

k
M= M, o=]0

i=1 i=1

and, for any set B C R® and a > 0, B® = {z € R? : dist(w, B) < 6}, set
§ = L min { dist(M, B* \ 0), min dist(0;, 0;). dist (0. Z)}.
We fix 8 € (0,0) and a cut-off p € C§°(R3) such that 0 < ¢ < 1, p(y) = 1 for

ly| < B and ¢(y) = 0 for |y| > 23. Also, setting . (y) = ¢(cy) for each z; € (M?)P
and U; € S, we define

g () = iexp fiae (-2 ) o (v- )i (v-2).
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We will find a solution, for sufficiently small € > 0, near the set
X, = (U2 (y): 2, € (MYP and U; € S, for each i = 1,...,k}.

For each i € {1,...,k} we fix an arbitrary z; € M® and an arbitrary U; € S,,,, and

define
Wi(y) = exp {iA(xi) (y - Z) }‘Pe (y - i)U( - z>
£e(y) = exp {iA(mi) (y - i) }‘Pe (y - ?)Ui (i{ - j;)

}i_{% ||W2,t||6 =0, FE<W§,t) = -7:5( g,t)v t=0.

Setting

we see that

In the next proposition we will show that there exists T; > 0 such that I'.( ;T) <
—2 for any sufficiently small € > 0. Assuming this holds, let 7Z(s) = W!  for s > 0
and 7(0) = 0. For s = (s1,...,8;) € T =[0,T1] x -+ x [0,T}], we define

k
Ye(s) = ZW;Si and D, = Iglea%( I.(7:(s)).

i=1

Finally, for each i € {1,...,k}, let E,,, = L5, (U) for U € S,,,. Here L is, for any
a > 0, the Euler functional associated to (2.1) in which solutions are considered to
be complex valued.

3.2. Energy estimates and the Palais—Smale condition

In what follows, we set

E,= min FE,,, E = E,...
i€{1,...,k} ’ Z ‘

For a set A C H, and o > 0, we let A* ={u € H, : |[u— A|. < a}.
PRrOPOSITION 3.3. We have the following results:
(i) lim._,0 D, = E;

(i) limsup max I'.(7(s)) < E = max{F — E,,, | i = 1,...,k} < E;
e S€EOT

(iii) for each d > 0, there exists a > 0 such that, for sufficiently small € > 0,

I-(7.(s)) = D. — o implies that v.(s) € X/2.

Proof. Since supp(v.(s)) € M2 for each s € T, it follows that

k

IL(7:(5)) = Fel(re(5)) = Y Fel(rl(s))-

i=1
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Arguing as in [12, proposition 3.1] we claim that, for each i € {1,...,k},

(7 A (y)) Wi

1

lim
e—0 R3

2
dy = Si/ [VU;|* dy.
RB

Using the exponential decay of U; we have that, as ¢ — 0,

()

:mis?/ |Ui|2dy—|—o(1)
]R3

2
Vo(y)| Wi, [P dy = / m: dy + o(1)
]R3

R3

and

[ Wl W @RI, () do dy

()] o(E)

=5t [ Wia = pIU@) FIU(0) dedy + o(0).

2 2
= Wz —vy) dz dy + o(1)

R6

Thus, from the above limit and from (3.5), (3.6), we derive

(V - Aa(y))vi(sz') 2

1 .
1 dy + Ve (y) i (si)” dy

ke =5 [

1 . .
1 [ W - bk Pl dody
R6

— s [ WUy + dstmi [ (U dy
R3 R3

_1g / W (a — y)|Us(x) 2|0 (9) daedy + o(1).
Rﬁ

Using the Pohozaev identity (2.2) and the relation

[ v ayem [ OPay= [ W)U U dedy,
R3 R3 RS

we see that

; s 83 2s?
b)) = (43 =2 s [ 0P dy+ o)
62 6 s
Also,

t 3 2
—+ == )mi | |Uil’dy= Epn,.
tel0 ) <6+ 2 6 >m il dy :

995

At this point we deduce that (i) and (ii) hold. Clearly, the existence of a T; > 0
such that FE(W;Ti) < —2 is also justified. To conclude, we simply observe that,

setting
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the derivative ¢'(t) of g(t) is positive for ¢ € (0,1), negative for ¢ € (1,400) and
vanishes at t = 1. We conclude by observing that ¢”(1) < 0. O

Let us define

P! = {y € C([0, T3], He) : 7(0) = ~2(0), v(T3) = ~(T3)}

and
Cl = inf IiH(y(s:)).
e = inf max = (v(s1))

PROPOSITION 3.4. For the level C! defined earlier, we have

lim inf Ci>E,

In particular, lim._,o Ct = E,,, .
Proof. The proof of this lemma is analogous to that of [12, proposition 3.2]. O
Next we define, for every a € R, the sub-level
Ir‘={ueH,: I'.(u) <a}.

PROPOSITION 3.5. Let (¢;) be such that lim;_,ce; = 0 and let (u.,) € ng be such
that '
lim I (ue;) <E and  lim I7 (uc;) = 0. (3.7)
j—o0 : : :

J]—0o0

Then, for sufficiently small d > 0, there exist, up to a subsequence, (y;) CR3 i=
1,...,k, points ' € M* (not to be confused with the points z; already introduced),
U; € Sy, such that

lim [ey; — 2] = 0,

(3.8)
lim =0.
J—0o0

k
uz, = Y @AW (= U — )
i=1

€j

Proof. For simplicity we write € instead of ;. From proposition 2.14, we know that
the S,,, are compact. Then there exist Z; € S,,, and (z!) C (M, z* € (M?)P
fori = 1,...,k, with 22 — 2% as ¢ — 0 such that, passing to a subsequence still
denoted by (ue),

" -ZP{AU(_)}@(_)Z(_)

for small € > 0. We set

k i

§ : Le
Ule = Pel =~ —— JUe

: £

i=1



NLS equations with magnetic field and Hartree-type nonlinearities 997

and uz . = ue. — U1 .. As a first step in the proof of the proposition we shall prove
that

I(u) > Te(ure) + Te(uze) + O(e). (3.10)

Suppose that there exist

k i ;
zt 203 g
el )Bl—=,— |\B|—=,—-
weUn(22)ve(22)
and R > 0 satisfying

e—0

1iminf/ lue|* dy > 0,
B(ysz)
which means that

lim inf [ve|? dy > 0, (3.11)
e—=0 B(O,R)

where ve(y) = ue(y+y.). Taking a subsequence, we can assume that ey. — o with
2o in the closure of

k

U B, 28)\B(2", 8).

i=1

Since (3.9) holds, (v.) is bounded in H.. Thus, since m > 0, (v.) is bounded in
L?(R3,C), and using the diamagnetic inequality and the Hardy—Sobolev inequality
(see also the proof of proposition 2.14) we deduce that (v.) is bounded in L™ (R3, C)
for any m < 6. In particular, up to a subsequence, v. — W € L™(R3,C) weakly.
Also, by corollary 3.2(i), for any compact K C R3, (v.) is bounded in H!(K,C).
Thus, we can assume that v. — W in H!(K, C) weakly for any compact K C R3
strongly in L™ (K, C). Because of (3.11), W is not the zero function. Now, since
lim. 0 I'/(ue) = 0, W is a non-trivial solution of

—AW — %A(mo) VW + [A(zo) PW + V(zo)W = (W =+ [W)W. (3.12)

From (3.12) and since W € L™(R3,C), we readily deduce, using corollary 3.2(ii),
that W € HY(R3,C).

Let w(y) = e 409N (y). Then w is a non-trivial solution of the complex-valued
equation

—Aw + V(x0)w = (W * |w|*)w.

For large R > 0 we have

/B(O,R) (v - A(:vo)>W

1

2 2

dy (3.13)

1
>
dy/2/]R3

(V - A(mo)> W

1
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and thus, by the weak convergence,

2

liminf/ |Du.|? dy = liminf/ <V - As(y—i—yg)>v6 dy
=0 JB(y.,R) €20 JBo,r) [\ 1
v 2
2/ <.—A(xo)>W dy
B(0,R) 1
1 v 2
=1 <.A(=’170)>W dy
2 R3 1
- 1/ Vw2 dy. (3.14)
2 Jas

It follows from lemma 2.6 that E, > Ej if a > b and, using lemma 2.11, we have
L“:/(xo)(w) > E‘C/(wo) = Ey(ay) = Em since V(z¢) = m. Thus, from (3.14) and
lemma 2.6 we obtain that

e—0

liminf/ |Ducl? dy > 3L%, () (w) = 3 Em >0, (3.15)
B(ye,R)

which contradicts (3.9), provided d > 0 is sufficiently small. Indeed, x¢ # z* for all
i €{1,...,k} and the Z, are exponentially decreasing,.
Since such a sequence (y.) does not exist, we deduce from [22, lemma I.1] that

lue|® dy = 0. (3.16)

lim sup

€—0 / ¥, B(zi/e,2B/e)\B(zi/e,B/e)

As a consequence, using the boundedness of (||uc||2) we can derive that

i { [ W= o) )P aray

e—=0

- / W — ) lun,e(2) Pl o ()] dz dy
R3 xR3

[ we- y>|u2,g<x>|2u2,5<y>|2dzdy} —o.
R3 xR3

At this point, writing

Fs(ua) = Fs(ul,s) + Fs(UQ,s)

k

Z t
o (o= 2) (1o 5o
i—1 Y B(zl/e,28/e)\B(zl/e,0/¢) € €
at xl 2
+ Vee vy 1—¢. U lue|? dy

1
1 [ Wl @) dedy
R3 xRR3



NLS equations with magnetic field and Hartree-type nonlinearities 999

1
1 [ Wl i) Pl W) dody
R3 xR3

1
1 [ Wl @) s dedy -+ of1)
R3 xR3

as € — 0 shows that the inequality (3.10) holds. We now estimate I'; (ug,). We have
F&(UZ,E) 2 fs(uls)
1 E - 1 -
5 [ 0P VP dy = [ (V= Volua Py
2 Jos 2 Jos

1
1 [ Wl () Plusc ) dody
R3 xR3

2 m

> el =5 [ ey
R3\Oi
1
1) W @) Pz ) dod. (317)
R3xR3

Here we have used the fact that V. — V. = 0 on O! and |V, — V.| <7 on R?\ O,
For some C > 0,

12lluz.cllm

/ W (@ —y)|uz,e(2)*|uz,e (y)|* dz dy < Clluz|
R3 xR3

Since (ue) is bounded, we see from (3.9) that |Juz.|lc < 4d for small € > 0. Thus,
taking sufficiently small d > 0, we have

1
slluzelZ — 1/ W (@ —y)|ug,e(2)*luz,e(y)]* dody > glluse|2  (3.18)
R3 xR3

Now note that F. is uniformly bounded in X¢ for small ¢ > 0, and so is Q.. This
implies that, for some C > 0,

/Rs\o jug < |* dy < Ce®/* (3.19)

and from (3.17)—(3.19) we deduce that I (uz.) > o(1).

Now, for i = 1,..., k, we define uj _(y) = u1(y) for y € O and uf _(y) = 0 for
y ¢ OL. Also, we set Wi(y) = uf (y+xL/e). We fix an arbitrary i € {1,...,k}.
Arguing as before, we can assume, up to a subsequence, that W¢ converges weakly
in L™(R3,C), m < 6, to a solution W € H*(R3,C) of

—AW! = ZA@) - VW AR PW V(@)W = (W WHW', -y € RY.

We shall prove that W! tends to W strongly in H,. Suppose that there exist R > 0
and a sequence (z.) with 2. € B(zt/e,23/¢) satisfying

limiglf |z. —e 'zl =00 and liminf lul? dy > 0.
£— €

=0 JB(2.,R)
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We may assume that ez. — 2 € O" as ¢ — 0. Then Wi(y) = Wiy + 2.) weakly
converges in L™(R3,C) (for any m < 6) to W¢ € H*(R3, C), which satisfies

_. 9 , - o o .
SAW' = ARG VW JAG)PW VDV = (W« WA,y € R

and we obtain a contradiction, as before. Then, using [22, lemma I.1], it follows
that

lim W (z —y)WE(2)PWiy)|* da dy

€20 JR3xR3

- / W — )W) PIWi(y) P dedy. (3.20)
R3xR3

Then, from the weak convergence of Wi to W' # 0 in H!(K,C) for any compact
K C R3, we obtain, for any i € {1,...,k},

limsup I'. (v ) > lim iglf Fo(ut )
: ml :

e—0
!
> liminf =
e—0 2 B(O,R)

+ V(ey +zl)|Wi dy

2

(7 Ayt xg) Wi

1

- / W — )W () PIWE () ? de dy
R3 xR3

ST
2 B(0,R) 1
1 i i
L[ W WP P Ay @2)
R3 xR3

2
+ V() W2 dy

Since these inequalities hold for any R > 0, we deduce, using lemma 2.11, that

(V - A(a:i)> w!

limsup I'-(uj ) > 1/
R3

1

2
dy+1/ V(@)W dy
e—0 2 2 Jps

- / W — )W () 2V () ? daedy
R3 xR3

-1 / Vw2 + V()| dy
2 Jus
1 P21 (2
1 W (a — )l (2)]2] (o) dz dy
R3xR3
> ES,

= Ep,, (3.22)
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where we have set w'(y) = e 2@ )VWi(y). Now, by (3.10),

k
lim sup <Fg(u2,g) + Z Fg(uig)) = limsup(I(ug,e) + Le(u1,e))

e—0 .7 e—0
=1

< limsup I (ue)
e—0

E

N

k
> Ep,. (3.23)
=1

Thus, as I'-(uz2.) = o(1) we deduce from (3.22), (3.23) that, for any ¢ € {1,...,k},

lim I (u ) = By, (3.24)
e—0 )

Now (3.22) and (3.24) imply that Ly (i) (w") = Ep,,. Recalling from (18] that E, >

Ey if @ > b, and using lemma 2.11, we conclude that 2* € M". At this point it is

clear that Wi(y) = '@ WU, (y — 2;) with U; € S,,, and z; € R5.

To establish that Wi — W? strongly in H., we first show that W! — W*
strongly in L?(R3, C). Since (W) is bounded in H., the diamagnetic inequality (3.1)
immediately yields that (|[IW/|) is bounded in H!(R3 R) and we can assume that
Wi — [W'| = |w’| weakly in H*(R? R). Now, since Ly (,i)(w') = Ep,, we obtain,
using the diamagnetic inequality, (3.20), (3.24) and the fact that V' > V(z*) on O?,

[vePars [ misPay—2 [ Wyl @Rl )P deay
R3 R3 R3 xR3

> lim sup/
e—0 R3

9 / W — )W () 2| WE () ? drdy
R3 xR3

2

(Y — Aey + xé)) W

dy + / V(ey + 20 Wit dy
Rfj

>timsup [ VWP + [ VWi
e—0 R3 R3
9 / W (i — )W () W2 () ? daedy
R3 xR3
>/ |V|wi|\2dy+/ il ? dy
R3 R3
2 Wl @)l )P dedy, (3.29
R3 xR3

But from lemma 2.11 we know that, since Ly (,i)(w’) = Ep,,,

/ Vw2 dy = / V2 dy.
R3 R3
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Thus, we deduce from (3.25) that

/V(ay+x§)|wg|2dy—>/ V()W dy. (3.26)
R3 R3

Thus, since V > V(2%) on O, we deduce that
Wi — W strongly in L*(R3, C). (3.27)

From (3.27) we easily obtain

2

lim dy =0. (3.28)

e—0 R3

(5w

Now, using (3.20), (3.25) and (3.26), we see from (3.28) that

(5w

1
. v . .
> lim sup — — Aley +xz) | WL
e—0 R3 1

v . 12
> lim sup/ ( - A(ml)> W:
e—0 R3 1

At this point, and using corollary 3.2(ii), we have established the strong convergence
Wi — W'in HY(R3,C). Thus, we have

i = o fuao () (-2 1) vt

strongly in H'(R®,C). Now setting 5! = 2 /e 4 z; and changing U; to 4@z,
we obtain that

<V — Aey + xé)) Wé

1

2

dy + / V(zH W2 dy
]R3

2

dy+/ Vi(ey + 22) Wi dy
R3

dy + / V(2" WL dy. (3.29)
RS

uj o = AT~y 4 o(1)
strongly in H!(R3, C). Finally, using the exponential decay of U; and VU; we have
uj. = AWV (= yYU(- = yl) + o(1).

From corollary 3.2(iii) we deduce that this convergence also holds in H., and thus

k k
e =Y uh, =D @AW (-~ yUL(- — ) + o(1)
=1 =1

strongly in H.. To conclude the proof of the proposition, it suffices to show that
w2 — 0 in H.. Since E > lim.,o I:(us) and lim.,o e (u1,) = E, we deduce,
using (3.10), that lim. o I-(u2.) = 0. Now, from (3.17)—(3.19), we obtain that
uz. — 0in H,. ]
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3.3. Critical points of the penalized functional

We first state the following proposition.

PROPOSITION 3.6. For sufficiently small d > 0, there exist constants w > 0 and
g0 > 0 such that |I'!(u)| > w for u € I'Pe ﬂ(Xd\X *) and € € (0,¢).

Proof. By contradiction, we suppose that, for d > 0 sufficiently small such that
proposition 3.5 apphes there exist (e;) with lim; . e; = 0 and a sequence (ue,)
with u.; € Xd \ X! 4/2 satisfying limy oo 1%, (ue ) < E and lim; o I’ (uE]) =0.
By proposmon 3.5, there exist (y57) CR%i=1,...,k 2* € M’and U; € Spm,; such
that

. i i
55'1210 £z, =1 =0,

lim =0.
E]‘%O

k
— > exp{id, (ul,) (- — yi)bee, (- — v U — o)
i €;
By the definition of X, we see that lim, .o dlst(usj,XEj) = 0. This contradicts
ue; & Xe J/ and completes the proof. O

From now on we fix a d > 0 such that proposition 3.6 holds.

PROPOSITION 3.7. For sufficiently small fized € > 0, I'. has a critical point u. €
xXdnrp-.

Proof. We can take Ry > 0 sufficiently large that O C B(0, Ry) and ~.(s) €
HY(B(0, R/¢)) for any s € T, R > Ry and sufficiently small & > 0.

We note that, by proposition 3.3(iii), there exists o € (0, E — E) such that, for
sufficiently small € > 0,

L9 > D —a = nu(e) e X2 (0.2 ) ).

We begin by showing that, for sufficiently small fixed € > 0, and R > Ry, there
exists a sequence (uf) C x4 n I'P- 0 HY(B(0,R/¢)) such that I'"(uf) — 0 in
HY(B(0,R/e)) as n — +oo0.

Arguing by contradiction, we suppose that, for sufficiently small ¢ > 0, there
exists ar(e) > 0 such that |[I(u)] > agr(e) on X¢ N I'P- N HI(B(0,R/e)). In
what follows, any u € H{(B(0,R/e)) will be regarded as an element in H. by
defining u = 0 in R®\ B(0, R/¢). Note from proposition 3.6 that there exists w > 0,
independent of £ > 0, such that |I7(u)| > w for u € I'Pe N (X9 \ X&?). Thus, by
a deformation argument in H}(B(0, R/¢)), starting from v for sufficiently small
€ > 0, there exists a p € (0, ) and a path v € C([0,T], H.) satisfying

Y(s) = ve(s) for ye(s) € IP7  y(s) € X for y.(s) ¢ [P

I.(v(s)) < D:—p, seT. (3.30)

Let v € C§°(R?) be such that ¢(y) = 1 for y € 0%, ¥(y) = 0 for y ¢ O,
Y(y) € [0,1] and |Ve| < 2/6. For y(s) € X2, we define v1(s) = 1.v(s) and
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Y2(s) = (1—1:)v(s), where ¥.(y) = ¥(ey). The dependence on & will be understood
in the notation for v; and 5. Note that

Te(7(5) = Te(71(s)) + Te(12(s)) + /R (W1 = 9| D*y(s)?
+ Veoe (1 — 02)|y(s)?) dy

+Q:(7(s)) — Qe(m(s)) — Q=(12())
1

1 [, W6 @Rh W)
~ ()@ () )
~ I ()(@) P (5)(w) ) da dy + o(1).

Since, for A,B >0, (A+B—-1); > (A—1); + (B —1)4, it follows that

Q-(1(s)) = (/]R" Xelni(s) +72(s)* dy — 1>i/2
> ([ xR i [ xR - 1)i/2
§ < / () dy 1)5:2 . ( / xeha(s)? dy - 1>5+/2

= Q-(n(s)) + Q=(12(s))-

Now, as in the derivation of (3.19), using the fact that Q-(v(s)) is uniformly
bounded with respect to ¢, we have, for some C > 0,

/]1{3\0 Iv(s)|? dy < Ce8/k. (3.31)
Since W is even, we have

/RS » W(z =) (v (&) @) Ply(s) )1 = n(s) (@) n(s) )
= I (s)(@)Fa(s)(y)*) da dy

2 [ Wi E@P @ b
2 f [ W phO@PhEWEE
_ (x 2 s 2 T
+2 /Ogé\og ay | LG O

— s)x 2 s 2 T
" /RS\O? dy /O?\Og Wi =y (s)@) () @)l d
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- /og v /Rg\og W = )b @) ) da

— $)(@)2v(s)(y)]? dz.
+2/Rs\og dy/ogé\og Wz —y)ly(s)(@)|v(s)(y)|"d

From (3.31) we deduce that

tim [ d / o ME T DRO@ MO =0 @32)
and
lim dy / W ( — 1) ha(s) ()21 (3) () P da = 0. (3.33)
=0 /w0 Jozos

From (3.32) and (3.33) we have (recall that v, and -2 depend on )

/ W (@ — 4)(11(8) (@) P8 @) — () (@) P () ()

— () @) Plr2(s) ())] dz dy = o(1).

Thus, we see that, as € — 0,

Ie(y(s)) 2 Te(r(s)) + Ie(r2(s)) + o(1).
Also,
1
febel) = K /(R3\OE)X(R3\OE)

Therefore, it follows that

W (z — y)la2(s) (@) r2(s)(y)|* da dy = o(1).

Ie(v(s)) 2 Ie(m(s)) + o(1). (3.34)

Fori=1,...,k, we define

) 1(s for Ot 35,
z(s)(y){w)(y) y e (07)

n o for y ¢ (OH)%.
Note that .
(A4 A, = 1)1 2D (Ai—1)y
for Ay,..., A, > 0. Then we see that -
k k
L(m(s) 2 ) (i) = Y IE(ils)). (3.35)
i=1 i=1

From proposition 3.3(ii), and since 0 < a < E — E, we obtain that v} € @ for all
i € {1,...,k}. Thus, by [13, proposition 3.4], proposition 3.4 and (3.35), we deduce
that, as e — 0,

rsnea%cfa(V(S)) > E +o(1).

Since limsup,_,, D, < E, this contradicts (3.30).
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Now let (u?) be a Palais-Smale sequence corresponding to a fixed small ¢ > 0.
Since (uf) is bounded in H{(B(0, R/¢)), and by corollary 3.2, we have that, up to

n
a subsequence, u converges strongly to u® in H}(B(0, R/¢)). We observe that u’

n

is a critical point of I'. on H{(B(0, R/¢)), and it solves

1 2
(,V — A8> uft + Voult
i
3/2

— (W |uR|2>uR5(/xg|uR|2dy 1)

xeuf in B(O, R) . (3.36)
. €

Exploiting Kato’s inequality,

= 2
A|uR|>—Re - Z—AE uft),
[uff| \ i

we obtain
3/2

A|uR| > V5|uR|—(W*|uR|2)uR|+5</X€|uR2dy—l) XE\uR| in R3. (3.37)
+

Moreover, by Moser iteration, it follows that ||ut||z~ is bounded. Since (Q.(u%))
is uniformly bounded for small € > 0, we derive that (W x |[uf|?)|u®| < LV |uf(y)|
if |y| = 2Ry. Applying a comparison principle, we derive that

[u(y)] < Cexp{~(ly| — 2Ro)} (3.38)

for some C' > 0 independent of R > Ry. Therefore, as (u®) is bounded in H., we
may assume that it weakly converges to some u. in H. as R — +o0. Since u' is a
solution of (3.36), we see from (3.38) that (u?) converges strongly to u. € X, N I'P=
and it solves

3/2

1 2
(iVA5> Ue+Veue = (I/V>|<|ug|2)u55</X5|u5|2 dy1> Yete in R®. (3.39)
+

O

3.4. Proof of the main result

We see from proposition 3.7 that there exists g > 0 such that, for € € (0,¢¢),
I'. has a critical point u. € X¢ N I'P=. Exploiting Kato’s inequality,

_ 2
A|U5| 2 —Re te Y - AE Ue |,
ue| \ 1

3/2
Alue| = Vo|ue| — (W |u5|2)\u5\ + 5(/X5|u5|2dy — 1) Xeltue| in R3. (3.40)
+

we obtain

Moreover, by (2.32) and the subsequent bootstrap arguments, we deduce that u. €
L9(R3) for any q > 2. Hence, a Moser iteration scheme shows that (||uc||p=) is



NLS equations with magnetic field and Hartree-type nonlinearities 1007
bounded. Now, by proposition 3.5, we see that

lim |Dfuc|? 4+ Ve|ue* dy = 0
=70 Jms\(Mm29).

and thus, by elliptic estimates [17], we obtain that

gl_I)I(l) HUEHLW(R?'\(MM)E) =0. (341)

This gives the following decay estimate for u. on R?\ (M??)_ U (Z°).:
luc(x)] < Cexp{—cdist(z, (M??). U (Z%).)} (3.42)
for some constants C, ¢ > 0. Indeed, from (3.41) we see that
B ([ W7 s Jute [ v o (w20, 0 29).) = 0-

Also,
inf{V.(y) 1y ¢ (MQB)E U (Zﬁ)s} > 0.

Thus, we obtain the decay estimate (3.42) by applying standard comparison prin-
ciples to (3.40).

If Z # (), we will need, in addition, an estimate for |u.| on (Z27).. Let {Hl}lel be
the connected components of int(Z 35) for some index set I. Note that Z C (J,.; H
and Z is compact. Thus, the set I is finite. For each i € I, let (¢*,\]) be a pair of
first positive eigenfunction and eigenvalue of —A on (H'). with Dirichlet boundary
condition. From now on we fix an arbitrary ¢ € I. By using the fact that (Qc(u.))
is bounded we see that, for some constant C' > 0,

luell L3 ((miy.) < < O3/, (3.43)
Thus, from the Hardy—Littlewood—Sobolev inequality we have, for some C > 0,
W |u5| ||L°°((H1 C||UEHL3((H'L) ) S 086.

Denote ¢i(y) = ¢'(ey). Then, for sufficiently small ¢ > 0, we deduce that, for
y € int((H).),

AL(y) = V(@)L (y) + (W x Jue(y)*) e (y) < (Ce® — Mie®)ol < 0. (3.44)

Now, since dist(9(Z%%)., (ZP).) = /e, we see from (3.42) that, for some constants
C,c>0,

C
lluell o< (a(z20).) < Cexp{ . } (3.45)

We normalize ¢’, requiring that

i c
. ) 00(225 o (y) = Cexp{ — e} (3.46)

for the same C, ¢ > 0 as in (3.45). Then we see that, for some x > 0,

PL(y) < KCexp {_EC} y € (HY). N (2%9)..



1008 S. Cingolani, S. Secchi and M. Squassina

Now we deduce, using (3.43)-(3.46), that, for each i € I, |u.| < ¢ on (H?).N(Z?P)..
Therefore,

el < Con{ ] on (229, (3.47)

for some C,¢ > 0. Now (3.42) and (3.47) imply that Q(u.) = 0 for sufficiently
small € > 0 and thus u. satisfies (1.5). Now using propositions 2.14 and 3.5, we
readily deduce that the properties of u. given in theorem 1.1 hold. Here, in (1.7)
we also use lemma 2.11.
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