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1 Introduction and results

Let Q c RY be a smooth bounded domain. In 1983, Brezis and Nirenberg, in the seminal paper [3], showed
that the critical growth semi-linear problem

“Au=Au+u?¥t inQ,
u>0 inQ, (1.1)
u=0 on oQ,

admits a solution provided that A € (0, A1) and N > 4, A; being the first eigenvalue of —A with homogeneous
Dirichlet boundary conditions and 2* = 2N/(N - 2) the critical Sobolev exponent. Furthermore, in dimen-
sion N = 3, the same existence result holds provided that u < A < A4, for a suitable u > 0 (if Q is a ball, then
U = A1 /4 is sharp). By PohoZaev identity, if A ¢ (0, A1) and Q is a star-shaped domain, then problem (1.1)
admits no solution. Later on, in 1984, Cerami, Fortunato and Struwe obtained in [6] multiplicity results for
the nontrivial solutions of

“Au=Au+u?t inQ,
(1.2)

u=0 on 0Q,
when A belongs to a left neighborhood of an eigenvalue of —A. In 1985, Capozzi, Fortunato and Palmieri

proved in [5] the existence of a nontrivial solution of (1.2) forall A > 0 and N > 5 or for N > 4 and A different
from an eigenvalue of —A. Let s € (0, 1) and N > 2s. The aim of this paper is to obtain a Brezis—Nirenberg-type
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result for the fractional system

(-A)’u =au+bv+ 2p
p+

qlulp’zulvlq in Q,

(-A’v=bu+cv+ 29
p+

[ulPlv|??v inQ, (1.3)
q
u=v=0 inRY\ Q,
where (-A)S is defined, on smooth functions, by

u(x) — u(y)

(=A)’u(x) := C(N, s) 13{13 J x — y[N+2s

RN\B;(x)

dy, x e RN,

C(N, s) being a suitable positive constant and p, g > 1 are such that p + g is compared to 2} := 2N/(N - 2s),
the fractional critical Sobolev exponent [8]. The corresponding system in the local case was studied in [1].
For positive solutions, system (1.3) turns into

f 2
(-A)Su = au + bv + P 14 inoq,
b+q
s Zq -1 :
(=A)°v = bu + cv + ——uPv? in Q,
) pP+q (1.4)
u>0, v>0 in Q,
u=v=0 inRV\ Q.

In the following we shall assume that Q is a smooth bounded domain of R¥ with N > 2s and we shall denote
by (A;,s) the sequence of eigenvalues of (—A)® with homogeneous Dirichlet-type boundary condition and by
1 and y; the real eigenvalues of the matrix

A:z(a b), a,b,ceR.
b c

Without loss of generality, we will assume p; < u,. By solution we shall always mean weak solution in the
sense specified in Section 2, where the functional space X(Q) is fully described. It is known that the first
eigenvalue A; s is positive, simple and characterized by

j [(=A)Zu|? dx

RN

Mgs= inf X 1.5
LS T uex@hio) Jlulzdx (1.5)

RN
The following are the main results of the paper.

Theorem 1.1 (Existence I). Assume that b > 0, u, < A1,s and
p+q<2;.

Then (1.4) admits a solution.

Theorem 1.2 (Existence Il). Assume thatb > 0 and
p+q=2;.

Then the following facts hold:
(1) IfN = 4sand 0 < puy < pp < Ay s, then (1.4) admits a solution.
(2) If2s < N < 4s, thereis i > O such that (1.4) admits a solution if i < 1 < Uz < Ay s.
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Theorem 1.3 (Nonexistence). Assume that p + q = 2% and one of the following facts hold:
(1) Qs star-shaped with respect to the origin and p, < O.

(2) Qs star-shaped with respect to the origin and A is the zero matrix.

(B) b=0andp; = A1 s—la—cl.

Then (1.4) does not admit any solution. Furthermore, if 4> < 0 and

p+q>2g,
then (1.4) does not admit any bounded solution if Q is star-shaped with respect to the origin.

Theorem 1.4 (Regularity). Assume that p + q < 2%.1If (u, v) is a solution to problem (1.3), then u, v € Cl’“(Q)

loc
2,a

fors € (0,1/2) and u,v € C;;.(Q) for s € (1/2, 1). In particular, (u, v) solves (1.3) in the classical sense.

The nonexistence result stated in (3) of Theorem 1.3 holds in any bounded domain. For b = 0 it reads as
M2 > Ay s, properly complementing the assertions of Theorem 1.2. The above results provide a full extension
of the classical results of Brezis and Nirenberg [3] for the local case s = 1. We point out that we adopt in
the paper the integral definition of the fractional laplacian in a bounded domain and we do not exploit any
localization procedure based upon the Caffarelli-Silvestre extension [4], as done e.g. in [2]. See [13] for a nice
comparison between these two different notions of fractional laplacian in bounded domains. By choosing
p=q=2%/2,system (1.4) reduces to

(=A)Su = au + bv + u?S/N=29,N/(N=25) 31y )

(=A)Sv = bu + cv + ulN/IN=29)y2/(N=25) iy )

(1.6)
u>0, v>0, in Q,
u=v=0 in ]RN \ Q,
which, in the particular case of a = c, setting u = v, boils down to the scalar equation
(-A)u=Au+u®"1 inQ,
u>0 inQ, (1.7)

u=0 inRY\ Q,

which is the natural fractional counterpart for the classical Brezis—Nirenberg problem [3]. For existence
results for this problem, we refer to [12, 14] and to the references therein.

2 Preliminary stuff

2.1 Notations and setting

We refer the reader to [8] for further details about the functional framework that follows. For any measurable
function u : RV — R we define the Gagliardo seminorm by setting

1

_ 2 % 3
. :=<C(N,s) J u(x) — u(y)| dxdy> =(j|<—A)iu|2dx> _
IRZN ]RN

2 |X_y|N+2S

The second equality follows by [8, Proposition 3.6] when the above integrals are finite. Then, we introduce
the fractional Sobolev space

HS(RY) = {u e L2(RY) : [uls < oo}, ullgs = (lulZ, + [u]2)?,
which is a Hilbert space, and we consider the closed subspace

X(Q):={ue H5RY): u=0ae.inR"\ Q. (2.1)
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Due to the fractional Sobolev inequality, X(Q) is a Hilbert space with inner product

CN, s) J (u(x) —u()(v(x) - v(y))

2 |X _ y|N+ZS

(u,vyx := dx dy, (2.2)
IRZN

which induces the norm || - |x = [ - ]s. Now, we consider the Hilbert space given by the product

Y(Q) := X(Q) x X(Q), (2.3)
equipped with the inner product
(U, v), (@, )y := (U, @)x + (v, P)x (2.4)
and the norm
I, )y =l + IVIZ)*%. (2.5)

We shall consider L™(Q) x L™(Q) (m > 1) equipped with the standard product norm
I, Wiipmxzn = (ulZa + V1207 (2.6)

We recall that we have
u1lU? < (AU, U)g: < po|U?  forall U := (u,v) € R?. (2.7)

In this paper, we consider the following notation for product space § x § := §° and set
wh(x) := max{w(x), 0}, w (x) := min{w(x), 0},

for positive and negative part of a function w. Consequently, we get w = w* + w™. During chains of inequali-
ties, universal constants will be denoted by the same letter C even if their numerical value may change from
line to line.

2.2 Weak solutions

Consider the system
(-8)*u =f(u,v) inQ,

(-A)°v =g(u,v) inQ, (2.8)
u=v=0 inRV\Q,

where f, g : R x R — R are Carathéodory mappings which satisfies, respectively, the growths conditions

Ifiz, w)| < C(1 + 21>~ L + w|>™1) forall (z, w) € R?, (2.9)
lg(z, w)| < C(1 + |z|% 7L+ |w*™1) forall (z, w) € R2. (2.10)

Definition 2.1. We say that (u, v) € Y(Q) is a weak solutions of (2.8) if

(U, v), (@, )y = Jf(u,V)qo dx + Jg(u,vn/) dx (2.11)

Q Q
for all (¢, Y) € Y(Q).

2.3 A priori bounds
We introduce some notation: for all ¢ € R and k > 0, we set
tic := sgn(t) min{|¢], k}. (2.12)

From [9, Lemma 3.1] we recall the following lemma.
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Lemma 2.2. Foralla,b € R, r > 2, and k > O we have

- 4(r-1)

— _ L1 r_1\2
(a~b)(alali? - bIbli?) = =——(alal " - biblg ).

In the following, we prove an L*°-bound on the weak solutions of (2.8) which will be needed in order to get
nonexistence and regularity results.

Lemma 2.3. Assume that f and g satisfy (2.9)—(2.10) and let (u, v) € Y(Q) be a weak solution to (2.8). Then
we have u, v € L*®°(Q).

Proof. Forallr > 2 and k > 0, themap t — z‘ltllr(‘2 is Lipschitz in R. Then
(ulul72,0) € Y(Q), (0, vIv[;?) € Y(Q).

We test equation (2.11) with (ululi‘z, 0), we apply the fractional Sobolev inequality, Young’s inequality,
Lemma 2.2, and use (2.9) to end up with

3712 3710
lluful 17 < Cllulule Il
cr? >
< 7w ulul)x

r |, vllululi* dx

“
sCré[
“

r
C
2 250,12 2:-1 -2
[ullull7= + [ul®s [ull7 + v~ Hullull~7) dx

(
Cr| (™ + [u%+72 4 [v|*+72) dx (2.13)

for some C > 0 independent of r > 2 and k > 0. Then, Fatou’s lemma, as k — oo, yields

||u||2yzr < Cr([(|u|r—1 + |u|2;+r—2 + |v|2;+r—2) dX), (214)
Q

where y = (2;‘/2)% (the right-hand side may at this stage be co). Now, in a similar way, test (2.11) with
(0, vlvli’z) to obtain for some C > 0 independent of r > 2 that

VI7,e, < Cr(J(IvI"l + U172 4 |5 TT2) dx) (2.15)
Q
(the right-hand side may be co). By (2.14) and (2.15) we get
IIuIIIiyzY + ”VllZer < CT(J(|u|r_1 + |v|r—1 + |u|2§‘+r—2 + |v|2§‘+r—2) dX) (216)

Q

Our aim is to develop a suitable bootstrap argument to prove that u, v € LP(Q) for all p > 1. We start from
(2.16), with r = 2} + 1 > 2, and fix 0 > O such that Cro < % Then there exists a constant Ky > 0 (depending

on u and v) such that
1—2% 1—2%
( J lul% dx) ’ +< J lv|% dx) ‘<o (2.17)

{lul>Ko} {lvI>Ko}
By Holder’s inequality and (2.17) we have

J |72 dx < Ko* 7 {lul < Ko}l + j |u|% 472 dx
Q {lul>Ko}
% -2
< KET2|0)+ (J(uf)zz; dx) : ( J % dx) :
Q {lul>Ko}
<K+ olul’ ., (2.18)
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and
V%2 dx < K2 101 + oI, (2.19)
L’
Q
By (2.16), (2.18) and (2.19), we have

1
(||u||Ly2r + ||v||zy2,) < Cr(J(|u|r1 + |V|r—1) dx+K25+r 2) (2.20)
Q
Sincer =2f +1,wegetu,ve L (Q) We define a sequence {r,} with

ro=25+1, Tny1=9rn—21+2.

Since Sr(o% 41
+
2;+r0—2<—5(; ),

we get

lull 254002 + VIl 25 410-2 < +00.
Hence, we aim to begin an iteration in order to get the L*°-bounds of u and v. Using formula (2.16) and the
Holder inequality, we obtain

1
1 25+r-2 25+r-2\\ 7
lullyer + Ve < (Cr)'(Iles” (s + VIS ) + (50 + IIVIIL§;+,_Z))'

1

2%~ 1
1 -1 2:+r-2\7
< (Cr) ' ((1 + |Q| zs )(”u"L?;“r’*2 + ”V"LZEW'*Z)Y + (”u"LZ;Hq + ”V"Lz;‘wfz) il ), .

Substituting ry, for r, since yzrn =23 +I'ny1 — 2, we get

lullpy2ry + IVIE20,, < (Crn+1)ﬁ(c(”u"y)2rn + ||V||Ly2rn)rn+171 + (lull 2 + IVIy20 )yzr")ﬁ- (2.21)
Denote
Ty == max{1, lull;,n, +IVIp2nt
Then (2.21) can be written as
Tyt < (14 €)Y ryoy 7 Ty i (2.22)
Since rpy1 = Y21y — 2% + 2, by induction it is possible to prove that
;z”;fz =2 —1+2y2n2

If n = 0, the assertion follows by a direct calculation. Assume now that the assertion holds for a given n > 1
and let us prove it for n + 1. We get

n e N.

Tns2 Tnsl 25 -2

2n+4 A 2n+2 n+4
Y Y s

2: -2
=27 —1+2y2"% - ;2n+4

=27 -1+2y2"4,

which proves the claim. In particular, yr{’{fz ~ 2% - 1. From (2.22), we also have

72 ™m

Tn+1 < (]_ + C) 'n+1 Tn+l "n+1 Tn 1

P
1 1 1 1 P n+1
< (14 O rper 7w (L4 O rn Ty o)
1492 IR Y1
= (1 + C) n+1 n+1 "+l Fp el Tn—l n+1
1492 49 4oepy2N 1 2 ¥ P P2y
< e < (1 + C) n+l (]’n+1 T+l ¥ 'n+l Fp_q "l oo ) Tnel )TO n+1

y2n+2 1

(n—i) Vn+1 P22y
(1+C)0* “’"+1(an1 ) To 1 .
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We can easily compute that

yPri-1 2 Y™ 25 +1
(Yz -Drppr 25 -1DQ25-2)° Tn+1 25-1°

Moreovet, i, < roy?*? for every i € N, since

Tis1 ri  2;-2

ri
P22 :ﬁ_ P22 <F<

and rpy1 > y?"*2 eventually for n large since }f;';}z ~ 2% —1> 1, so that

- < T0,

1

1
L i n ST )
(n—i) \ "n+1 . i) \ ¥ 0o .2i-2 o 2ix2
<Hr3i1 ) < (l |(fo)’21+2)y2n 1 ) < rglico ¥ yZl,o T oo,
i=0 S8

i=0

Hence (T,,) remains uniformly bounded and the assertion follows. Notice that the L>-bound depends on T
which depends on u (and not only on |lull,; ) through the presence of Ko > 0 in estimate (2.20). O

3 Pohodzaev identity and nonexistence

The purpose of this section is to prove Theorem 1.3, for this we need the following auxiliary result known as
Pohdzaev identity for systems involving the Laplacian fractional operator.

Lemma 3.1. Let Q be a bounded C*' domain andlet F € C*(R* x R*) be such that F,, and F, satisfy the growth
conditions (2.9) and (2.10). Let (u, v) € Y(Q) be a solution to the system

(-A)u =Fy(u,v) inQ,

(-A)v=F,(u,v) inQ, 3.1)

u=v=0 in IRN\Q.
Thenu,v € CS(RN), u,v € Cllo’f(Q)fors €(0,3),uve Clzo’f(Q)fors €(3,1)and
u
55

v
Q’ 65

o€ C%(Q) forsomea € (0,1), (3.2)

where §(x) := dist(x, 0Q), meaning that 4 |q and 5 |q admit a continuous extension to Q which is C%(Q). More-
over, the following identity holds:

N-2s 08 08
RV Q 20

j (=D 3 ul? + (D)3 vI?) dx - 2; JF(u, vydx+ LA*S)” J [(l)z + (1)2](x, Vevdo=0,  (3.3)

where T is the Gamma function.

Proof. In light of Lemma 2.3, we learn that u, v € L*°(Q). Then, Fy,(u, v) and F,(u, v) belong to L*°(Q) too.
In turn, by [10, Theorem 1.2 and Corollary 1.6], we have that u and v satisfy the regularity conclusions
stated in (3.2). In particular, the system is satisfied in the classical sense. Whence, we are allowed to apply
[11, Proposition 1.6] to both components u and v, obtaining

I(X-Vu)(—A)Su ax= 25N J u(ayudy - TS J(%)Z(x, Vg do,

2 2
o) Q o0
_ e _Zs—NJ s ‘r(1+S)ZJ v?
J(x VW)(-A)’vdx = 5 v(-A)’vdx — <5S) (x, V)~ do.
Q Q 20

Then, since (-A)Su = Fy(u, v) and (-A)Sv = F,(u, v) weakly in Q and recalling that

Ju(—A)su dx = J (=03 uP? dx, Iv(—A)Svdx - J (=) 3 v dx,

Q RN Q RN
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we get

_2s-N /2,12 I(1+s)? u\?
(x-Vu)Fy(u,v)dx = 5 J [(=A)*"“ul” dx — — J(E) (x, v)rv do,

Q RN 0Q
Q

_ 2 2
- VEy vy dx = 25N J a2y dx — LS j(s—"s) (X, Vg do.

2 2

RV o0
Observing that VF(u, v) - x = Fy(u, v)Vu - x + F,(u, v)Vv - x, integrating by parts we get
s s u 2 % 2
(2s-N) J(I(—A)?ul2 +](=A)2v]?) dx + ZNJF(u, v)dx =T(1+5)? J [(§> + (5) ](x, V)ry do,
RN Q 00

which concludes the proof. O

3.1 Proof of nonexistence

Consider first the case p + g = 2} with assumption (1) and assume by contradiction that (1.4) admits a posi-
tive solution (u, v) € Y(Q). Consider the functions f, g : R* x R* — R defined by

2 2
flz,w) = az+ bw+ —L—2P7 1wl gz, w) = bz + cw + —2_zPwiL,
b+q b+q

Then, setting

2 2w,

a c
F(z,w) = 522 +hzw + —w

2 1 2
IS Yy —
> +p+qz w z(A(Z’ w), (z, W))]R2+p+

we obtain that F € C1(R* x R*), F, = f and F,, = g satisfy the growth conditions (2.9) and (2.10) and (u, v)
is a weak solution to (2.8). Then, the components u, v enjoy the regularity (3.2) stated in Lemma 3.1 and

identity (3.3) holds. Testing (2.11) with (¢, ) = (u, v), yields

J(I(—A)%ul2 +1(-A)3v|?) dx = Jf(u, V)udx + Jg(u, V)u dx

RN Q Q
= I(AU, Upr2 dx + 2 J uPvdx,
Q Q

which substituted in (3.3), yields, recalling that p + g = 2%,

(1 - 2—§>£(AU, U)ge dx + rz(vl——+zss)za£ [(%)2 + (%)z]u, gy do = 0.

Since Q is star-shaped with respect to the origin, the equation above yields
I(AU, U)g: dx > 0.
Q

This is a contradiction with (2.7), because y; < 0 and u, v > 0.
Now we cover case (2). If A is the zero matrix, we get

[+ () Je o=
0Q

which contradicts the fractional version of Hopf’s lemma, see [9, Lemma 2.7], since (-A)’u > 0 and (-A)’v > 0
weakly yield £ > w and § > w’, for some positive constants w, w'.
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Let us turn to case (3). If ¢1 > O is the first eigenfunction corresponding to A; s and we assume that
a solution of (1.4) exists, by choosing (¢1, 0) and (0, ¢1) respectively in (2.11), we get

M.s J’ u@; dx = J (-A)Zu(-A): @y dx = J(augol +bvey + zf up‘lvq<p1) dx,
3 a 3 btq

Ais j v dx = J (—A)%v(—A)%<p1 dx = J(bu(pl +cvpy + p2+qq upvq‘lfpl) dx.
Q RN Q

Then, since b > 0 and u, v > 0, we get

A1s J up, dx > a I upydx, Aigs prl dx > c I v dx,
Q Q Q Q

that is max{a, c} < A1 5. On the other hand, by assumption and a direct calculation

a+c)-+(@a-c)2+4b?2 (a+c)-la-c .
/hs—la—clsul:( 10— Wt s s( +e) | |=m1n{a,c},
’ 2 2
which yields max{a, c} > A1 s, namely a contradiction.
Finally, we prove the last assertion. In the case p + g > 2, any bounded solution of system (1.4) is smooth

according to Lemma 3.1 and arguing as above yields the identity
2 _i)j Py MJ (1)2 (1)2 _
( 2)j(AU,U)]dex+2<1 biq uPvedx + N5 55 + 55 (x,v)rv do = 0.
o) Q o0

This yields IQ (AU, U)gr: dx > 0, contradicting u, < 0 via (2.7). This concludes the proof.

Proof of Theorem 1.4. The assertion follows as a particular case of Lemma 3.1.

4 Existence |, subcritical case

In this section, we will prove Theorem 1.1 which guarantees the existence of solutions for problem (1.4)
involving subcritical nonlinearity.

4.1 Proof of existence |

Let Q be a bounded domain and suppose that

b>o0, (4.1)
HZ < Al,S’ (4'2)
p+q<2;. (4.3)

Consider the functional I : Y(Q) — R defined by

1 1
1) = 51U - 5 J(AU, U)ge dx.
Q

We shall minimize the functional I restricted to the set

M := {U =W, v)eYQ): J(u*)p(v+)q dx = 1}.
Q

By virtue of (4.2) the embedding X(Q) < L?(Q) (with the sharp constant A; s), we have

1) > %min{l,(l—ﬁ)}llUll%zO. (4.4)
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So define
I() = il’lf[,
M

and let (Uy) = (un, vy) ¢ M be a minimizing sequence for Iy. Then I(U,) = Iy + 0,(1) < C for some C >0
(where 0,(1) — 0, as n — oo) and consequently by (4.4), we get

[unlZ + [vals = lunllg + Ivall = 1UAlI} < C'. (4.5)

Hence, there are two subsequences of (u,) ¢ X(Q) and (v,) ¢ X(Q) (that we will still label as u,, and v,) such
that U, = (up, vy) converges to some U = (u, v) in Y(Q) weakly and

3 e e CIN,S) [ [un(x) — un(y)I?

[ulf < 11mn1nf 5 J s dx dy, (4.6)
2 i o CN,S) [ Iva(X) = va(y)I?

[vls < 11mn1nf J s dx dy. (4.7)

Furthermore, in view of the compact embedding X(Q) < L%(Q) for all ¢ < 2 (cf. [8, Corollary 7.2]), we
get that Uy, = (un, vn) converges to (u,v) strongly in (LP*9(Q))?, as n — oco. Of course, up to a further
subsequence, we have that (u,(x), v,(x)) converges to (u(x), v(x)) for a.e. x ¢ RN. Now we will show that
U := (u,v) € M. Indeed, since (U,) ¢ M, we have

j(u;)r’(v;)q dx = 1. (4.8)
Q
Since
lim J lunlP? dx = J P+ dx, lirran’ ValP* dx = J V[P dx,
Q Q Q Q
we have in particular |u,[P*9 < 11 and |v,|P*9 < 112, for some n; € L1(Q) and any n € N. Then
WP COWHI() < 1

[un(OPT + [Vn ()P < 1(x) + n2(x)  for a.e.in Q.

In turn, by the Dominated Convergence Theorem, passing to the limit in (4.8), we obtain
Jarromrax-1,
Q
and, consequently U = (u, v) € M with u, v # 0. We now show that U = (u, v) is, indeed, a minimizer for I
on M and both the components u, v are nonnegative. By passing to the limit in I(U,) = Iy + 0,(1), where
on(1) = 0 as n — co, using (4.6) and (4.7) and the strong convergence of (un, v,) to (u, v) in (L*(Q))?, as
n — oo, we conclude that I(U) < Iy. Moreover, since U € M and I = infy I < I(U), we achieve that I(U) = I,.
This proves the minimality of U € M. On the other hand, let

6(U) = [y o) de-1,
Q
where U = (u, v) € Y(Q). Note that G € C! and since U € M,
G'OU=p+a) [@Pe)id=p+qro,
Q
hence, by the Lagrange Multiplier Theorem, there exists a multiplier 4 € R such that

I'(U)(@, ) = uG'(U)(p, ) forall (¢, ) € Y(Q). (4.9)
Taking (¢, ¥) = (u=,v™) := U™ in (4.9), we get

2 _ C(N,s) [ ut(gu(y) + u”(x)u(y)
= = [ R

dx dy
]RZN

C(N, s) vV (y) + v ()vi(y) )
! 2 ,[ [x — y|N+2s dxdy + J(AU, U™)r: dx.

R2N Q
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Dropping this formula into the expression of I(U~), we have

I(U™) = g J(v*u‘ +utvT)dx + C(IZ’ &l J u+(X)u|_)§):);Il\;;2(:<)u+(y) dxdy
Q
CIN,s) [ vi(x)v_(y) +v ()v*(y)
+ 4 I Xy dxdy <0, (4.10)

since b > 0, w~ < 0 and wt > 0. Furthermore,

I(U") > min{l, <1 - %)}HUW% 20
1

and using (4.10),weget U~ = (u~, v_) = (0, 0) and therefore u, v > 0. We now prove the existence of a positive
solution to (1.3). Using again (4.9), we see that
1ol - J(AU, U)ge dx — u(p + q) J uPvidx =0,
Q Q
and since U € M, we conclude that ( )
+

Io = I(U) = u P2 q
since Iy is positive, via (4.2). Then, by (4.9), U satisfies the following system, weakly:

szO up—l
+q

>0,

(-A)’u = au + bv + vl inQ,

(-A)Sv =bu+cv+ ;ZI(; w?vi 1t in Q,

u=v=0 in IRN\Q.
Now using the homogeneity of system, we get T > 0 such that W = (I)" U is a solution of (1.4). Since b > 0
and u, v > 0, we get, in the weak sense,
(=A)u > au inQ,
(-A)°v > cv inQ,
u=>0, v>0 inQ,
u=v=0 in RM\Q.

By the strong maximum principle (cf. [9, Theorem 2.5]), we conclude u, v > 0 in Q. O

5 Existence Il, critical case

Next we turn to Theorem 1.2, for the critical case p + g = 2. The variational tool used is the Mountain Pass
Theorem. The embedding X(Q) < L% (Q) is not compact, but we will show that, below a certain level c, the
associated functional satisfies the Palais—Smale condition.

5.1 Preliminary results

We will make use of the definition

8s:= inf Ss(u), 1
= nf s(u) (5.1)

where

*

So(u) = (J (=) uf? dx)( j (0% dx)_% (5.2)

RN RN
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is the associated Rayleigh quotient. We also define the following related minimizing problems:

i A3yl D+q o
Sprq(Q) : ueXg\@}((J ()5 ul dx)(j u()| dx) ) (5.3)
RN RN
and 2
bt
8,.(Q) = i A UP 4 By i o
8p.a(Q) = u,ve}(‘}&\m}«l('( M3l +1(-B)v] )dx)(j P V()| dx) ) (5.4)
RN RN

We shall also agree that

8s = 8piq(Q), 85:=8p4(Q), ifp+q=2;.

The following result, in the local case, was proved in [1]. The proof follows by arguing as it was made in [1],
but, for the sake of completeness, we present its proof.

Lemma 5.1. Let Q be a domain, not necessarily bounded, and p + q < 2}. Then
p _a_ p P2
P~ p+q ptq
8p.0(Q) = [(-) +(—) ]sw(g). (5.5)
q q
Moreover, if wg realizes 8. 4(Q) then (Bwg, Cwg) realizes Sp,q(Q), for all positive constants B and C such that

B/C = +pl/q.

Proof. Let {wy} c X(Q) \ {0} be a minimizing sequence for 8,.4(Q). Define uy := sw, and v, := twy, where
s, t > 0 will be chosen later on. By definition (5.4), we get

g(%)( J (=) > wy]? dx)( J [wn(x)[P*1 dx>_Piq > 8,,4(Q), (5.6)
RY RN

where g : R* — R* is defined by
2, 2,
g(x) := xﬁ +x_Pqu, x> 0.

The minimum value is assumed by g at the point x = /p/g, and it is given by

(\B)-(®) &)™)

Whence, by choosing s, t in (5.6) so that s/t = 4/p/q, and passing to the limit, we obtain

8p.g(Q) < g( Jg)sw(o).

In order to prove the reverse inequality, let {(u,, vn)} € (X(Q) \ {0})? be a minimizing sequence for 7Sp,q(Q)
and define z, := s,v, for some s,, > 0 such that

J Iy [P dx = J \Za [P+ dx.
RN RN

Then, by Young’s inequality, we obtain

J lunlP |z |9 dx < —L J lun P*9 dx + —2 J |z, [PT4 dx
p+q p+q
RN RN RN
= J [un|P* dx
]RN
- J |ZalP* dx. (5.7)

RN
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Thus, using (5.7), we obtain

2
p+q

( j(|(—A>%un|2 F1-0)3val?) dx)( j GO V(01 dx)
RN RN

29

- s"*q( j (D) unl? +1(-0) 3 val?) dx)( j Un (O 12 (017 dx) a

RN RN

> s(j (=) F up? dx)(j lun (O dx)m +s;"2f"(j () 22 dx)(j [z ()P4 dx)”

RN RN RN
> g(Sn)Sp+q(Q)

> g( \jg)sw(g).

RN
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2

Therefore, letting n — oo in the above inequality, we get the reverse inequality, as desired. From (5.5), the

last assertion immediately follows and the proof is concluded.
From [7, Theorem 1.1], we learn that §; is attained. Precisely 85 = 85(ii), where

k

i(x) = —-, xeRN keR\{0}, u>0, xo € RV,
(M2 +x=x0l>) "
Equivalently,
- inf J (=AY} uf? dx = J (=03 T dx,
ueX(Q)\{0}
bl 3z =1 R RY
where
_ u(x)
u(x) = —.
Izl -z

In what follows, we suppose that, up to a translation, xo = 0 in (5.8). The function

[ x
u*(x) ::u( 1), x e RN,
8

is a solution to the problem
(-A)u = [ul*?u inRV,

verifying the property
23

N
— 2s
L% @Yy 8s°.

flu™ |

Define the family of functions

Ue(x) = 5 u*(%), xeRV.
Then Uy is a solution of (5.9) and verifies, for all € > 0,

s . N
j (-8)} U dx = j UL ()% dx = 82 .

RN RN

O

(5.8)

(5.9)

(5.10)

(5.11)

Fix 6 > OsuchthatB,s c Qandn € C®(RN) a cut-off function such that 0 < n<1lin RV, n=1inBsandn =0
in Bg 5= RN \ B,s, where B, = B,(0) is the ball centered at origin with radius r > 0. Now define the family of

nonnegative truncated functions
Ue(x) = nOOU(x), xeRY,

(5.12)

and note that u, € X(Q). The following result was proved in [14] and it constitutes the natural fractional

counterpart of those proved for the local case in [3].
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Proposition 5.2. Lets € (0, 1) and N > 2s. Then the following facts hold:

(@) Ase — 0,
j (=0)} el dx < S5 + O(eN25).
RN
(b) Ase — 0,
Cse% + O(eN%) if N > 4s,
J lue ()2 dx = { CoeZllogel + O(E2) if N = 4s,
RY CseN25 + O(e%) if2s < N < 4s.
Here Cg is a positive constant depending only on s.
(c) Ase =0,

. N
j [ug(xX)|% dx = 8 + O(eM).
IRN

Consider now, for any A > 0, the minimization problem

Ss f Ss,/I(V):

A= in
veX(Q)\{0}

8s. (V) = (J [(=A)Zv|]2 dx - A J [v(x)|? dx)([ [v(x)|% dx>_2
RN RN RN

The following result was proved in [14, Propositions 21-22] for the first assertion, and in [12, Corollary 8]
for the second assertion.

where

Proposition 5.3. Lets € (0, 1) and N > 2s. Then the following facts hold:
(a) For N > 4s,
S8salug) <8 forall A > 0 and any € > O sufficiently small.

(b) For2s < N < 4s, there exists As > O such that
S8salug) < 8s  forall A > Ag and any € > 0 sufficiently small.
Proof. For the sake of the completeness, we sketch the proof.

Case: N > 4s. By Proposition 5.2, we infer

< 8s + O(ENT25) — ACse%S < S + 25(O(eNT4) = ACs) < Ss

S a(e) < SSZ% + (?V(SN’ZS) —Agsszs
CHEXICOIE
forall A > 0 and € > 0 small enough and some Cs > O.
Case: N = 4s. We have
Sszﬂs +O(eN-25) — ACse%|log €] + O(£25)
(85% + O(sN))é
< 85 +&25(0(1) - ACs|logel) < S

< 8s + O(e2%) - ACse$|log €]

Ss,a(ue) <

forall A > 0 and € > 0 small enough and some Cs > O.
Case: 2s < N < 4s. We have
N
8 + O(eN=25) — ACseN~25 + O(£25)

(s;ﬂs + O(sN))é

Ssa(ug) < < 85+ N25(O(1) = ACs) + O(£2°) < 8

for all A > 0 large enough (A > As), € sufficiently small and some Cs > 0.
This concludes the sketch. O
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Even if it is not strictly necessary for the proof of our main result, we state the following corollary for possible
future usage.

Corollary 5.4. Suppose that p; given in (2.7) is positive and let

Sea= inf  Ssalu,v),
SA T L EXQ\0) sa( V)

where
2

oF

Ss.a(, V) = ( j (C-8)3ul + |(-A) i vP) dx - j (AW, V(X)) W), V() ge dx)( j WGP V()| dx) ’

RN RN RN

where p + q = 2;. Then the following facts holds:
(a) IfN > 4s, then
gs,A < gs-

(b) For2s < N < 4s, there exists p1,s > 0, such that if uy > 1,5, we have
gs,A < gs.

Proof. From Proposition 5.3, we have:
(@) For N > 4s, we have

Ss,u; (Ue) < 8s, if py > 0 and provided ¢ > 0 is sufficiently small.
(b) For2s < N < 4s, there exists y1 s > 0, such that if yu; > p1 s, we have

Ss,u1 (Ue) < 8s, provided € > 0 is sufficiently small.
Let B, C > 0 be such that % = \/g . From (2.7) and the above inequalities, we infer that

gs,A < 8s,4(Bug, Cug)

2

<(B+ cz)( j (-0) 3 uel? dx - s j lus (012 dx)(BPC‘I)fé*( j e (0% dx) 2

RN RN RN

[ (2 st
[ () s -5

This concludes the proof. O

1%

5.2 Proof of existence Il

In order to get weak solutions to system (1.4), we now define the functional J : Y(Q) — R by setting

T =3 [(emTu + -0 vy ax- 3 [ (A, @, Vs dx - Zi [wroniax
RN RN RN
whose Gateaux derivative is given by
C(N, s) j (ux) = u(YN)(@x) - o)) + (v(x) = v(y) (W (x) — P(y)) dx dy

2 |x — y|N+Zs

J' (u,v)(, ) =
]RZN
Zp +\p-1/,,+ Zq +\q—1(,,+
- [ v, g e - 32 [y tonipax- 21 o wrrpde (5.13)
a S S
for every (¢, ) € Y(Q). We shall observe that the weak solutions of problem (1.4) correspond to the critical
points of the functional J. Under hypothesis O < p; < uy < A3, our goal is to prove Theorem 1.2. We first
show that J satisfies the Mountain Pass Geometry.



100 —— L.F.O.Fariaetal., The Brezis—Nirenberg problem for nonlocal systems DE GRUYTER

Proposition 5.5. Suppose u, < A1,s. The functional J satisfies the following:
(@) thereexist B, p > O such that J(u,v) = Bif [(u, v)|y = p,
(b) there exists (e1, e2) € Y(Q)\{(0, 0)} with |(e1, e2)lly > p such that J(e1, e2) < O.

Proof. (a) By means of (2.7), using
WP < P+ P = ful® o+ v

and the Poincaré inequality, we have
1 2%
T, = 5 (1= 22 i, v - Clo VI,
2 Avs

where C > 0 is a constant.
(b) Choose (iig, Vo) € Y(Q) \ {(0, 0)} with iig > 0, Vo > O a.e. and iipVy # 0. Then

2 : s t? 2t%
Jtio, t70) = 5 [ (- %ol +1(-0) 7o) dx - 5 [ (At ¥0), (o, vo) dx - S [ ahvd ax,
RN RN : RN

by choosing t > 0 sufficiently large, the assertion follows. This concludes the proof. O

Therefore, by the previous facts, from the Mountain Pass Theorem it follows that there exists a sequence
{(un, vp)} c Y(Q), called (PS).-Palais—Smale sequence at level c, such that

J(n, va) = ¢, ' (Un, va)ll = O, (5.14)

where c is given by
=inf b)),
c 1y12r é?c?,’f] J(y(D)

with
T ={ye C([0, 1], Y(Q)) : $(0) = (0, 0) and J(p(1)) < O}.

Next we turn to the boundedness of {(uy, v,)} in Y(Q).
Lemma 5.6 (Boundedness). The (PS) sequence {(un, vy)} ¢ Y(Q) is bounded.

Proof. We have for every n € IN,

1
C+ Cll(un, vi)lly = J(un, vn) - 2—*]’(una Vn)(Un, Vn)
S
1 1 1 1
= (5= 3 M vl = (5 - 57) [ (Atun, vo). (s vy dx
IRN
1 1 o) 2
2 (57 37)(1 2 Jicun, vl
Since y; < A1s, the assertion follows. O

The next result is useful to get nonnegative solutions as weak limits of Palais—-Smale sequences. The same
argument shows that a critical point of J corresponds to a nonnegative solution to (1.3).

Lemma 5.7. Assume that b > 0 and p, < A1s. Let {(un, vn)} c Y(Q) be a Palais—-Smale sequence for the func-
tional J. Then
lim [|(uy,, vi)lly = 0.

In particular, the weak limit (u, v) of the Palais—Smale sequence {(uy, v,)} has nonnegative components.

Proof. By choosing ¢ := u~ € X(Q) and i := v~ € X(Q) as test functions in (5.13) and using the elementary
inequality
(@a-b)a -b)>(a -b")* foralla,beR,
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we obtain

J (u) = uy) ) —u (y) + (vx) - vy) v (x) - v (y) dx dy

N+2s
X
R2N I yl

o[ - w () + (v (x) - v ()2

Ix - y|N+Zs dx dy.

]RZN
Now, note that, since b > 0 and w~ < 0 and w* > 0, it holds

| A v dxs [ @@ v, @ v e dx.
]RN ]RN
In fact, we have
(A, v), W, v )r = (A, v7), W, v ) + b(vHu™ + (W )v) < (A", v7), (U, v))re.
In turn, from the formula for J'(u, v)(u~, v7), it follows that
C(N,s) [ (u (x)—u (¥)?+ v (x)-v(y)? o
> J X~y dxdy—J(A(u V), (U, v7))Re dx
RV Q
>I(u™)+I(v7),

J (u,v)(u,v) >

where we have set

C(N, s) J (wx) -w(y)?

I =
(W) 2 |X _y|N+2$

dxdy -y I |W|2 dx = [W]g - H2||W||]%z(g)-
Q

On the other hand, by the definition of A; 5, we have

Iw) > (1 - A’fs)[w]ﬁ,

which finally yields the inequality

J w,v)u,v) 2 <1 - }{uz

(w12 + v 1),

1,s

Since {(un, v4)} ¢ Y(Q) is a Palais—Smale sequence, we get J' (U, vn)(Uy, v;;) = 0n(1), from which that asser-
tion immediately follows. O

From the boundedness of Palais—Smale sequences (see Lemma 5.6) and compact embedding theorems,
passing to a subsequence if necessary, there exists (ug, vo) € Y(Q) which, by Lemma 5.7, satisfies ug, vo > 0,
such that (u,, vy) — (up, vo) weakly in Y(Q) as n — oo, (un, vn) — (Up, Vo) a.e. in Q and strongly in L"(Q)
for 1 < r < 2;. Recalling that the sequences

wa = )P, wh = )T )P, pt g =28,
are uniformly bounded in L%)'(Q) and converge pointwisely to w} = u5 "' v and w2 = vI " u? respectively,
we obtain

wh, w?) — (wl,wd), weaklyin L®)(Q), asn — co.

Hence, passing to the limit in
J'(un, va)(@, P) = 0n(1) forall (p, ) € Y(Q), asn — oo,

we infer that (ug, vo) is a nonnegative weak solution. Now, to conclude the proof, it is sufficient to prove that
the solution is nontrivial.

Claim. We have (ug, vo) # (0, 0).

Notice that if (ug, vo) is a solution of system with ugp = 0, then vy = 0. The same holds for the reversed situa-
tion.
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In fact, suppose up = 0. Then, if b > 0, it follows that v = 0. If, instead, b = 0, then c € {1, p2} < A1 .
Since vy is a solution of equation
(=A)vg =cvy inQ,
vo=0 onRV\ Q,
we have that v = 0. Therefore, we may suppose that (ug, vo) = (0, 0). Define, as in [3],
L= lim [ (C0)7ul? + -8)vil) dx,
IRN
from J'(un, vn)(Un, vn) = 0n(1), we get
L
i Py dy = =
dim [ @roptdx- .
]RN
Recalling that J(uy,, vy) = ¢ + 0,(1), thus
c=—. (5.15)

From the definition of (5.4), we have

2

s s —~ 25
[ et + 1) 2va?) dx > ss< [ banGorivacore dx)
RN RN
and passing to the limit the inequality above, we get

< L\
L285<5)2.

Now, combining this estimate with (5.15), it follows that
25 /8s\ 2
>—(=) . .16
¢ N( 2 ) (5.16)

Take B, C > 0 with B/C = +/p/q and let u. > 0 as in Proposition 5.2. Fix € > 0 sufficiently small so that Propo-
sition 5.3 holds and define v, := u./[lu| ;. Using the definition of 85 3 (u), for every t > 0, we obtain

22 2 . 2: BP9
J(tBVe, tCve) < M(] (0 Vel dx =y [ Ivel? dx)—ﬂ

2 2;
RN RN
t2(B% + C?) 2% BP (4
= Tss,yl(ue) ST
= P(t), t=0.

Thus, an elementary calculation yields
2s [ (B%2+C? =
Ymax = max Y= N 1 Wss,yl(us) .

By Lemma 5.1 and Proposition 5.3, we conclude that, for € > 0 small,

< 2B 1 a1y oy 1E 258
N | 2BrCy2/2 7| N 2| \q q "N\ 2) "
Letnow y € C([0, 1], Y(Q)) be defined by
Wb) = (TtBvg, TtCve), te([0,1],

where 7 > 0 is sufficiently large so that J(Bv,, TCv,) < 0. Hence, y € I and we conclude that

25/ 8s\ %
c < sup J(y(t)) < supJ(tBve, tCve) < Pmax < ﬁ<—s)2 ,
te[0,1] 20 2

which contradicts (5.16). Hence (ug, vo) # (0, 0) and the proof is complete. Finally, that ug > 0 and vo > 0
follows as in the sub-critical case. O
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