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Abstract. We prove existence of nontrivial solutions to semilinear fourth order problems
at critical growth in some contractible domains which are perturbations of small capacity of
domains having nontrivial topology. Compared with the second order case, some difficulties
arise which are overcome by a decomposition method with respect to pairs of dual cones.
In the case of Navier boundary conditions, further technical problems have to be solved by
means of a careful application of concentration compactness lemmas. The required general-
ization of a Struwe type compactness lemma needs a somehow involved discussion of certain
limit procedures. Also nonexistence results for positive solutions in the ball are obtained,
extending a result of Pucci and Serrin on so-called critical dimensions to Navier boundary
conditions. A Sobolev inequality with optimal constant and remainder term is proved, which
is closely related to the critical dimension phenomenon. Here, this inequality serves as a tool
in the proof of the existence results and in particular in the discussion of certain relevant
energy levels.
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1. Introduction
We consider the following biharmonic critical growth problem
A%y = M+ |u® 2u in £2 (1)
either with Navier boundary conditions
u=Au=0 on 912 2)
or with Dirichlet boundary conditions

u=Vu=0 on 012. 3)
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Here 2 C R™ (n > 5) is a bounded smooth domain, A\ > 0 and 2, = % is
the critical Sobolev exponent for the embedding H?(R") — L2+ (R"). We are
interested in existence and nonexistence of nontrivial solutions of (1) with one of
the above boundary conditions.

We consider first the case where A = 0, namely the equation
Ay = |ul¥/ Dy in £2. 4)

Itis well known that (4)-(2) and (4)-(3) admit no positive solutions if {2 is star shaped
(see [27, Theorem 3.3] and [30, Corollary 1]). Clearly, these are not exhaustive
nonexistence results as they only deal with positive solutions, see also Sect. 3 below
for further comments. On the other hand, by combining the PohoZaev identity [34]
with the unique continuation property [22, Section 3], it is known that one indeed has
nonexistence results of any nontrivial solution for the correponding second order
equation —Au = |u|4/ (n=2)4 in star shaped domains. This suggests that, in order
to obtain existence results for (4), one should either add subcritical perturbations
like the linear term A w in (1) or modify the topology or the geometry of the domain
2. For general subcritical perturbations we refer to [4,13] and references therein.
Domains with nontrivial topology are studied in [3] for Dirichlet and in [11] for
Navier boundary conditions. Here we are interested in topologically simple but
geometrically complicated domains. As far as we are aware, the case of “strange”
contractible domains has not been tackled before and this is precisely the first aim
of the present paper. We show that (4)-(2) admits a positive solution in a suitable
contractible domain (2. This result is the exact counterpart of [27, Theorem 3.3]
where it is shown that (4)-(2) admits no positive solution if {2 is star shaped. For
the Dirichlet boundary condition we obtain a weaker result: we show that (4)-
(3) admits a nontrivial solution in the same kind of contractible domain. Clearly,
this still leaves open some problems concerning Dirichlet boundary conditions,
see Sect. 3. On one hand our proof is inspired by strong arguments developed by
Passaseo [32], on the other hand we have to face several hard difficulties, especially
(and somehow unexpectedly) under Navier boundary conditions. One of the crucial
steps in the approach by Passaseo is to prove that sign changing solutions of (4)
“double the energy” of the associated functional. For the second order problem
this may be shown by the usual technique of testing the equation with the positive
and negative parts of the solution. Of course, this technique fails for (4) where
higher order derivatives are involved and we overcome this difficulty thanks to
the decomposition method in dual cones developed in [14]. This method enables
us to bypass the lack of nonexistence results for nodal solutions of (4) in star
shaped domains. Moreover, when dealing with Navier boundary conditions, the
required generalization of the Struwe compactness lemma [37] turns out to be very
delicate because of the second boundary datum and the lack of a uniform extension
operator for H2 N H-functions in families of domains. See Lemma 5 and its proof
in Sect. 7. The same problem arises in Lemma 7 where a uniform lower bound
for an enlarged optimal Sobolev constant has to be found in a suitable class of
domains. An important tool for this Lemma is a Sobolev inequality with optimal
constant and remainder term, see Theorem 5. This inequality is closely related to
nonexistence results, which will be summarized in what follows.
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Next, we restrict our attention to the case where A > 0 and {2 = B, the unit
ball in R™. We are interested in positive radially symmetric solutions. Let Ay > 0
be the first eigenvalue of A% with homogeneous Dirichlet boundary conditions.
A celebrated result by Pucci-Serrin [36] shows that (1)-(3) admits a nontrivial
radially symmetric solution for all A € (0, A1) if and only if n > 8 (n is the space
dimension). If n = 5,6, 7 the range 0 < A < A; is no longer correct since there
exists A, € (0, A1) such that (1)-(3) admits no nontrivial radial solution whenever
A € (0, \.]; moreover, there exists A* € [, A1) (presumably \* = \,) such that
(1)-(3) admits even a positive radially symmetric solution for all A € (\*, A).
In other words, the well known [6] nonexistence result for radially symmetric
solutions of the second order problem for small A in dimension n = 3 carries over
to (1)-(3) in dimensions n = 5, 6, 7: Pucci-Serrin call these dimensions critical.
Furthermore, the space dimensions n for which one has nonexistence of positive
radially symmetric solutions of (1)-(3) for A in some (right) neighbourhood of 0
are called weakly critical [17]. In Theorem 3 below we prove that the dimensions
n = 5,6, 7 are weakly critical also for Navier boundary conditions. Therefore,
critical dimensions seem not to depend on the boundary conditions. This result is
perhaps related to the fact that critical dimensions may have an explanation in terms
of the summability of the fundamental solution corresponding to the differential
operator A2, see [20,26].

Finally, when 2 = B we show that (4)-(3) admits no nontrivial radially sym-
metric solution; note that no positivity assumptions on the solution are made. This
result was already obtained in [16, Theorem 3.11]; we give here a different (and
simpler) proof.

2. Existence results

By D??2(R") we denote the completion of the space C2°(R™) with respect to the
norm || f||35 = [g. |Af|?: this is a Hilbert space when endowed with the scalar
product

(f,9)22= | AfAgde.
Rn

By solution of (1) we mean here a function u € H? N H{ (£2) (when dealing with
(2)) or a function u € HZ({2) (when dealing with (3)) which satisfies

/ AuAgodx:/ ()\uap—i— \u|8/("_4)ucp) dx
o Q

for all ¢ € H? N HJ(£2) (resp. H3(£2)). For Dirichlet boundary conditions this
variational formulation is standard, while for Navier boundary data we refer to [4,
p-221]. By well known regularity results (see [25, Theorem 1] and [43, Lemma
B3]), if 32 € C*2, then the solutions v of (1) satisfy u € C*%(£2) and solve (1)
in the classical sense.

Definition 1. Let K C R™ be bounded. We say that u € D*?(R") satisfies u > 1
on K in the sense of D*?(R") if there exists a sequence (uy,) in C2(R™) such that
up > 1on K for each h € N and uj, — u in D*%(R"™). Analogously, u < 1 and
u = 1 on K are defined.
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Definition 2. We define the (2,2)—capacity of K (cap K) as
cap K = inf {/ |Au?dz : w =1 on K in the D*?(R™) sense} .
]Rn

We set cap () := 0.
Since the nonempty set
{ue D**([R"): u=1on K in the D*?(R") sense}

is closed and convex, there exists a unique function zx € D??2(R™) such that
zx = 1l on K and

/ |Azk |? do = cap K.
Finally we make precise what we mean by set deformations:

Definition 3. Let Q2 C R" and let H 02 C Q. We say that H can be deformed in
{2 into a subset of (2 if there exists a continuous function

T H x[0,1] = 2
such that 76 (x,0) = x and .F (x,1) € 2 forall z € H.

Our first result states the existence of positive solutions for the critical growth
equation (4) with Navier boundary conditions. Combined with the already men-
tioned nonexistence result in star shaped domains [27], this shows that the existence
of positive solutions strongly depends on the geometry of the domain.

Theorem 1. Let 2 be a smooth bounded domain of R" (n > 5) and let H be a
closed subset contained in (2. Then there exists ¢ > 0 such that if 2 C 2 is a
smooth domain with cap(£2 \ 2) < € and such that H cannot be deformed in 2
into a subset of {2 then there exists a positive solution of

{Azu =y t4)/(n=4) in 0

)
u=Au=0 on 0f2.
We will prove this result in Sect. 5.

Next we turn to Dirichlet boundary conditions. In this case, we merely show the
existence of nontrivial solutions to (4). The lack of information about the sign of the
solution is due to the lack of information about the sign of the corresponding Green’s
function. Moreover, in general domains sign change has even to be expected. See
[18] for a survey on this feature and for further references.

Theorem 2. Let (2 be a smooth bounded domain of R" (n > 5) and let H be a
closed subset contained in_ 02. Then there exists € > 0 such that if 2 C Q is a
smooth domain with cap(£2 \ 2) < e and such that H cannot be deformed in 2
into a subset of {2 then there exists a nontrivial solution of

Ay = |uf¥ =Yy in 2 ©)
u=Vu=0 on 0f2.
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The proof of this result is simpler than the one of Theorem 1. As we will
explain below, for (5), one has to study very carefully the behaviour of suitable
sequences uy, € H2N HJ (£2;,) for varying domains §2;,. In contrast with the spaces
HZ($2y,), there is no “trivial” extension operator into H?(IR™). Only as positivity of
solutions is concerned, the situation with respect to Dirichlet boundary conditions
is more involved than with respect to Navier boundary conditions. Here we have
no positivity statement of the solution because Lemma 3 below does not seem to
hold.

If {2 is an annulus and if one restricts to radial functions, the problem is no
longer critical and then both (5) and (6) admit a nontrivial solution. For the second
order problem —Au = |u|* "=y in 2, u = 0 on 842, it was shown with help of
very subtle methods by Coron [7] and Bahri-Coron [2] that this result extends to
domains with nontrivial topology. Recently, corresponding results have been found
also in the higher order case: see [11] for problem (5) and [3] for the polyharmonic
analogue of (6) under Dirichlet boundary conditions. However, the solutions which
are constructed in these papers and here are not related. To explain this, assume that
{2 satisfies the assumptions of [11] or [3]. If u, is the solution of (5) or (6), then
by exploiting the proof of Theorem 1 one has that u g converges weakly to zero as
cap(£2\ £2) — 0. Hence, any nontrivial solution in {2 may not be obtained as limit
of the solutions u, in {2. On the other hand one expects the nontrivial solutions in
12 to be stable and to remain under “small” perturbations {2 C 2. These solutions
in {2 will be different from ours. The latter situation was studied in [9] for the
second order problem.

To conclude the section, we observe that there are also contractible domains {2,
which satisfy the assumptions of the preceding theorems. In the following example
we describe precisely such a situation. Further examples may be adapted to the
biharmonic setting from [32, pp. 39-41].

Example 1. We consider an annular shaped domain as 2 C R" withn > 5, where
we drill a sufficiently “thin” cylindrical hole along a straight line in order to obtain
the smooth contractible subdomain 2. B

To be more precise: we assume that for € small enough, {2\ (2. is contained
in a cylinder with basis B. C R"~! and fixed height. Then by simple scaling

arguments one finds that cap ((NZ \ QE) = O0(e"5) = 0ase — 0, provided that

the dimension satisfies n > 5. _

We choose H to be a spherical hypersurface in (2, which cannot be de-
formed into a subset of (2.. This can be seen by looking at the degree of map-
ping d(.7%( . ,t), H,0) for t € [0, 1], where .77 is assumed to exist according to
Definition 3.

Instead of the above mentioned segment of fixed length, one may consider any
bounded piece of a fixed generalized plane, provided that its codimension is at
least 5.
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3. Nonexistence results and a Sobolev inequality
with optimal constant and remainder term

We collect here a number of known as well as of new nonexistence results for the
equation
A% = M+ |u¥ Yy in 2 @)

under either Navier or Dirichlet boundary conditions. Here, we include the linear
term Au. It turns out that the discussion of the borderline case A = 0, where the
purely critical equation has to be considered, is somehow involved and still not
exhaustive. This lack of nonexistence results complicates the formulation of the
compactness result Lemma 5 below.

The functional analytic counterpart of nonexistence results for (7) for small A >
0 in so-called critical dimensions are Sobolev inequalities with optimal constant and
remainder term. (This becomes clear in the proof of Theorem 5. See also [14].) Such
an inequality in HZ({2) — i.e. under Dirichlet boundary conditions — was proved
in [14] while the result in H? N H}(£2) —i.e. under Navier boundary conditions —
is provided in Sect. 3.3 below. In the present paper, this refined Sobolev inequality
is applied to show that the optimal Sobolev constant can be increased uniformly
for all subdomains {2 C {2 with help of a condition on the “barycenter” of the
functions u € H? N H}(£2). See Lemma 7 below.

3.1. Nonexistence under Navier boundary conditions

It turns out that nonexistence questions in this case are relatively hard and that only
restricted results are available.

The case A = 0

In this case, no positive solution to (5) may exist, provided (2 is star shaped. See
[42, Theorem 3.10] and also [27, Theorem 3.3]. The key ingredient is a PohoZaev
type identity [35]. By means of techniques developed by Pucci and Serrin in [36],
such a nonexistence result may be also shown for nontrivial radial solutions in the
ball.

More difficult seems this nonexistence result for any nontrivial solution of (5).
In this case the PohoZaev type identity is not powerful enough to extend u outside
{2 by zero as a solution of (4) in R™ and then to apply the unique continuation
property [33].

The case A > 0

In Sect. 6 we prove the following result.

Theorem 3. Let n € {5,6,7} and B C R™ be the unit ball. Then there exists a
number X\, > 0 such that the problem

®)

A2y = A+ w0/ (n=4)  in B
u=Au=0 on 0B

admits no positive solution if A € (0, \,].
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By [41], positive solutions to (8) are radially symmetric.

Theorem 3 answers a question left open by van der Vorst in [44, Theorem
3]. Moreover, in [44, Theorem 1] complementary existence results were shown
implying that such a nonexistence result can hold at most in the dimensions 5, 6, 7.

These are the critical dimensions for problem (8), at least, when restricting to
positive solutions in the ball. Theorem 3 can also be shown just for nontrivial radial
solutions: here one has to combine methods of [36] with some techniques, which
appear in the proof of Theorem 4 below.

Again, nonexistence of any nontrivial solution, although expected, has to be
left open.

The case A < 0

In the preceding nonexistence results, the positivity of a solution, the nonexistence
of which had to be shown, is intensively exploited. For A > 0 one can conclude
from u > 0 that even —Au > 0 in £2.

For A negative, we can only argue as before, when A is close enough to 0, see
[28,21]. If A << 0, the framework of positive solutions is no longer adequate
for (7), and the argument in [42, pp. 390/391] and [44, Theorem 3] breaks down.
Instead, one has to look for nonexistence of any nontrivial solution. But such a
result seems to be still unknown, even for nontrivial radial solutions in the ball.

3.2. Nonexistence under Dirichlet boundary conditions

In this situation, existence results for positive solutions are more involved than
under Navier boundary conditions (see [15]) and cannot even be expected in general
domains. On the other hand, we know much more about nonexistence for relatively
large classes of solutions.

The case A < 0

Nonexistence of any nontrivial solution is shown in [35], provided the domain {2
is star shaped. This proof is based on a generalized PohoZaev identity and covers
also the general polyharmonic problem with (—A)¥ as linear principal part.

The case A > 0

In [36] we already find the following result, which gives a stronger statement than
the analogous Theorem 3 above for Navier boundary conditions:

Let n € {5,6,7} and assume that {2 is the unit ball B. Then there exists
a number A\, > 0 such that a necessary condition for a nontrivial radial
solution to (6) to existis A > \,.

As this special behaviour of the critical growth Dirichlet problem (6) may be ob-
served only in space dimensions 5, 6 and 7, Pucci and Serrin call these dimensions
critical. For the critical dimension phenomenon for general polyharmonic problems
with Dirichlet boundary conditions we refer to [17].

The case A =0

Alsoin this case, the nonexistence of any nontrivial solution to (6) has to be left open,
only more restricted results are available. Oswald [30] proved the nonexistence of
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positive solutions in strictly star shaped domains by means of a PohoZaev type
identity (see e.g. [27, (2.6)]) and strong maximum principles for superharmonic
functions.

Moreover, we can also exclude nontrivial radial solutions:

Theorem 4. Let B C R"™ (n > 5) be the unit ball. Then problem

A%y = |u|¥ "Dy in B,
u=Vu=0 on OB

€))

admits no nontrivial radial solution.

This result can be found in [16, Theorem 3.11]. The proof there is based on a
refined integral identity of Pucci and Serrin [36] and some Hardy type embedding
inequalities. In Sect. 6 we will give a more elementary and geometric proof.

Unfortunately neither this proof nor the one given in [16, Theorem 3.11] carry
over to the general polyharmonic problem, where the discussion of nonexistence
of nontrivial radial solutions in the borderline case A = 0 remains essentially open.

3.3. An optimal Sobolev inequality with remainder term

Sobolev embeddings with critical exponents and the corresponding optimal Sobolev
constants will play a crucial role in the proof of our existence results.
Let us set

| Awl3

S = in
ueD22(RM)\{0} |lu

(10)

5 -
24

When working in the whole R"™, this optimal Sobolev constant is attained.
According to Lemma 2 below, minimizers are necessarily of one sign. Positive
solutions of the corresponding Euler Lagrange equations are known to be of the
following form.

Lemma 1. The constant S in (10) is a minimum and (up to nontrivial real multiples)
it is attained only by the functions

[(n —4)(n — 2)n(n + 2)|(n=2)/8c(n=9)/2
(2 + |z — 2o [2)n—D/2 ’

1)

Ue,xg (x> =

Sforany xy € R™ and eache > 0. Moreover, the functions u. 4, are the only positive
solutions of the equation

Ay = (/=) iy R (12)

Proof. From Lemma 2 below, we take that any minimizer of (10) may be assumed
to be positive. Then, the result follows from [12, Theorem 2.1], [39, Theorem 4]
and [23, Theorem 1.3]. O
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Similarly one can define S({2) forany £2 C R™.Itis well known that S({2) is not
attained if {2 is bounded [12] and that it does not depend neither on the domain nor on
the boundary conditions [43]. The following extension of the embedding inequality
corresponding to (10) with optimal constant .S gives a quantitative formulation for
the fact that .S is not attained. Here, it will be used to show Lemma 7, which in turn
is an important step in the proof of our existence results.

Theorem 5. Let 2 C R"™ be open and of finite measure and p € [1, ;). Then

there exists a constant C = C(n, p, |2|) > 0, such that for everyu € H>NH}(£2),
one has

1
2, + Gllullp- (13)

/ (A2 dz > S u
(0]

Here, |§2| denotes the n-dimensional Lebesgue measure of (2. Moreover, if w > 0,
then (13) holds with a constant C = C(n, p,w) for all 2 with |2 < w.

For the smaller class H2(f2) a more refined result can be found in [14]. The
proof there is based on an extension and decomposition method (see also Sect. 4
below), by means of which analogues to (13) for the spaces H{*({2) of any order
can be also obtained. This proof, however, does not seem to carry over directly to
the space H? N H{ due to the lack of information at the boundary. In Sect. 6 we
sketch a technical proof of Theorem 5, which is based on nonexistence results like
in Theorem 3 and on Talenti’s symmetrization result [40].

4. Preliminary results

In the previous section we have briefly discussed energy minimizing solutions of
(12). These are necessarily of one sign (this is obtained as a byproduct of the
following lemma) and of the form given in Lemma 1. The next results show that
nodal solutions of (4) double the energy level of the corresponding “free” energy
functional (observe that here, we are working with a constrained functional). This
will allow us to bypass the lack of nonexistence results for nodal solutions of (4)
in star shaped domains.

Lemma 2. Let u € D*?(R") be a nodal solution of the equation
A%y = |u)¥ "Dy in R™. (14)

Then || Aul|3 > 24/™S||u

Proof. Consider the convex closed cone
T = {u € D*?(R™): u>0 ae. in ]R”} ,
and its dual cone
T ={ueD**R"): (u,0)22<0 YveEF}.

Let us show that. 72" C —7Z". For each h € C°(R™) N.7Z consider the solution
uy, of the problem
Ay, =h  in R™.



126 F. Gazzola et al.

Then by the positivity of the fundamental solution of A? in R™, it follows u;, € .7
and thus if v € .77,

Vh e CER")N.TZ : hvdxz = Aupvdr = (up,v)2.2 <O0.
Rn R
By a density argument one obtains v < 0 a.e. in R”, i.e. v € —74. Now, by a

result of Moreau [29], for each u € D?*?(R") there exists a unique pair (uy,uz)
in. 72" x 72" such that

u=1u; +u, (ui,u2)22=0. (15)

Let u be anodal solution of (14) and let u; € .72 and uy € 72" be the components
of u according to this decomposition. We obtain that u; # 0 and

Ju()

fora.e.z € R™.Indeed,ifi = 1 and u(z) < Othen (16)is trivial, while if u(z) > 0,
since up € — 72 one has u(z) = ui(z) + us(z) < up(z) and again (16) holds.
The case ¢+ = 2 is similar. By combining the Sobolev inequality with (15) and (16),
we get forv = 1,2

22y (z)ug () < Jug(2))?, i=1,2, (16)

S|u;

3. < Hul||%2 :/ AuAu; dx :/ Ay dr =
RTL n

which implies [|u;[|3, > S(™~*/4 for i = 1, 2. Hence, again by (15), one obtains
A 2 _2/2* 4/’VL
I u2||2 = [/ |Au|2dx} [/ || dx} = [/ |Au2daﬁ] =
4/n
= [/ | Ay | da —|—/ | Aug |2 dm] >

> [5HU1 2 g*}‘l/” > 24/nS’

22y, de < / |uz‘|2* dx = ||uz||§’;7
Rﬂ,

3, T Sluz

which concludes the proof. a

In a completely similar fashion, one may extend the previous result to any
domain in case of Navier boundary conditions. For Dirichlet boundary conditions
this seems not possible due to the lack of information about the positivity of the
corresponding Green’s function.

Lemma 3. Let (2 be a bounded domain of R™ and assume that u solves (5) and
changes sign. Then || Aul|3 > 24/"S||u]|3..

In the case of the half space, by exploiting nonexistence results for positive
solutions, we have a stronger result.
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Lemma 4. Let 2 = {x,, > 0} be the half space and assume that u € D*?((2)
solves the equation

A%y = |ul¥" Yy in {z, > 0} (17
with boundary data either (2) or (3). Then || Aul|3 > 24/"S||ul|3 .

Proof. Notice first that by [27, Theorem 3.3], equation (17)-(2) does not admit
positive solutions. A similar nonexistence result holds for boundary conditions (3),
see [30, Corollary 1] which may be easily extended to unbounded domains.
Therefore, any nontrivial solution of (17) (with boundary conditions (2) or (3))
necessarily changes sign. We obtain the result if we repeat the argument of the proof
of Lemma 2. With Navier boundary conditions this is straightforward, while with
Dirichlet boundary data one may invoke Boggio’s principle [5] in the half space.0]

As pointed out in the introduction, the H 2N H, (}-framework is more involved
than the Hg—case. Therefore, from now on we restrict our attention to the first
situation.

Consider the functional f : 77°({2) — R

f(u) = / |Aul? da (18)
Q
constrained on the manifold
7°(0) = {u € H*NH}(92): / |u|? do = 1} : (19)
2]
We say that (up) C Z7(§2) is a Palais-Smale sequence for f at level ¢ if
. _ . /
h;Iln flun) =c, ll}l;rl 1f (Uh)”(Tuh 7'(2)" 0

where Ty, 7°({2) denotes the tangent space to the manifold Z°({2) at uy,.

We can now state a global compactness result for the biharmonic operator,
in the spirit of [37]. Even if the proof is on the lines of that of Struwe, some
difficulties arise. In the appendix we give an outline of the proof emphasizing the
main differences with respect to second order equations.

Lemma 5. Let (up) C Z°({2) be a Palais-Smale sequence for f at level ¢ € R.
Then, for a suitable subsequence, one has the following alternative: either (up,) is
relatively compact in H> N Hg (£2) or there exist k nonzero functions iy, ..., Uy €
D22, solving either (14) or (17) with boundary condition (2) and a solution Uy €
H? N H(02) of (5) such that

—1/2.

k
up — o Z/ i, |* da in H> N H} () (20)
Jj=0
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and
—2/2,

hmf Up) /|Auj|2 dx 21

The domain of integration for Ug is just {2, while for U1, ..., Uy, it is either a half
space or the whole R™.

When working in HZ({2) a similar compactness result holds true with Navier
boundary conditions replaced with Dirichlet boundary conditions.

‘We believe that nontrivial solutions of (17) either with Navier (2) or Dirichlet (3)
boundary conditions do not exist and that the previous lemma may be strengthened
(see Sect. 3.1 and 3.2). Nevertheless, Lemma 5 is sufficient to prove the following
compactness property in the second critical energy range.

Lemma 6. Let (u,) C Z°({2) be a Palais-Smale sequence for f at level ¢ €
(S,2%/1S). Then, up to a subsequence, (uy,) strongly converges in H*> N H ().

Proof. Assume by contradiction that the sequence (uy,) is not relatively compact
in H? N H}(£2). Then, by Lemma 5 one finds functions @y € H? N H}(§2) and
U1, ..., 0 € D??2 satisfying (20) and (21). Assume first that all @y, ..., Uy, are
positive solutions of (14). Then, by Lemma 1 each ; is of type (11) and attains
the best Sobolev constant, i.e.

2/2.
42*dx:/ |Aaj2dz_SU |aj|2*dz] . j=1,...k (22)
]Rn Rn

/ 2;
R'll

which implies f]R" [u;|? dx = Sn/4 for j =1, ..., k. In particular, one obtains

4/n
hm flup) = {/ |tio|? dx + kS”/ﬂ .

If iy = 0, we get f(up) — k*/™S, while if 4y # 0 for each & > 1 one has

A

In any case we have a contradiction with S’ < li}m flup) <2478,
1

4/n
2 dx + kS"/‘*] > (k+1)Y"s.

We now consider the case in which at least one @, is sign changing or a solution
in the half space {,, > 0}. By Lemmas 2 and 4 we then have for these u;:

/ ;]2 dx:/ |AT;|? da > 248 U i,
R" R™ R™

2« dz > 25™/* , while for the remaining Uj, (22) holds true. In

2/2.
2 dm} , (23)

and hence [, |

any case, we have hm flug) > (2 S”/4)4/n = 2%/7S, again a contradiction. [
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5. Proof of Theorems 1 and 2

The proof of Theorem 1 is by far more involved than the proof of Theorem 2,
because the trivial extension of any function u € H2 N H}(£2) by 0 does not yield
a function in H?(R™). In particular, for the space HZ({2) Lemma 7 easily follows
by this extension argument. A further difference is that the positivity conclusion
of Lemma 3 does not hold in the Dirichlet boundary value case. But in the latter
case, one simply has to drop this argument. Therefore we only deal with the proof
of Theorem 1.

For all smooth 2 C 2 let 3 : Z7(£2) — R™ be the “barycenter” map

2 dx.

g = [ alutw)

Since {2 is smooth one finds 7 > 0 such that 2 is a deformation retract of
2, = {JJER": d(z, 2) <?}.

First we show that the energy or, equivalently, the optimal Sobolev constants
will remain relatively large if we prevent the functions from concentrating “too
close” to their domain of definition.

Lemma 7.

~ = inf {inf{f(u) s u € Z(N2), Blu) & §+}, 2 smooth subset offl} > S.

Proof. Assume by contradiction that for each € > 0 there exists a smooth 2. C 2
and u. € H?> N H} N C>(§2.) such that

/ luc|? do =1 (24)
/ |Auc|*de < S +¢ (25)
Blu.) & 2. (26)

LetU. € H 2(]R”) be any entire extension of u.. Since (2. is smooth, the existence
of such an extension is well known. We emphasize that the quantitative properties
of U, outside (2. (which are expected to blow up for ¢ \, 0) will not be used.
Further, let 1,_ be the characteristic function of (2.

Step I. We claim that 1, U. — 0 in L?(R") as ¢ — 0.

By Theorem 5 there exists C' > 0 independent of ¢ such that

1
Vue H* N Hy(2:) [ Aul3 > Sllull3, + 5||UH% 27
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Putting together (24), (25) and (27), for each £ > 0 we have

1 1
Stex [ Aufde 2 Slucl}, + el =5+ 5o VIR
2.

so that |1 U:|l1 — 0 as e — 0. By (24) and classical LP-interpolation, we also
get||10.Ucll2 = 0ase — 0.

Step II. The weak* limit (in the sense of measures) of 1¢,_|U. 2+ is a Dirac mass.

Integration by part shows that || Vu. \\%2(92) < Auc| 20,y [uel|L2(0.)- Then by
Step I and (25), we infer that

1o, VUc||lL2@®ny = [[Vuel[22(0.) — 0.

Therefore, taking any ¢ € C°(R"), as € — 0 we find
[ rajawuopds = [ LalePlavtason). @)
n R’IL

By the L (R™) boundedness of the sequences (1, |U.|?*) and (1. |AU.|?) there
exist two bounded non negative measures v, 1 on R™ such that

Lo U —=* v, 1o |AUJ*> =* u (29)

in the sense of measures. By the Sobolev inequality in 2. we have

2/2,
Ve >0: S(/ Lo, |U-*|p|* dx) §/ Lo |A(eUL)|? da
R" R"

and therefore, by (28) and (29), letting ¢ — 0 yields

2/2.
S(/ ¢I2*dV) < [ Jola
R'I‘L RW,

By (24) and (25) we also know that

2/2.
S(/ du) :/ du.

Hence by [24, Lemma 1.2] there exist € 2 and ¢ > 0 such that v = 00z. From
(24) we see that o = 1.

The contradiction follows by Step II, since 3(u.) — 7, against (26). This
completes the proof. a

According to the previous lemma, we may choose p such that S < p <
min{2%/"S, v}. Let p € C°(B;(0)) be such that

/ lp|* dz =1, / |Ap[* dz < p. (30)
B1(0) B1(0)
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Define for each ¢ > 0 and y € R"™ the function ¢, , : R™ — R by setting

Poy(T) = ¢ <I ~ y)

where ¢ is set to zero outside B (0) . It is readily seen that there exists @ > 0 such
that Bz(y) C {2 and hence ¢z, € C°({2) for each y € H.Forall £2 C {2 let

2o € D*2(R™) be such that z;, = 1 in 2\ {2 and

/ |Azg|? dz = cap(2\02),
Rﬂ,

see what follows Definition 1. Note that one has

(1 —20)T,(p) € H*NHJ(2) Vye€H,

o ¥,y
T lesylla.

where T, () . Moreover, for each § > 0 there exists ¢ > 0 with

sup [zTy(0)la2nmi o) <96 (€29)
yeH

whenever cap(£2\£2) < . Then one gets
11 = z2)Ty(P)ll2-(2) #0 Vy € H,
if £ is sufficiently small. So, we may define the map @, : H — 7Z°({2) by

(1 —2z0)Ty(p)
(1= 202) Ty ()

Taking into account (30) and (31), we find € > 0 such that

sup{f(Pa(y)): ye H} <p (32)

Po(y) = —

provided that cap(£2\{2) < e. From now on ¢ is fixed subject to the previous
restrictions. Let 2 C (2 be such that cap(2\{2) < ¢ and r € (0, 7) be such that 2
is a deformation retract of

Qp={zeR": d(z,0) <r}.
As in Lemma 7, one obtains
inf {f(u): we Z°(2), B(u) & 2:} > 8S. (33)
Notice that
inf {f(u): we7°(2), B(u) & 2,} <sup{f(Po(y)): ye H} (34
otherwise the map .22 : H x [0,1] — (2 given by

H(y,t) = (1 —t)y +tB(Pa(y)) Vy <€ H, Vte[0,1]
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would deform H in {2 into a subset of {2, and then into a subset of {2 ({2 is a
deformation retract of {2, ) contradicting the assumptions. Here, in order to see
F(y,t) € §2, we used the fact that supp P (y) C Bz(y) and that, since ¢ > 0,

B(@a(y)) € Bx(y) C £2.
Therefore, by combining (32), (33) and (34) one gets
S<inf{f(u): ue 7°(12), B(u) € 24} <sup{f(Pa(y)): y€ H} (35)
<p<ny< inf{f(u) L ue 7°(0), Blu) g_zm}.

In what follows we need to find two appropriate levels, such that the corresponding
sublevel sets
fo={uve7(2): f(u) <c}
cannot be deformed into each other. For this purpose let ¢1,co > S be such that
cr <inf{f(u): uwe7(2), B(u) & £2:},
2 = sup{f(Paly)): y € H}.
Assume by contradiction that there exists a deformation ¥ of f¢2 into f°!, i.e.
U f2x0,1] = f2, 9(.,0) = Idge and 9(f2,1) C f.
We define .77 : H x [0,1] — {2 by setting for each z € H

(1—3t)z + 3tB(Po(z)) if £ € [0,1/3]
T (2,t) = { (B0 Pa(x),3t — 1)) if t € [1/3,2/3]
0(e(B(I(P0(x),1)),3t —2)) if t €[2/3,1]

where g : {2, — (2 is a retraction and o : 24 x [0,1] — 2, is a continuous
map with o(z,0) = z and g(x,1) € {2 for all z € (2,. In order to see that

T (x,1) € {2, one should observe that c; < v and ¥(Po(z),3t — 1) € [, hence
B Pn(x),3t — 1)) € 2.
As 9(Pp(x),1) € f foreach x € H and
cp <inf{f(u): ve Z°(02), B(u) & 24},
then for each x € H
B(Pa(x),1)) € 24
and .77 is a deformation of H in {2 into a subset of {2, in contradiction with our
assumptions. Then the sublevel set

fe={ue7(2): f(u) <c2}
cannot be deformed into
fr={ue7Z(2): f(u) <a}.

Hence, by combining Lemma 6 with the standard deformation lemma (see [31,
Theorem 4.6] and also [10, Lemma 27.2], [38, Theorem 3.11]) one obtains a con-
strained critical point uy, such that

S < fug) < sup{f(Pa(y)): ye€ H} <p<2Y"S.

Finally, u, does not change sign by Lemma 3. a
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6. Proof of Theorems 3, 4 and 5

Proof of Theorem 3. We assume that 2 = B = B;(0) is the unit ball and that
(8) with A > 0 has a positive solution u. As we have already mentioned above,
the result by Troy [41, Theorem 1] shows that « is radially symmetric. As the right
hand side in (8) is positive, an iterated application of the maximum principle for
—Ayields that — Aw and u are strictly positive and strictly radially decreasing. We
will exploit the following PohoZaev type identity, which may be taken e.g. from
[42, Lemma 3.9]:

2 gy — Guy (0
2)\/Bu dx—/(9B<aT> <8r( Au)) ds. (36)

As u is radially symmetric we may proceed as follows with the term on the right
hand side; here, e,, denotes the n-dimensional volume of the unit ball B and c¢(n)
denotes a generic positive constant which may vary from line to line:

8—1: %(—Au) dS =-n ena—:{(l) . %(Au)(l)

1 (5) G s

e (L (5) #9) (Gt o)

-1 ( /B (— Au) dz) ( /B A?m). (37)

The first integral needs some further consideration. First of all, by making use of
homogeneous Navier boundary conditions, we find:

/B(l— |2|?) A%udx = —ji;/B(—ij)(Au)xj dszn/B(—Au) dz.

Furthermore, as we have already mentioned, v and by (8) also A%u are positive
and strictly radially decreasing. This fact can be used to get rid of the degenerate
weight factor 1 — |z|? in the previous term:

/AQdeS/ Azud:ch/ Ay dx
B lz|<1/2 1/2<]z|<1
1
§/ A?udz + c(n)A%u <)
o] <1/2 2

S/ A2udx—|—c(n)/ Audx
le]<1/2 jel<1/2
< c(n)/ (1—|z*) A%ude.

B

Combining this estimate with the previous identity, we obtain from (36) and (37):

2
/\/ u? dx > c(n) </ A2udac) = c(n)| A%u|3. (38)
B B
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By a duality argument and using elliptic estimates, we find
lull2 < ¢(n)||A%u||1, provided n < 8. 39)

Observe that L2 —estimates for the biharmonic operator under homogeneous Navier
boundary conditions follow immediately from the L?—estimates for the Laplacian.
Combining (38) and (39), we see that for any positive radial solution u of (8),

we have
)\/ u? dax > c(n)/ u? da;
B B

where the constant ¢(n) is in particular independent of u. As u > 0, we have
necessarily A > ¢(n). O

Proof of Theorem 4. Assume by contradiction that w is a nontrivial radial solution
of (9). According to the remarks in Sect. 3.2 on the nonexistence of positive
solutions, we may assume that u is sign changing. Further, u cannot have infinitely
many oscillations near B, because in this case, as u € C*(B) we would also have
Ay = 0 as well as %Au = 0 on 0B and could extend u by 0 to the whole of
R™ as a solution of the differential equation. The unique continuation property [33]
would give the desired contradiction.

As one may replace u with —u if necessary, we may thus assume that there
exists a number a € (0, 1) such that

u(zx) = 0 for |z| = a, u(z) > 0fora < |z| < 1;
moreover, by a PohoZaev-type identity,
u(z) = Vu(z) = V2u(z) = 0 for |z| = 1. (40)
Clearly “Lu(a) > 0. We define

f(@) = Ju(@)]* u()
and compare u with the solution v of
A%y(z) = f(x) fora < |z| < 1,
{v(m) = Vu(z) =0 for|z| € {a,1}.

Obviously v > 0 on a < |z| < 1. We now make use of comparison results, which
hold true for radial solutions of biharmonic inequalities in the annulus {z : a <
|z] < 1} and can e.g. be found in [8, Section 2]. First one obtains

d2

—5v(1) > 0. 1)

Next, as u and v satisfy the same differential equation, if d%u(a) = 0 it follows
that u = v while if u(a) > 0 = “Lv(a) we find u > vina < |z| < 1. In both
cases (41) gives

d2
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and hence a contradiction with (40). O
Proof of Theorem 5. We keep p € [1, - ) fixed as in the theorem. Let B = B;(0)

denote the unit ball, centered at the origin. By scaling and Talenti’s comparison
principle [40, Theorem 1] it suffices to prove that there exists C'g > 0 with

1Aull3 > S|lu

1
2 2
3, T C*B||u||p (42)

for each uw € H? N H}(B), which is radially symmetric and radially decreasing
with respect to the origin (and hence positive). Let us set
Aul|3 — M|ul|?
PP .1 e 3

u€H2mHé(B) Hu
w radially decreasing

5.
If by contradiction (42) does not hold, one gets

YA>0: Sy, <S. 43)
Let us fix some A € (0, A1 ,), where

A 2
inf H u!2
weH2NHL(B\{0} |lull2

Alp = (44)

is the first positive eigenvalue of

A?u = MulZP|ufP~?u  in B
u=Au=0 on 0B.

Arguing along the lines of [6] and [15], one finds a smooth positive radial strictly
decreasing solution of

(45)

A2y = y(nF/(n=4) 4 Mlul27P|u[P~?u  in B
u=Au=0 ondB.

On the other hand, for any positive radially decreasing solution of (45) one has the
following variant of Pohozaev’s identity:

o, (B) () o

As in the proof of Theorem 3, we conclude
Alull > e(n, p)|A%ullf > c(n,p) [lull3, (47)

as we have assumed that p < n/(n — 4). For A > 0 sufficiently small, we obtain a
contradiction. a
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7. Appendix: Proof of Lemma 5

We prove the corresponding statement for the “free” functional

1 1
EQ(u):§/Q\Au|2dx—2—/Q|u

which is defined on the whole space H2 N H}(§2). More precisely, we have

2 dx

Lemma 8. Let (up,) C H? N H}($2) be a Palais-Smale sequence for Eq, at level
c € R. Then either (uy,) is relatively compact in H* N H} (£2) or there exist k > 0
nonzero functions u; € D2>2(Qo’j), J=1,...,k with {2 j either the whole R" or
a half space, solving either (14) or (17) with boundary condition (2) and a solution
Up € H> N HE(£2) of (5) such that, as h — oo:

up, — U in H?n H&(Q%
k k
[Aunll3 = | AToll5 + Y 11AT;15,  Eo(un) = Eql(lo) + Y Ea,, (1),
j=1 j=1

In the second order situation, the corresponding result is due to Struwe [37].
Related generalisations of the Struwe compactness lemma to higher order prob-
lems can be found in [1,3,11, 19]. However, none of these applies directly to our
situation. A particular difficulty here arises from the existence of the boundary 942
in combination with Navier boundary conditions.

Proof of Lemma 8.
Step I. Reduction to the case uj, — 0.

By well known arguments [6] we know that there exists u € H? N Hg (£2) such
that u, — w (up to a subsequence) and E¢, (u) = 0, namely u solves (5). Moreover,
by the Brezis-Lieb lemma we infer that (u;, — ) is again a Palais-Smale sequence
for E. Therefore we may assume that

2
up, =0,  Elup) = c¢> ES”“. (48)

Indeed, if c < %S"/ 4, then we are in the compactness range of F and by arguing as
in [6], u;, — 0 up to a subsequence. In this case the statement follows with k£ = 0.
Assuming (48) and arguing as for the proof of [37, (3.2), p.187] we deduce

/ | Aup)? dz > S™* + o(1). (49)
2

Let L € N be such that B5(0) is covered by L balls of radius 1. By continuity of
the maps

R~ sup/ | Auy|? de, y— / | Ay, |? dx
y€R JB,_1(y) N2 Bgr-1(y)N$2
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and (49), for h large enough one finds R, > 2/diam({2) and 2" € {2 such that

1
/ | Aup|? do = sup/ | Aup,|? do = — 8"/ (50)
B, 1(a")NQ yeRJB, 1 (y)n2 2L
h

h

When passing to a suitable subsequence, three cases may now occur:
Case I. R, / +oo and (Rpd(z", 02)) is bounded;

Case II. (Rp,d(z",002)) — 4o0;

Case I1I. (Ry,) is bounded.

Step II. Preliminaries for Case I.

For every z € R™ let us denote by 2 its projection onto R™~!, so that z =
(2',2,,). Since d(x",082) — 0, up to a subsequence 2" — zy € 92 and gy, =
Rpd(z",062) — 0. Moreover, for sufficiently large h (say h > h) there exists a
unique y" € 92 such that d(z",002) = |y" — z"|.

Forall A > h, up to arotation and a translation, we may assume that 4* = 0 and
that the tangent hyperplane H to 02 at 0 has equation 2,, = O so thatz" —y" | H.
Then, by the smoothness of 0f2, there exist an (n — 1)-dimensional ball B, (0) of
radius ¢ > 0 (independent of /) and smooth maps 1}, : B,(0) — R such that in
local orthonormal coordinate systems over the tangent hyperplanes at y,, we have:

902N (B, (0) x [-0,0]) = {(2/,¥n(2)) : 2’ € B;(0)}. (51)
Furthermore, there exists C' > 0 (independent of h) such that

[n(a)] < Cla'?, [Vyn(a')] < Cla’|,  [D*¢n(2’)| <C V' € B,(0).
(52)
We now rescale the domain {2 by setting

Qh = Rh<.Q—.’L‘h),

so that 2" is mapped into the origin 0 while the origin is mapped into (0, — o, ) and
(51) becomes

0921 (Bor, (0) % [0 Ry — o, o Ry — 04]) =

(o (2) ) 2 e o).

wp, = {(m’,m) €R": 2’ € Bg,.(0),

' x/
Ry, (> —on < xn < Rpyp () —on + Rh5}

Let us set

Rh Rh

where § > 0 and sufficiently small to have w;, C (2. Consider the injective map

Xh : BRho(O) X [—RMS, R}L(S] — R"”
(wlvxn) = (xlv Rhwh (;Th) + x, — Qh)
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and its inverse X,jl. We observe that xp, (BRW(O) x [0, R;L6]) = wy, and that
X 1s bijective on these sets. Thanks to (52), after some computations, one sees
that (xp,) converges in CZ _({z,, > 0}) to the translation by the vector (0, —p).
Therefore,
20 ={(2",2,) ER": z,, > —p}

is the local uniform limit of (§2;). In particular, for every ¢ € CZ°(§2y) we also
have that ¢ € CS°((2,) for sufficiently large h. This will be used below. Let us
now set

on(z) = R,* w, (xh + ];if}) : (53)

so that v, € H? N H}(£2;,). By boundedness of (uy,) we infer that there exists
C > 0 such that [|vs]| g2(0,) < C. Let 1o, denote the characteristic function of
(2, then the sequence (1, vy,) is bounded in D27/("=2)(R™) (and in L+ (R™))
so that, up to a subsequence, we have

lo,vn — vy in DY/ (=2 0 [2-(R™) (54)
where supp(vo) C 2o and vo|,,, ——, = 0. Moreover, as (1, D?vp,) is bounded in
L?(R™), by weak continuity of distributional derivatives, we deduce

D?jvh pdr — D?jvo pdx
On 20

forall p € C°(f2) and 4,5 = 1,...,n. In particular, vy has in {2y second order
weak derivatives.

Step IIIL. The limiting function v in (54) solves (5) in (2.
Fix ¢ € C°(£2), then for h large enough we have supp(y) C 25. Define
o € C2°(£2) by setting

on(x) = Ry7 o (Ru(z — at)).

Therefore, (D?y,) being bounded in L?(§2) and taking into account (53), one
obtains

o(1) =E5(up)(pn) = RE /Q AupAp (R (z — xh)) dz

n—4
e
2

— Athgodx—/ [on |2 ~2upep da
R’IL n

2*_2uh<p (Rh(;v - xh)) dx

= AvoAgodsc—/ [vo|** 2vgp da 4 o(1).
Rn

n

Then vy € D?2(f2y) solves (5) in distributional sense. The delicate point is to see
that Avg = 0 on 2. To this end, let p € C%(R™) with ¢ = 0 on 92, and define

on(x) = ¢ (x5, (x) = (0,0)) .
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Notice that for h large enough, also ¢;, € C? (R™) with ¢, = 0 on 32;,. Taking
into account that (; ) tends to the translation by (0, o), we obtain ¢, — ¢ in
C?(R™) and

2x _2vh<ph) dx

/ (AvgAp — |vol® ~2vop) dx = lim/ (AvpApp, —
20 hJa,

- 11}?1/9 [AuhA (R?Sﬁh(Rh(x - xh))> -

n—4
— |uh|2*_2uth2 on(Rp(x — xh)) dx

= lim By (un) (R, n(Ru(z — ")) = 0.

Therefore, by extending any given ¢ € Hj N H? (£2y) oddly with respect to x,, — o
as afunction of H2(R™) and then by approximating it by a sequence of C? functions
(¢r) with o, = 0 on 9£2), we get

2,2

Yo € H& NH?(2) : AvgApdx = / |vo vop d,

QO -QO
which, as pointed out in [4, p. 221] implies that vy is also a strong solution of (5)
in QQ.

Step IV. The limiting function vg in (54) is nontrivial.
Let o € C2°(R™) such that £y Nsuppy # 0; then for & large enough, we may
define

Ton 2, Nsupp(p) = R, Tou(z) = vo (x5, ' (z) — (0,0)). (55)

Since vy € C%(£2y), vg = Avg = 0 on 92y and (x4 ) converges to the translation
by the vector (0, —p), we get as h — 400

11000 — 1QhU0h||L2(supp(sa))_ o(1),
11,0 — IQ;LUOh||L2*(buPP(80)) o(1)
(1)
(1).

(56)

112, Vvo — L, Vol L2 (supp(e)) = ©
12, Avo — L, AVo,n [l 22 (supp () = ©

To symplify the notations, in what follows we omit the 1;, in front of v, Vuy,, Avp,
and 1, in front of vy, Vvg, Avg. Then by (56) and some computations, one obtains,
as h — 400

/ |A(pvo — SO'Uh)|2 dr = / | Ao, — gO’Uh)|2 dz + o(1)
" 2pNsupp(p)

2/2.
>S5 (/ [ (Do, — vo) 2 dcc) +0(1)
2, Nsupp(e)
2/2,
> S (/ lp(vo — vh)|2* dm) +o(1).
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2

By compact embedding one has v, — vg in Lj

by parts one gets

IV(e(vn = vo))ll2 < lle(vn = vo)ll2l| Ale(vn = vo))ll2

2
loc

/wm(vovh)zdsz(/ o
R’Vl R‘H,

which implies
2/2.,
/ wzduZS(/ soQ*dV) :
n Rn

where dp and dv denote respectively the weak* limits of |A(vg — vy)|? and
|vg — vp,|?* in the sense of measures.

The rest of this step — to show vy # 0 —is now very closely along the lines of [1,
Lemma 2] and [38, p. 173]. We emphasize that here, the normalization condition
(50) is exploited.

(R™) and thanks to an integration

and therefore Vv, — Vg in L7, (R™). Hence the previous inequality yields

2.

2/2.
vo — vp|** dac) +o(1),

Step V. In Case 1II, a solution of (14) appears.
This follows by arguing as in [1], see also [37]. After rescaling as in (53), (vy,)
converges to a solution of (14).

Step VI. Case III cannot occur.
By contradiction, assume that (Ry,) is bounded. Then, being Ry, > 2/diam({2),
we may assume that, up to a subsequence,

$h—)xoeﬁ, Ry — Ry > 0.
Let us set 29 = Ry({2 — x¢) and

R z
v = I uh<1'0+R0>.
As in Case I (with the obvious simplifications), one gets for a subsequence v;, —
vo € H? N H(£2) and that vy Z 0 solves (5) in 2. But this is absurd since
up — 0.

Step VII. Conclusion.

If (up) is a Palais-Smale sequence for El,, then by Step I its weak limit g
solves (5). By Steps III, IV and V the “remaining part” (uy — Up) suitably rescaled
gives rise to a nontrivial solution vg of (14) (if Case II occurs) or (17) (if Case I
occurs). With help of this solution, we construct from (uy — o) a new Palais-Smale
sequence (wy,) for Eq in H2 N H}(£2) at a strictly lower energy level. In the case
where we find the solution vy in the whole space, one proceeds precisely as in [37],
cf. also [1]. In the case that v is a solution of (17) in a half space {2y we again have
to use the locally deformed versions g 5, in {25, of vo. These have been defined in
(55). Let ¢ € C2°(R™) be any cut-off function with 0 < ¢ < 1, ¢ = 1 in B1(0)
and ¢ = 0 outside B3(0). We put

wi () == (un — 7o) (x) — RV ™20 1 (Ru(z — 2)) @ (M(x - xh)) .
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First we remark that wy, is indeed well defined as ¢ = 0 for Ry, |z — xh| > 2V Ry,
and as the domain of definition of v ;, grows at rate R},. Further we notice that x,
and X,jl converge uniformly to translations even on Bg, (0). For this reason we
have

Bon() 9 ( ﬁ) S i D)

and also in DV2*/("=2)((5) and in L?*(£25). Hence, we have

Eq(wn) = Eq(un) — Eq(uo) — Eqy(vo) + o(1)

and E,(wp,) — 0 strongly in (H? N H&(Q))* Now, the same procedure from
Steps II to VI is applied to (wy,) instead of (u — up). As vg # 0 and hence

2
EQO (UO) Z ﬁsn/zla

this procedure stops after finitely many iterations. a
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