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1. Introduction

Let © ¢ RY be a smooth open bounded set containing 0. In this work we study the
existence and multiplicity of solutions to the following nonlocal problem driven by the
fractional p-Laplacian operator

(~ ) u = Aul ~2u 4 p T i g, (L.1)
u=0 in RV \ , .

being0<s<1,p>1L, Apu>0,0<a<ps<N,p<r<p* p<q<pl, where

Np (N —a)p
. P I . 1.2
S Pa = TN s (1.2)
are the fractional critical Sobolev and Hardy—Sobolev exponents respectively. The frac-
tional (p, s)-Laplacian operator (—A,)® is the differential of the convex functional

1 1 - P
wes Slp = de
p P p |z — y|VFps
R2N

defined on the Banach space (with respect to the norm [u]s , defined above)
WsP(Q) :={u € Liye(RY) :u=0in RV \ Q and [u]s, < +oo}.

This definition is consistent, up to a normalization constant, with the linear fractional
Laplacian (—A)® for the case p = 2. The exponents in (1.2) arise from the general
fractional Hardy—Sobolev inequality
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(/ Ju|Pa da:)l/p: < C(N.p.o)fle, .

The latter is a scale invariant inequality and as such is critical for the embedding

WP(Q) = L <Q d—x)

[

in the sense that the latter is continuous for any ¢ € [1,p] but (as long as 0 € Q, as we
are assuming) is compact if and only if ¢ < p.!

We are interested in obtaining solutions with sign information of (1.1) with particular
emphasis on the critical case ¢ = p7,. The term |u|"~?u in (1.1) will always be assumed
subcritical, i.e. r < p*. We will say that the equation is subcritical if the singular term
satisfies ¢ < p}, as well, and critical if ¢ = p},. Sometimes we will specify the nature of
the criticality in the equation saying that (1.1) is

o pure Hardy critical if o = ps, g = p), = p;
o Hardy-Sobolev critical if o € 10, ps], ¢ = pk;

*

o Sobolev critical if « =0, g = p%, = p*.

A similar analysis could in principle be performed in the case when r = p* and ¢ < p},,
i.e., when the singular term is subcritical while the unweighted term is critical, but we
feel that doing this here would overcomplicate an already intricated framework.

- Qverview of the method
Our approach consists in finding ground state solutions for (1.1), i.e. to find solution
which minimize the corresponding energy functional

(A
J(u): sp__/| || ||a d.’E,

among, respectively, the set of all positive or sign-changing solutions to (1.1). In order
to do so we define the Nehari, positive Nehari and sign-changing Nehari sets as

N:={ueW;?(Q)\{0}: (J'(u),u) =0},
Ny:={ueN:u =0},
Nee : = {u € N tu* #0,(J (u),u*) =0},
L See the proof of Lemma 2.3 for the if part. When ¢ = pr, the scale invariance of the Hardy—Sobolev

inequality implies the failure of compactness as long as 0 € Q: given ¢ € CZ°(Q), set for e € ]0,1]
pe(x) := @(x/¢e), and consider the family {¢c/[@c]s,p}e-
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where u* denote the positive and negative part of u, respectively, and (, ) : (W35 (Q))* x
WSP(Q) — R is the duality pairing. Clearly, any positive weak solution of (1.1) lies in
N, and any sign-changing one belongs to M.

All these Nehari-type sets are nonempty (but still quite far from being manifolds), and
minimizing the energy functional on the latters actually provides weak solutions to (1.1)
which are therefore called the positive and sign-changing ground states for (1.1). Let us
now describe the obstacles and differences with the classical case we will encounter in
trying to solve these minimization problems.

— Positive solutions

During all the paper we will focus on the coercive (with respect to the Nehari sets)
case so that infyr J > 0. Existence of positive ground states is by now standard and
follows from a classical mountain pass procedure, once one can prove that the ground
energy infy J lies below a suitable compactness threshold. This threshold is usually
called the energy of a bubble: it is given considering a function realizing the best con-
stant in (1.3), rescaling it, and computing the limit energy as the corresponding “bubble”
concentrates to a point. Unfortunately, the explicit form of the functions realizing (1.3)
(called Aubin—Talenti functions) is unknown in the fractional quasilinear case, prevent-
ing a direct estimate of the ground energy. In the local case s = 1, these optimizers
where explicitly obtained in [1,28] when = 0 and in [10] for general « € ]0,p[. In the
fractional case s € )0, 1[, these are known only in the linear setting p = 2, see [14]. When
p # 2 the lack of an explicit form has been circumvented in [20] using an a-priori decay
estimate for the Aubin-Talenti functions proved in [3] and a suitable truncation tech-
nique via composition. Here, we modify the technique of [20] to cater with the general
Hardy—Sobolev case a > 0, thanks to a similar decay estimates recently proved in [17].

- Sign-changing solutions in the subcritical case

In the sign-changing case minimization over Ny is less trivial, even in the subcritical
setting. Indeed, it is not even clear whether Ny, is empty or not. In the classical case
s = 1 one readily has that N, # (), since the locality of the energy gives

./\/'Sc:{ue./\/:uief\/}

and a classical scaling argument separately on ut and u~ gives suitable t* such that
ttut +1t7u" € M. This is not the case in the nonlocal setting, since in general (see
Remark 2.6)

u is a sign-changing solution to (1.1) = uT ¢ N oru” ¢ N.

This is basically due to the nonlocal interactions between v and w™ in the term [u]s ,
given by
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which is always strictly positive if u* # 0. Nevertheless, we prove in Lemma 4.1 that
actually M. # 0, allowing to obtain sign-changing ground states via minimization over
the latter, at least in the subcritical case.

- Sign-changing solutions in the critical case

In the critical case, trying to solve infa._J through the direct method of Calculus of
Variations faces the problem that J fails to be weakly sequentially lower semicontinuous
for large values of u.

Instead, we perform a so-called quasi-critical approximation as in [6,29], considering
the sign-changing ground states wu. of (1.1) with ¢ = p} — &, to obtain in the limit
€ } 0 a sign-changing ground state u for the critical problem. In doing so, it is essen-
tial to estimate the asymptotic behavior of the sign-changing ground energies during the
approximation. The core estimate (Lemma 4.4) says that the sign-changing ground ener-
gies stay strictly below the positive ground energy plus the energy of a bubble. Then, to
prove that the limit is sign-changing, we employ a nonlocal version of the Concentration-
Compactness principle recently proved in [21]. The latter shows that if the limit u of the
sign-changing ground states is, say, positive, then the negative part must concentrate in
the limit, producing at least the energy of a bubble. Therefore the limit energy turns
out to be at least the positive ground energy plus the one of a bubble, contradicting the
previous asymptotic estimate.

— The Hardy critical case
When a = ps and ¢ = p, then problem (1.1) becomes the pure Hardy-critical equation

ulP~2y
(—A,)°u = u| | + Au|" .

|[Ps

On one hand there simply is no room in this case to perform the quasi-critical ap-
proximation since lowering the critical exponent drastically changes the geometry of
the functional. On the other one, the Hardy-critical case of (1.1) lacks sufficient reg-
ularity estimates since one expects the solutions to be unbounded. In this case we
are able to construct sign-changing solution proving the lower-semicontinuity of J via
Concentration-Compactness as in [19], at least when p is below the optimal Hardy con-
stant (coercive case). Notice that, for larger values of y, J fails to be coercive over N but
the geometry of the functional is richer and it is possible that sign-changing solutions
can be found through linking arguments.

— Main results
In order to state our results, we define for a € [0, ps], the first weighted Dirichlet
eigenvalue as

. [u]2,
Mo = in ST Sy T
wews P (@\{0} [lulz|~/P|],

)

> 0, Ao = M. (14)
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Theorem 1.1 (Subcritical case). Suppose that 0 < o < ps and

A>0, pu>0 if min{q,r} > p,
q€lp,pyl, relpp’, max{qr}>p, 0<A<AL, >0 ifr=p,
A>0,0<pu< A, ifg=p.

Then (1.1) has a positive and a sign-changing solution, both of minimal energy.

Theorem 1.2 (Critical Hardy—Sobolev-positive solution). Suppose that 0 < a < ps < N,
r € p,p*, g =pL, A, >0 and 0 < A < Ay whenever r = p. Then (1.1) has a positive
solution of minimal energy if

r=p if N > p?s,
r>p*—p if N <p’s.

Here p' = ﬁ denotes the dual exponent of p for any p > 1.

Theorem 1.3 (Critical Hardy—Sobolev-sign-changing solution). Suppose that 0 < a <
ps < N, r € p,p*[, g =pk, A, >0 and 0 < A < A\; whenever r =p. Then (1.1) has a
sign-changing solution of minimal energy if r > p* — 1.

Theorem 1.4 (Pure Hardy critical). Let o = ps < N, r € Ip,p*[, ¢ = p’, =p, A,u >0
and p < A1 ps- Then (1.1) has both a positive and a sign-changing solution of minimal
energy.

— Discussion

o The assumption max{r, g} > p in the previous Theorems is made in order to avoid a
fully homogeneous problem. Solutions of (1.1) with » = ¢ = p fall in the framework
of weighted eigenvalue problems. As long as a < ps (subcritical case) these can be
treated as in [27]. The only difficult case is the critical one o = ps, p = ¢ = r, since
the Hardy term fails to be compact. Even in the classical case s = 1, this problem is
quite delicate and has been treated in [31], [26] through a weighted Concentration-
Compactness alternative.

e When r = p and ¢ = pf > p (as in Theorems 1.2 and 1.3), we are in the so
called Brezis—Nirenberg problems framework mentioned before, where the critical
nonlinearity and the spectrum of the principal part interact. Regarding positive
solutions, observe that N < p?s implies that p* — p’ > p, so that we obtain positive
solutions only for 0 < A < A\; and N > p?s.

e When r = p and A > Ay, (1.1) has no constant-sign solutions by a well known
argument (see e.g. [16, Corollary A4]) which we recall here. A Picone identity in the
fractional setting has been obtained in [2] and reads as
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P
2y 2 (=29)"u, 7 v Ve>0, wov>0.

u+a)1’—1>’

If u is a non-negative, non-trivial solution to (1.1) and v is the first eigenfunction for
(—A,)?, then

\ i o1 P wd=1 vP
lvllh, = [v]syp > )\/u mdm + 1 FE m dx.
Q
Due to p > 0, the second term on the right is uniformly (in € > 0) bounded from
below by a positive constant, and by dominated convergence on the first one we get
Alol|7, > M|}, forcing A < Aq.

e Regarding the sign-changing result Theorem 1.3 in the case r = p, we obtain nodal
solutions when N > p?s + ps and A < A;. For A\ > )\;, the previous argument
shows that actually any solution must be sign-changing, so that in a certain sense
the problem is simpler. Solutions in this non-coercive case are obtained through
linking arguments over cones, as exploited in [20] in the case a = 0 and in [32] when
a > 0, yielding sign-changing solutions for any N > p%s if A > A; does not belong
to a suitable cohomological spectrum for (—A,)®. The case when A belongs to the
spectrum of (—A,)® is also discussed in these works, yielding a sign-changing solution
whenever a = 0 and, e.g., N > p?s + ps (actually for even lower values of N).

o We did not consider the doubly critical problem r = p*, ¢ = pJ,. In this case, the
problem is much more difficult even in the classical case s = 1, since its solvability
heavily depends on the topology and geometry of the domain 2. Entire ground state
solutions were found in the semilinear case in [30] but, to the best of our knowledge,
there is no explicit characterization known in the case p # 2. For star-shaped domains
with respect to the origin, a Pohozaev identity rules out existence of solutions when
p = 2 ([30]). For p # 2, the lack of a unique continuation principle only ensures a
similar result for constant-sign solutions, see [10, Theorem 2.1]. For domains with
nontrivial topology, existence can be granted for sufficiently small p, see [11]. In the
non-local, non-linear case the situation is more difficult due to the lack of a Pohozaev
identity for (—A,)® when p # 2. The latter is available only in the case p = 2 due
to [23], leading in a standard way to the above mentioned non-existence result. Some
existence results for contractible domains in the fractional semilinear case may be
obtained following the ideas of [22].

— Comparison with some previous results

The fractional Brezis—Nirenberg case r = p, « = 0, ¢ = p* has been considered in
[24,25] when p = 2 and in [20] for any p > 1; the paper [32] deals with the quasilinear
Brezis—Nirenberg problem with Hardy—Sobolev nonlinearity, i.e. r = p and « € ]0, ps|.
In all these works, under various additional assumptions on the parameter A and its
relation with a suitable spectrum of (—A,)®, existence of a nontrivial solution is proved.
Sign information on the latter can in each case be obtained, either through its variational
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characterization (in the case A € )0, A1[), or using the Picone identity argument described
above when A > A;. In particular, said solution turns out to be positive when A < \;
and must be sign-changing when A > ;. In this framework, the main novelty of this
manuscript consists in finding sign-changing (least energy) solutions when A € |0, A1 ][.
The local counterpart of (1.1), is the quasi-linear problem

[ul*”?u

||

in Q.

—Apu = Mu|"2u+p

The Brezis—Nirenberg case r = p, « = 0, ¢ = p* is well studied, see [8] and the references
therein. The general case was investigated in [10], following the ideas of [29]. However,
unfortunately, there seems to be a gap in the proof when p # 2 (see e.g. the proof of
Theorem 5.3, third display of p. 5720). Concerning the case p = 2 and 0 < s < 1, we
refer the reader e.g. to [7,33].

— Structure of the paper
e In Section 2.1 we describe the relevant functional analytic setting. It is worth noting
that for any p > 1, the operator (—A,)° turns out to be sequentially continuous with
respect to the weak topology both in W P(Q) and W~ (Q); this is only true in the
local case when p = 2. Section 2.2 contains some basic properties of the Nehari sets de-
scribed above. Section 2.3 recalls known decay properties for the Aubin—Talenti functions
optimizing the Hardy—Sobolev inequality, while Section 2.4 contains technical estimates
for suitable truncations of the latters. Section 2.5 collects quite classical results on the
compactness of Palais—Smale sequences.
e Section 3.1 is devoted to the proof of Theorems 1.1 and 1.2. In Section 3.2 we prove
some uniform regularity estimates and obtain as a consequence the compactness of the
positive ground states in the quasicritical approximation.
e Section 4 concerns the problem of sign-changing solutions. In Section 4.1 we consider
the subcritical case, obtaining the nodal ground states. Section 4.2 contains the core
estimate for the sign-changing ground level in the subcritical approximation, which is
then applied in Section 4.3 to prove Theorems 1.3 and 1.4 through a Concentration-
Compactness principle.

2. Preliminary results
2.1. Notations and functional spaces

In the whole paper, we will assume that s € |0,1[, p > 1 and 0 < a < ps < N. Given

q

Py and given N, p, s, « as before we set

any g € |1, +oo[ we let ¢’ =
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Moreover, 2 C RY will be a open bounded set with smooth (say, C?) boundary. Given
E CRY| |E| will denote its Lebesgue measure, and E¢ = R \ E. All functions will be
tacitly assumed to be Lebesgue measurable.

We introduce the fractional Sobolev space

_ P
WP (Q) =u € L, (RY) : [u]?, := % drdy < +00, u=0 a.e. on Q°p,
k] xiy S

R2N

and the homogeneous fractional Sobolev space

* — p
D*P(RN) =S ue LP (RN) : [u]f, = % drdy < +o0 p D W3P(Q).
2N

For p > 1, W5P(Q) and D*P(RY) are separable reflexive Banach space w.r.t. the norm
[-]s,p and both can also be seen as the completion with respect to the norm [ |5, of
CZ(RYN) (see e.g. [3, Theorem 2.1]). The topological dual of W;*(Q) will be denoted by
W=7 (Q), with corresponding duality pairing (-, -) : W=7 (Q) x WgP(Q) — R. Due
to reflexivity, the weak and weak* convergence in W‘S’p,(Q) coincide. We recall here the

fractional Hardy—Sobolev inequality.

Lemma 2.1 (Hardy-Sobolev inequality). Assume that 0 < o < ps < N. Then there exists
a positive constant C' such that

[ulPi N1/ ju(@) —ullP |\
< ’ .
( FE dm) < C( o — [V dx dy) , for every u € WyP(Q)

Proof. It suffices to prove the inequality for @ = RY and u € D*?(R"). The latter is
well known in the cases @ = 0 and « = ps, see [9] or [18]. The general case follows by

Hoélder’s inequality since for 6 = 7= € [0,1] it holds

— ok —s|0 -0
el ™% 1 . vy < el = [y Il 2 gy
giving the claimed inequality through the ones for « = 0,ps. O

In particular, WP () embeds continuously into L7(Q, dx/|z|*) for all « € [0, ps] and
q € [1,p%]. Moreover, if ¢ € [1, p% [, the embedding is compact (see Lemma 2.3 below for a
proof). As a further consequence of the previous lemma we can define for any « € [0, ps]
the positive numbers

_ P Pa
Se = inf WTZS%QJ dzdy : u € Wy (Q) with /%dm =15. (2.1)
Q
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Recalling (1.4), it clearly holds A1 ps = Sps.

The functional u +— %[u]g’m is convex and C, so that at any u € WP () its subdiffer-

ential, usually called fractional p s-Laplacian, is a uniquely defined element of Wsp (),
which we will denote with (—A,)%u. An explicit computation shows that

(-t = [ ML= UOP ) ) =) 4, ().

R2N

(2.2)

Lemma 2.2. The operator (—A,)% : WP (Q) — W5 (Q) is weak-to-weak continuous.

Proof. Let u,, — u in WyP(Q). Since u %[u]f;p is C', the sequence (—A,)*u, is
bounded in W =%’ (Q), and thus weakly sequentially compact by reflexivity. By a stan-
dard sub-subsequence argument we can thus assume that (—A,)%u, — A € W= (Q)
and are reduced to prove that A = (—A,)%u. By the compact embedding of Wy (Q) in
L' (), up to subsequence, we have that u, — u in L*(R") and thus u,(z) — u(zx) for

a.e. x € RY. In particular, letting

|un () = un(y)|P~ 2( ( ) — un(y))

wn(z,y) = o
w(z,y) = [u(z) —u(y)[P~ Q&g)—U(yD’
|z —yl

we have that
wp(z,y) = w(z,y) for ae. (z,y) € RV,

Moreover, since HwnH = [un]}, < C, we can assume that w, — h in LV (R2V),

' (R2N)
Due to the pointwise convergence above, we thus have (see [13, Lemme 4.8, Ch. 1])
h = w, and using the representation (2.2) and the fact that

2@ = 2) ¢ ppgen), v e wr(@),

N+ps

[z =y
we obtain through (—A,)%u, — A in W=*? () and w, — w in L (R?N),

() = (=) i) =l [ i) 2= gy

" Rin [z —yl

N+ps

= [ w2 B = (-8,
R2N

for all ¢ € W;P(Q), proving the claim. O
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Notice that this latter property is peculiar of the nonlocal setting, since for any p # 2
the corresponding local operator (the well known p-Laplacian) is not a weak-to-weak
continuous operator.

2.2. The energy functional

The energy functional J : WJ*(2) — R formally associated with problem (1.1) is

J) = L [ @) e /|\d—f [l 4

p ) Te—ye 2]

In order to justify that J is well defined and of class C'* we need some preliminary results.

Lemma 2.3 (Hardy-type functionals). Let 0 < a < ps < N. Then, for every p < q < p},
s |1.L|q
H,: WP () — R, Hy(u) == / ——dz,
is of class C with
ul™"?u g o
= W dz, for every u,p € WP (Q). (2.3)

Moreover, for any p < q < p},, Hy is sequentially weakly continuous and for anyp < q <
ps, the operator H : WgP (Q) — W= (Q) is sequentially weak-to-weak continuous.

Proof. For every p < g < p%, it follows by Lemma 2.1 that

jlt, 1 i _
\x|a J el =l < C( 2] dx) < Ol
Q
Then, as it can be readily checked, (2.3) holds and H/(u) € W2 (Q) for all u €
WP (£2), since
[(Hy(u), 9)] < Cl]i, [elsp, for all p € W5P(Q).
Furthermore, H; : WyP(Q) — WsP' (Q) is strong-to-strong continuous, proving that

H, € C'. Let us prove the last assertions. If u, — u in W3"P(2), up to a subsequence,
Up — uin L7(Q) for every 1 < o < p* and a.e. in RV. Then, we get

|Un - u‘q / |un -
N

|un — |7 S dx

Q
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—x

P N ps—
< de ! Uy, —ul®dz) *
e
Q

Q

ps—a

SC’(/|un—u\‘7dac) .
Q

€ [1,p*[, which shows the weak continuity of H,. Finally, to prove

where 0 := (¢—5) ;25

the weak-to-weak continuity of H;, we proceed as in Lemma 2.2. Observe that {u,},
is bounded in W"*(Q2), and thus by the strong continuity of H, so is {H/(un)}n C
W= (Q). Up to subsequences, we can assume that Hi(u,) — A € W= (Q) and by
a standard sub-subsequence argument it suffices to show that H;(u) = A. Notice that
{Jttn |72ty Y,y is bounded in LY (Q, daz/|z|*) due to Holder and Hardy-Sobolev inequality,
so that we can assume that |u, |9 2u, — hin L9 (2, dz/|z|*). Since |, |7 2u, — |u|7"2u
a.e., we get that h = |u|9"2u. But then the representation (2.3) implies, for any ¢ €
WP (@) C LS, da/[2]"),

|u??up
]

(A o) = 11H1<H (un), p) = hm/|un| un(p e —/

= (Hy(u),p). O

Combining the last assertion of the previous Lemma with Lemma 2.2 provides the
following weak continuity result.

Corollary 2.4. For any \,p € R, 1 <r <p* and1 < q<p},J€Cland J : W;P(Q) —
W_s’p/(Q) is both a strong-to-strong and weak-to-weak continuous operator.

This corollary justifies the definition of the Nehari manifold associated to J as
N = {u e We" (@) \ {0} : (J'(u), u) = 0}
with subsets
Ny=Nn{u>0} N_=Nn{u<0}.
Let u™ = max{0,u}, u~ = min{u, 0}.
Lemma 2.5. For any u € WP (Q) it holds
((=0p)*u™, u®) < ((=8p)"u,u™) < ((—Ap) u,u) (2.4)

with strict inequality as long as u is sign-changing.
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Proof. We sketch the proof for u™, the other one being identical. The statement follows
by integration of the pointwise inequalities

Pplay —by)(ay —by) < dpla—b)(ay —by) < ¢p(a —b)(a—b), (2.5)

where ¢, (t) = [t|P~2t. Notice that ¢, is strictly increasing and ¢ — ¢ is non-decreasing,
so that we can suppose a > b. Then a4 — by < a — b, with strict inequality as long as
b < 0, and thus the monotonicity of ¢, gives the conclusion. Finally, if u is sign changing,
{(z,y) : u(z) > 0 > u(y)} has positive measure in R?" and on such set the previous
inequality is strict. O

Remark 2.6. As a corollary of the previous lemma, let us remark another fundamental
(and more impactful) difference from the local case. Clearly, if u is a sign-changing
solution to (1.1), then u € A\ (N1 UN_). However

ueN\WNLUND) = utéNoru ¢N,
since, otherwise, the inequality
(J' (™) u®) + (I (u7),u™) < (T (), ut) + (T (w),u”) = (J'(w), u),
yields a contradiction.
The following simple observation will be used throughout the paper.

Lemma 2.7. Let a« < ps < N, q and r satisfyp < g < p’, p < r < p*, with max{q,r} > p.
For any A, i satisfying

>\>0, /L>0 ifmin{Q7r}>p7
0< A<M, u>0 ifr=p,
A>0,0< <o ifg=np,

there exists 8o = 60(2, N, p, s, ) > 0 such that for any uw € WP (Q) it holds

(J'(u),u)y <0 = [u]sp > do.

Proof. Applying Holder and Hardy—Sobolev inequality on the last two terms of

|ul?

(J'(u),u) = [u]?, — /\/ lu|"dx — p | —— dx,
) )

||

we obtain
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(1- 5 - Clulgr ) bz, itr =

A1
!
ez (1 o), =

(1 — C[u];’;p — C[u]gg,p) [u]gp if min{q,r} > p.
The assumption (J'(u),u) < 0 forces the parenthesis above to be non-positive, which
provides the claimed lower bound. O

2.8. Properties of Hardy optimizers

In [3] the existence and properties of solutions for the minimization problem (2.1)
when o = 0 was investigated. For 0 < a < ps, one can get the following results [17,
Theorem 1.1].

Proposition 2.8 (Existence and properties). Let 0 < a < ps < N. Then the following
facts hold.

(i) Problem (2.1) admits constant sign solutions, and any solution is bounded;

(ii) For every nonnegative U, € D*P(RYN) solving (2.1), there exist xo € RN and a
non-increasing u : Rt — R such that Uy (z) = u(|z — xol);

(iii) Every nonnegative minimizer U, € D*P(RY) of (2.1) weakly solves

po—1
(—A)sUq = Sa U|‘;|a in RY,
i.e.,
ube !
(=8 Varg) = Su [ S e, Wp € D2 (@Y)

RN

and the last integrand is absolutely integrable.

Next we fiz N, p, s, « and a positive radially symmetric decreasing minimizer U, = U, (r)
for S, as in (2.1). By multiplying U, by a positive constant, we may assume” that

.
-1
s

||

weakly in RY. (2.6)

Testing this equation by U, and using (2.1) yield

2 Notice that we are using here that P, 7# p since a < ps.



W. Chen et al. / Journal of Functional Analysis 275 (2018) 3065-311} 3079

» ke Mo
U, = / e = ST (2.7)
RN
In [3] the asymptotic behavior for U, was obtained when o = 0, while in [17] the

asymptotics for U, for all 0 < o < ps was derived by similar arguments.

Lemma 2.9 (Optimal decay). There exist c; > 0 and ¢y > 0 such that

C1

v S Ua(r) £ =5, forallr>1.
7ol r et
Furthermore, there exists 6 > 1 such that
1
Ua(0r) < §Ua(7“) for allr > 1. (2.8)
For any € > 0, the function
N—ps €T
Unelz) =7 U, (E) (2.9)

is also a minimizer for S, satisfying (2.6). We note that c¢;, ca, 6 are universal since we
fized N,p, s, a,U,. In general they depend upon these entries.

2.4. Truncations

In what follows 0 < a < ps < N, U, is a fixed minimizer for (2.1), 6 is the constant
in Lemma 2.9 depending only on N, p, s, @ and U,. For every § > ¢ > 0, let us set

Ua.e(9)

)

U c(8) — Uy e(06)

mes :=

Due to (2.8) and the definition (2.9), it readily follows m. s < 2. Furthermore, let us set

0, if 0 <t <U,c(09),
ges(t) = m’;&(t — Uqac(09)), if Uy e(06) <t <Uy(0),
t+ Uac(8)(m?5' = 1), if t > U,.(6),
as well as
0, if 0 <t <U,e(69),

t
Ge 5(t) = /gé,é(T)% dr = me5(t — Uq (69)), if Uae(05) <t <Uqc(9),
’ t, it ¢ > Ua . (0).
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The functions g. s and G s are nondecreasing and absolutely continuous. Consider now
the radially symmetric nonincreasing function

Uae,6(r) = Ge5(Uae(r)), (2.10)

which satisfies

(r) = Ua,e(1), if r <o,
A N it > 06.

Then uy 5 € WyP(Q), for any § < 0715g = 6~ 1dist(0,09). We have the following
estimates.

Lemma 2.10 (Norm estimates I). There exists C > 0 such that, for any 0 < 2e < § <
0~ 16q, there holds

N—ps

Noo e\ =
[Uaeslh, <S&+C (5) ’”, (2.11)
and
Uq e 6(55)1)‘*’ f-a £ JZ:{V
Bt > s -0 (5) 7 2.12
/ ER 5 (2.12)
Moreover, for any 8 > 0, there exists Cg such that
eN_N;psﬁ|1og§\, ifﬂ:%ﬁ,
/ua,sﬁ(x)ﬂ dx > Cpg E%ﬂ(sNi 1\;:}{55, if B< %7 (2.13)
® eN-H5es if 6> 2.

Proof. The assertions follow as in the proof of [20, Lemma 2.7]. For the readers’ conve-
nience, we prove it here. Testing (2.6) with g. 5(Ua,c) € W5P(Q2) and using [4, Lemma
A.2] jointly with (2.7) yields

[G€75(U0¢,5)]§,p
Ua e (@) — Ua,e(y)|p_2 (Uae(®) = Une(y)) (9e.5(Ua,e (%)) = ge.5(Uae(y)))

< o=y Ve dx dy
R2N
N-—a ps—1
s—a LE
— S / (92 (Uae) ~ Uoe) S

Moreover, by Lemma 2.9, it holds that
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_ 1 1) Ua(@) —(p—1) 5171}7;;;)1&)
)=t < Uy (8)mP=t = Ua(2)[1- 225 21 :
96,5( ) = ,5( ) £,0 6N;ps c Ua (g) = 2 5]\;:113
and
Uga_l s Uga_l
/*—de —" / —d:=0()
|z| ||

R RN
This gives estimate (2.11). On the other hand,

p: px _ P*

u o N-o o
/ 0Dy > / Yak gp — g3 — / Uy, (2.14)
|| || |2
RN B;(0) RN\B; (0)
Since € < %, a simple calculation using Lemma 2.9 yields that
* +oo +o00
Uba « Nops o ot
/ LedesC / pN=1meg R gy = O / P drz(?((%) ).
z «
RN\B 5 (0) /e §/e
(2.15)

Then (2.14) and (2.15) yield estimate (2.12). Finally, we have

5
/“gwdm? / UL do =N =757 / UjfdzngN*N;‘”ﬁ/TN%:‘;SBﬂdT
1

RN B5(0) Bs(0)
and an explicit calculation provides (2.13). O
We also have the following estimate.

Lemma 2.11 (Norm estimates II). For any 3> 0 and 0 < 2e < 6 < 07 16q, we have

NI g s|,  iff=1,
/“g,e,adw < Cp{ e AN p g (2.16)
! NP, if 8> L.
Proof. From the definition of uq ¢ 5, we have
0, if |z| > 0

Uae6(x) =< Mes(Une(x) — Uy e(00)), if § < x| <65

)

Ug.e(z), if |[z] <6
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0, if |z| > 69
< mesUne(x) if 0 <|z| <65
Uae(x), if |z| <.

Recall that m. s < 2, therefore it holds uq,c,5 < 2Uq,cXB,y;- Taking into account that
U, € L (RY), we have

/ugeﬁdx <C / Uisdx:Cs s / UB dy
Q Bygs

Bos
€

£
o

o oot [
By 1

EN*”?“ﬂloga if g =2,

< ONUallooeN 70 + 0 { ent D BgN-558 it g < ;;_t,

N, if 5> 2,

and in the range § > 2¢ the last term is always greater than the first, giving (2.16). O
2.5. Compactness results

We first recall the following
Definition 2.12. Let ¢ € R, E be a Banach space and J € C'(E,R).

(i) {ug}tren C E is a (PS).-sequence for J if J(ug) = ¢+ or(1) and J'(uy) = o(1)
in E*.

(ii) J satisfies the (PS).-condition if any (PS).-sequence for J has a convergent
subsequence.

We will need a slight modification of the classical Brézis—Lieb Lemma.

Lemma 2.13 (Brézis—Lieb). Let {qi}i be such that g, > 1, g — q and let {fx}r C
L% (R™) be a bounded sequence such that fi, — f almost everywhere. Then

||fk| Lk (R™) ka |qu (Rm) — ||f||Lq(Rm +0k(1)'
Proof. Observe that the elementary inequality

|la + 0] —fa|®] < elal™ + Cc[b|™
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holds true with a constant C. independent of k for sufficiently large k.% Then the classical
proof of [5, Theorem 1] carry over yielding the result. O

Lemma 2.14 (Convergences). Let {ui}r C W3 (Q) be bounded and let {qi}tren be a
sequence such that p < qi < p} and q — p, as k — 0o. Then, up to a subsequence, we
have

(D) [ue —uff ) = [unls, = [ulf, + ok (1),

(2) we have
—e k P
/de:/wa dx—/““a dr+ on(1).
|| || ||
Q Q Q

(3) for any ¢ € Wy(2), we have

|Uk‘qkizuk

[ufP=?u
FE @dx/wgpdquok(l).
Q

Proof. We can assume that u, — u weakly in W;"?(2) and pointwise a.e.. By choosing

foo @) ) u(@) ()

N+sp - Ntsp ) qk =D andm:sz
lw—yl > v —y| >

(1) follows from Lemma 2.13. Observe that by ¢r < p%, Holder and Hardy—Sobolev
inequality,

Ak qk D g _ 9k
|Uk| dx = |uk‘q %dfﬂ < |’U/k| ¢ dx Pa Ld(ﬁ Pa < C
ER 2 e ER 2l
Q

"

so that {uy/|z|*/Pa }1 is a bounded sequence in LPa () pointwise converging to u/|z|*/Pa,
and thus Lemma 2.13 again gives (2). To prove (3), we let

|ug| 7~ 2y, |ulPe—2u
:: B ———TE— w = —

A ’ iy
|{L’|<Pa) |.’L"(p&)

and proceed as before obtaining that

3 The inequality is trivial for a = 0 and dividing by |a| # 0 reduces to h(t) := [[1 +¢|" — 1| < e + C.[t|"
for r = q. From |1 +¢|” < 2"(1 + [t|"), we deduce h(t) < 2" + 1 + 2"|t|" and the claim for [t|] > 1 and
C. > 272, For |t] < 1, Lip(h) < 7, so that h(t) < r|t| and by Young’s inequality r|t| < & 4 %MT In
both cases C. is bounded if r > 1 is.
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. p* Qé:ll * qp—1

Pey ULl *r 1 U |Pa F
[t e < [ < ([ ) <
Q ozl 7Tzl et Q

Therefore {wy}x is bounded in L(a)"(Q) and, up to subsequence, wy — v in LF)"(Q).
Since wy — w pointwise a.e., v = w and (3) follows noting that o/|z|?a € LPa(Q) for
any p € WyP(Q). O

We now come to the compactness properties of the energy functional J.

Theorem 2.15 (Palais—Smale condition). Let 0 < a < ps < N, q and r satisfy q € [p, L],
r € [p,p*[, with max{q,r} > p. Then

(1) If ¢ < p} and r < p*, then for any A\, u > 0, J satisfies (PS). for all ¢ € R.
(2) If g =p% > p and r < p*, then for any A\, u > 0, J satisfies (PS). for all

N-a

(1 1 ) S&e
c< | == — —.
p Pa MPZ*LD

(3) If a = ps, ¢ = pys = p and p < v < p*, then for any A > 0 and 0 < p < Sy,
J satisfies (PS). for all c € R.

Proof. Assume that {uy}y is a (PS)c-sequence of J, that is

J(u) = c+op(1),  (J'(ur), @) = (wy, @), wp = 0in W7 (Q).

We have

A . Uug|?
ity =2 [l o =2 B8 o prw) =per o, @)
Q Q

ur |
w2y = [ sl do e [ ||x’“||a dr = (' (ug), ) = 0 (1) sl pe
Q Q

as k — oco. Then we get

C + o (1)[uls p >pJ(uk) (J (ur), ur)
—u(1-2 /'“’“' da +>\ 1—— /|uk|rd$ (2.18)

We first show that {uy}x is bounded in W (£2), splitting the proof in two cases.
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CASE 1: a < ps.
If both ¢ and r are greater than p, then (2.18) implies

q
[ dr < e+l [l de < 00+ )
Q Q

which, combined with (2.17), gives
[“k]g,p <C(l+ [uk]s,p)

and the boundedness of {uy}x in W (Q2) readily follows.
If r = p, then necessarily ¢ > p and Holder’s inequality with (2.18) ensures

/|uk|de:/ |“k| |z \_dz<C’ /' ugl? E < O+ [u)?,),
Q Q

|5

giving boundedness of {uy}, by the same argument as before.

3085

(2.19)

Finally, if ¢ = p and r > p, Holder (recall that o < ps) and Hardy inequalities give

|| e

<ol [0 ( furar)’
Q Q

T TS

p — s
[ dr < ( |uk| /|uk\pdx i
Q

Q

< C[Uk]s%,p (1 + WH&P)

Inserting this into (2.17) and using (2.18) provides

[url?, < C (1 [undsip + funl i + [ua) i =077

[

+

o
—

=

I

|
N
[

which again implies that {ug} is bounded in W;*(Q) due to
a p o« 1
a<ps = —<=+4+—-|1—--])<np.
s r s r

CASE 2: o = ps (thus ¢ = p) and p < Sps.
In this case we necessarily have r > p and (2.18) implies that

/ fugl” die < C(L+ [uga ),

so that Hardy’s inequality and (2.17) gives
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" ug|?
(1= 25l < w2, = [ P42 ds < €O+ )

Using p < Sps implies (2.19) and the boundedness of {uy}.

Thus, {ug}r is bounded, and passing if necessary to a subsequence such that uy — v
in WP (Q) as k — oo, all the conclusions of Lemma 2.14 hold true. Corollary 2.4 gives
that J'(v) = 0 and from (J'(v),v) = 0, we have that

J(v) = A (1 - %) /|v|rdx tu (1 - 1) " 4 > 0, (2.20)
Q Q

P P q ||

Next we prove that u, — v in WP (). By Lemma 2.14 and the boundedness of {ug }
we have

|lug — v

k(1) = (7' (ue). ) = ('), ) = i =2, — g B o= [ jue ol a
Q

[

which shows convergence if ¢ < p} and r < p*. It suffices to analyze the case ¢ = pJ,
r < p*. Notice then that Lemma 2.14 (for ¢; = p}) gives

1 wo [ |ug —v|Pa
J(ug) = J(w) + —[up —v]E, — — | ————dx + ox(1), (2.21)
p o) el

or(1) = (J (ur), ur) — (J'(v),v) = [ux — vlf , — ,u/ ka|a dx + op(1).

We split the proof of the convergence as before.

N—a
ps—a

CASE 1: a < ps, r € [p,p*[ and ¢ < (% — pL) 20— By virtue of (2.22),
o Mpg—p

1 uy — v|Pa 11
S =ty - [P g (L Ytz 400

l[uk—v]7 - = 4padﬂc§J(u;€)+0k(l):c+0k(1).

Therefore
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Using this and the fractional Sobolev—Hardy inequality, we have

Ok(l)

= “ Ju o= dz > P g F v
(2—22)[Uk o U]S;P 4 |1.|o¢ T = [uk - U]s,p — HP«a [Uk - U]s,p
Q

Pa

=uy, — v]’;p (1 — Sy ¥ [ug — v]gf;)p) > wylug — v]’s”p,

for some w; > 0, giving the claim.

CASE 2: @ = ps and p < S,s. We note that p}, = p and, from (2.22), we get

lug — v|?
|z|Ps

ok(1) = [ur —v]%, — dz > (1 - S“ )[uk —u?,,

ps
which implies that [uy — v]sp, = 0x(1). O

Remark 2.16. Inspecting the proof we see that the boundedness of Palais—Smale se-
quences follows solely from the conditions |J(ug)| < C and [(J'(ug), ur)| < Clugls,p-

3. Positive solution
3.1. Ezistence of a ground state

The existence of a ground state positive solutions follows the standard Mountain pass
approach. Let
I = {y € C°([0,1]; W5"(Q)) : 7(0) = 0, J(+(1)) < 0} ,

¢ = inf sup J(y(¢)).
7€l ¢el0,1)

Our assumptions on the parameters are the following

0<a<ps<N, q€lpp,l, relpp max{q,r} > p,

A>0, >0 if min{q,r} > p, (3.1)
0<A<A, >0 ifr=p,

A>0,0< <Ay ifg=p.

From max{q,r} > p it is readily checked that for any given u € Wy*(2), J(tu) — —o0
for t — 400. Proceeding as in Lemma 2.7 we obtain the lower bounds
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1
(p = Clulg P — C’[u]‘if) [u]f, if min{r,q} > p,

1 A
J(u) > (— A C[u]z,pp) W, dfr—p<aq

1
(G- ot - Clusy) iz, ita=p<r,
which in turn imply, under assumption (3.1), that

inf J(u)>0
[u]s.p=0
for sufficiently small o > 0. Since the support of any v € I' intersects {[u]s, = o}, it
holds ¢; > inf(y), —,J (u) > 0 and in order to apply the Mountain Pass theorem it only
remains to show that J satisfies the (PS),, condition. By Theorem 2.15 this is certainly
true in the subcritical or Hardy critical case when p < Sps, so it suffices to consider the
critical cases ¢ = p¥ > p (thus a < ps).

Lemma 3.1 (¢; in the Palais—Smale range). Let (3.1) be fulfilled for ¢ = p’, > p. Then

11\ 8y
o < (_ - _*) : (3.2)
p pcx /LPE’P
for any v such that
r> if N> p?s,
>p fN =p (3.3)
r>p*—p if N <p?s.

Proof. Notice that in any case considered in (3.3) it holds r» > p*/p’. Without loss
generality we can consider § = 1 in the definition of uy s € WP (Q) given in formula
(2.10). For any sufficiently small 1 > ¢ > 0, we apply (2.11), (2.12) and (2.13) with
B =r, to obtain

tp tq N-ao N—ps N—«o 1
ge(t) := J(tug,e1) < (— - u—) S&" + Cte vt + Ctle vt — Sty (e)
p q

for some large C' > 0, where

- N—N=ps,

€ » if r > p*/p'.

5%\10 el ifr=p*/p
hr(s)'—{ g =p*/p,

It is readily seen from this estimate that there exists a small £y > 0 such that g. - —o0
for ¢ — 400 uniformly for & € [0,&0]. Moreover, g.(0) = 0, therefore there exists A >
a > 0 such that
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Sup ge = sup gs(t)a Ve € ]0780].
t>0 t€la,A]

tP t4 —_r_ (1 1
SUp | — —p— | = pur e | —— — |,
t>0 \ P q P DPa

so that, for some C” also depending on a, A,

Observe that

P t? P N—ps N-a 1
sup ge <sup | — —p— | S&" + sup [C’t”s =1 4+ Ctle»=1 — —t"h,(¢)
t€la, Al >0 \ P q tefa,A] C

N—«

11 S N=ps oo 1

s(“T) o FCETE LT — h(e).
PPy e ¢

Hence it suffices to prove that there exists a sufficiently small € < g¢ such that the last
N—«o N —ps
three term give a negative contribution. Using oo < ps, € < 1 we have e =1 < ¢ T 50

that a sufficient condition is that

h
lim ];@, =400,  forr>p*/p.
e—0t € pf{b

If » > p*/p’, the previous condition is satisfied for

* /

r < r>p —p,

N — N —
AN N Y
p—1 D

while if » = p*/p’, due to the logarithmic factor in h, . it suffices that

N — N N —
PSS 2 N L r>p"—p.

p—1 P p

Now
N>ps = p-p <P <
>p ey s
and we obtain the full range r > p, while
p*

N<p’s = p'—p>=>p
p
giving the range r > p* — p’ in this case. O

Regarding (3.3), notice that when N = p?s then p = p* — p/.
For the next corollary, recall that Ny = {u € N : u > 0}.
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Corollary 3.2. Let assumptions (3.1) be fulfilled and, in the case ¢ = p% > p, suppose that
(3.3) holds as well. Then, there exists a nonnegative critical point w solving J(w) = ¢1
and

= inf J(u). 34

o= inf Ju) (34)

Proof. The existence of a critical point at level ¢; has already been discussed, so that it
only remains to show that w € N} and (3.4). Fix u # 0 and consider the function

[u]?

||“

Ry 3 5+ 1(s) = J(sY/Pu) = S p—sp—/|u|rdx PH dx.
p s,

It holds

¥(0) =0, lim ¥(s) = —o0, 1 is concave.

s——+o0o

Moreover, by the assumption max{r,q} > p, v is strictly concave. Therefore 1) has a
unique maximum s,,, which is positive due to

Slulz, if min{r, ¢} > p,
W(0) = Lz, - Mul,) it =p,
L[z, — w213, ) i g =p,

all of which are strictly positive due to (3.1). Therefore ¢’(s) > 0 for s < sy, ¥'(s) <0
for s > s,. Changing variable s = tP, this translates to

J(tu) = —oo for t — +o0,
t — J(tu) has a unique positive maximum t,, (3.5)
(J'(tw),u)(t — ty,) <0Vt #t,.

Hence, given u € N, J(u) = sup;~g J(tu), which readily implies

c1 < inf J(u).

ueN

Here we used the fact that

= inf sup J < inf  supJ(tu
veFte[opl] (v ())_uewo £y S (tu).

The opposite inequality follows from the solvability of the minimax problem defining ¢y,
as the critical point w at level ¢; certainly lies in A. It remains to show that
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mf J(u) = inf J(u),

ueN uENL

i.e., that the ground state w solving J(w) = ¢; can be chosen nonnegative. Clearly the
inequality > above suffices. Since J is even and w # 0, we may suppose without loss of
generality that wt # 0. By (2.4) we have

(J'(w*),w") < (J'(w),w") =0,

so that ¢,,+ defined in (3.5) satisfies t,,+ < 1. But then

+1q
inf J( )<J( wtW ):tZ}Jr (5_é>/|w+|7’dx+t3u+ <H_H> |U) | dx
p T D J

u€N+ q "I|a

< (———>/| " da +<“ M)/::Ed v = J(w) = = inf J(u).

Finally, observe that w™ # 0 implies that the inequality in the second line of the previous
chain is strict. Therefore the mountain pass solution must be of constant sign. O

3.2. Qualitative and asymptotic properties

In this section we will study the properties of the ground state in the quasi-critical
approximation. In order to do so, we will assume that o < ps, so that p}, > p. In this
setting, assumptions (3.1) simplify to

0<a<ps<N, qclppil, relpp,

A>0, p>0 if r > p, (3.6)
0<A<AL, p>0 ifr=p.

For p € ]0,p}, — p[ , define ¢, = p}, — p and

1 A po [ |ul%
T = lulf, = > / fuf" d — Z/ o e, (3.7)
Q Q

with w, > 0 being the corresponding ground state solution, i.e.

NPZ{UEWO&( )\ {0} : < —0} Cl,pzk}ﬁjp:']p(wﬂ)a

so that, with the notations of the previous section, ¢1,9 = ¢;1. Our aim is the behavior of
the family {w,}, as p — 0. We begin with a general boundedness result, which will be
useful also in the sign-changing case.
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Theorem 3.3. Let Q0 be bounded and u € WP () weakly solve (—A,)%u = f(z,u) in Q
for [ satisfying

[¢]Pa"

||

f(a:,t)|§C(1—|—|t|p*_1—|— ), 0<a<ps<N. (3.8)

Then u is bounded and continuous on .

Proof. By [4, Theorem 3.1 and Theorem 3.13] it suffices to prove that f(z,u) € LY(Q)
for some ¢ > pﬂ Given k > 0, t > 0, and 3 > 0, we define gg(t) := t(tx)”, where
tr ;= min{t, k} and extend gz and t; as an odd function. It holds

: 1 1/p
Go(t)i= [ gt ar > ZEEDZ g, ), (39
0

and due to [4, Lemma A.2] and (3.8)

[Ga(w)lEp < ((=Ap)°u, gs(u))

« Py B
SC’(/|u|\uk\5dw+/\U|p |uk|ﬂdx+/|“TZ’“dx).
Q

Q Q

By Hardy—Sobolev’s inequality with weight 1 and |2|~* and (3.9) we obtain, for v = 0, «,

D1y B 8
(/%dm) /|u||uk|'3d3:—|—/|u|p \uk\ﬁdx—i—/ “|| ||Z’“| dac).

(3.10)

For any K > 1, v =0, a, we deduce

Lﬂmmw [,
P B P
{lul<K} {lulzK}
o f Ll ) Il el %\
<K dx + dx
=% e o ¢ I
Q {lulzK}

while being K > 1

ﬁmesw/w+/|wwm@
{|lu|>K}
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11—t e
* p p
gKﬁ/\uH( / [ul?” dx ) </|u|p fu 7 )"
Q {lulzK} Q

Since uP> € L'(Q,dz/|z|") by Hardy-Sobolev, we can choose K large enough so that

C [l )7 L for v = 0 3.11
"/( |1,|7 Z‘) <§v or~v=V,aq, ( . )
{lu|>K}

and reabsorb the corresponding terms on the right hand side of (3.10) (summed for
v =0, ), to obtain

( / ful?” fug 5 de ”L / 7% ug | x)*
||
Q
. P
Kﬂ(/\u|dx+/\u|p da:+/|u|a dz
x
Q Q Q

< CoRP(1+ ull,).

Letting k — +o00 we deduce that u € LI(Q, dx/|z|*) for every ¢ > 1, with norm depend-
ing only on the data appearing in (3.8), K given in (3.11), [u]% , and ¢. This directly
implies that |u[? =1 € L9(Q) for any ¢ > pﬂs. In order to prove that f(x,u) € LI() for
some q > 1% it remains to show, by (3.8), that

|u‘p;_1 _

N
vi= € L), for some g > —. (3.12)
|| ps

To this end, we choose g € ] and ¢ > 1 so large that

ps’E[

—

a(@—=)d < N.

(=)

Then, Holder inequality with exponents ¢ and ¢’ yields

a(pa—1) 1 a(pe—1)q 1 1 1-1
/qux—/|u| = <(/u7adx) (/%l/dyo .
T || 7) || |z|*@=0)a
Q Q

Both integrals are finite, thus (3.12) and the boundedness and continuity in €2 of u are

proved. Finally, the regularity up to the boundary is proven in [12] (notice that we are
assuming 0 ¢ 092). O

Remark 3.4. For future purposes, it is worth outlining the dependence of |ul|p~. We
have
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1 —1
lullp < Ol f(z,w)| 127V,

for some universally chosen ¢ > N/ps, and the latter only depends on the data appearing
in (3.8), [u]s,p and K chosen in (3.11).

Lemma 3.5. Suppose (3.6) and (3.3) hold true. Then it holds

limsup e, < cr0. (3.13)
p—0
Proof. Fix a sequence p, — 0, let wg solve the critical problem for ¢; o and let ¢, > 0
be such that t,wo € NP, constructed through (3.5). The family of functions g, (t) :=
J,,, (twg) converges locally uniformly on Ry to g (t) := Jo(two) and g,(t) — —oo for
t — 400 uniformly in n. Therefore, by the uniqueness of the maximum of g, and g, it
follows that ¢, = Argmax(g,) — Argmax(ge) = 1 as n — +oo. But then

limsup ¢y, < limsupJ,, (t,wo) = Jo(wo) = c1,0,
n n

since by dominated convergence

e [ Jw|9en 1 [ |wg|?®

de. O
dp,, B2 Q) |z
Q Q

Remark 3.6. Even if not needed, proceeding as in [10] it can be proved that actually
Cl,p — C1,0-

Lemma 3.7. Let 0 < a < ps < N, r € [p,p*[ and let p, >0, p, — 0. If u, is a solution
to (1.1) with g = p¥, — pn such that {J,, (un)}n is bounded, then {un}, is bounded and
up to subsequences weakly converges to a solution u € W3'*(Q) of J|(u) = 0.

Proof. As in Theorem 2.15, the boundedness of {.J,, (un)}, and J; (u,) =0 imply the
boundedness of {uy}, in W5 () (see also Remark 2.16), so that, up to subsequences,
we can assume u, — u in W;'?(Q) and pointwise a.e. in Q. Therefore, by Corollary 2.4
and dominated convergence, for every ¢ € W37 (),

(T (), ) = T ( Ty (un). @) = Tan (TG (un) = T}, (), )

po—1 _ Po—1=pn
Q

||

hence J{(u) =0, as claimed. O

Theorem 3.8. Let (3.6) and (3.3) hold. Then, the family {w,}, is strongly compact in
WyP(Q) and any limit point of {w,}, is a nontrivial critical point of minimal energy
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for Jo. Moreover, any sequence {w,, }, with p, — 0 admits an equi-bounded subsequence
in L™>.

Proof. Fix a sequence p,, — 0. The boundedness and weak convergence to a solution wg
of Jj(wo) = 0 of {w,,, }» follows from (3.13), J,, (w,,) > 0 and the previous Lemma. We
claim that {w,,, },, is strongly compact in W;*(Q). To this end, it suffices to modify the
proof of Theorem 2.15. Indeed, by the strong convergence of {w,, },, to wo in L"(2) and
the variable exponent Brezis—Lieb Lemma 2.14, point 2), it holds

1 o lw,, — wo|Pe—rn
J"(wn :JO Wo +_wn_w0§ o / e dﬁC
05, = Jolun) + 2 [, — i, — o
2
Gt i) [ e v
P& — Pn D4 ||
Q
1 p lw,, — wo|Pa—rn
= Jo(wo) + =[w,, —wel? , — / Pn dr + o, (1
( ) p[ 14 ] sP pZ_pn |Jj‘O‘ ( )
and similarly
; ; P lw,,, — wo|Pa—Pn
0= (Jp, (wp,)0p,) = (Jo(uwa), wo) = [y, —wolf, = p | P2l da + 0n(1).
Q

By (3.13) and (3.2), there exists € > 0 such that for any sufficiently large n it holds

N—«a
1 1 S& e
Jpn(wpn)<clvo+€< <__*7> O;
p Po = Pn ILLPE*T’
Taking advantage of the last three relations exactly as in the proof of Theorem 2.15, we
get

| S8
lim sup [wp,, — wolf , < ——
n Mpa*p
and, similarly, we obtain the conclusion w,,, — wo in W3 (). Since [w,, |5 p is uniformly
bounded from below by Lemma 2.7, it follows that wy # 0. Moreover, the strong conti-
nuity of (p,u) — J,(u), together with (3.13) and (3.4), provides the minimality property
of wg. Finally, we prove the uniform boundedness of {w,,, }». Observe that w,, — wo
both in LP"(Q) and LPa (€, dz/|z|*). Hence both the families {wg;}n and {wgg/|x|a}n
are equi-integrable. Since each w,, solves the equation (—A,)w,, = f,. (z,w,,),
with {f,, }n satisfying (3.8) uniformly in n, the equi-boundedness follows from Re-
mark 3.4. O
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4. Sign-changing solution

We will now construct sign-changing solutions to the critical problem, following the
procedure described in the introduction.

4.1. Subcritical case
Recall that ™ = max{0,u}, v~ = min{u, 0} and let
Noe = {u € Nt u* #0,(J (u),u*) =0} . (4.1)

Clearly, any sign-changing solution to (1.1) belongs to N;.. However, contrary to the
local case, it is not even clear that N, is nonempty. That this is actually so is the
content of the following lemma.

Lemma 4.1. Let u € W;P(Q) be such that u* # 0 and (3.1) be fulfilled. Then the

mazrimum

sup  J(tiut +tau)
(tl,tQ)ERQ

is attained at a unique (t1,t2) € R%. Moreover, (t1,t2) is a global mazimum point if and
only if

t1 -t >0, tiut + tou” € Ny (4.2)
and
(J'(u),u™)(t; — 1) >0, (J'(u),u" )ty — 1) > 0. (4.3)
Proof. Letting Q1 = supp(u?) and write explicitly

J(t1u+ + tgu_) = |t1|pA+ + |t2|pA, - |t1|TB+ — |t2|TB, - |t1|qC+ - |t2|qC,

2 [tiut (x) — tau™ (y)[?
+]—) / |$_y|N+ps dx dy
Q+><Q,
where
1 + —ut )P A 4
p |z — y| Vs r q.) |z|*
Qg xQg Q4 QL

Thanks to max{g,r} > p and u* # 0, it is readily checked that
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lim J(tiut +tau”) = —oo,
|t1‘+|t2|—)+00

so that a maximum exists. Since u~ < 0, analyzing the mixed integral term shows that
the maximum must be attained on 1,2 > 0 (or on t1,t2 < 0), which we will suppose
henceforth. Let us consider the function

Ri S (s1,82) = ¥(s1,82) = J(s}/ptﬁ —|—5§/pu*).

It holds
P(s1,82) = 5144 + 524 — s’lu/pBJr — s;/pB, - s‘f/pC’Jr — sg/pC,
1 1/p,
L2 51wt (@) = sl (4.4)
p |w — y|NFps
Q+ xXQ_
and
9 J1=p)/p )
8_51(51,52) = 1—<J'(s}/pu+ + sé/pu ),ut),
(4.5)
9 Sglfp)/ib , 1/p Up -
8_32(81’82): (J'(s)"u™ + 5P um), u7).

The terms of ¢ in (4.4) before the integral adds up to a strictly concave function, since
min{r, ¢} > p. Moreover for any a,b > 0, the function

RY 3 (s1,82) — |81/pa+ sé/pb\p

is also concave, which implies by integration that the last integral in (4.4) is also a concave
function of (s1,s2) € Ri. Therefore v is strictly concave in Ri. A direct computation
shows that for (s1,s2) # (0,0)

utlp
W]t if min{r, ¢} > p,
p
5 [ut]? A .
ol = el itr=p<e
s2=0
[Uﬂgp pl|_ut T
p _5 |$‘Oé/p Lp ta=ps<r
u-1P
[u”8,p if min{r, ¢} > p,
p
b [ui]p A :
I e A T
S1=
Wk, pl w [P .
), e
Lp
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In both cases the derivatives are strictly positive due to (3.1), hence the maximum of
is attained in the interior of R% and ¢ has its (unique) maximum at (51, 52) if and only
if Vi(51,82) = (0,0), which corresponds to the unique maximum for J(t;u™ + tou™)
setting t; = 5P G = 1,2. Explicitly computing V(51,352) = 0 through (4.5) gives
conditions (4.2).

To prove (4.3), observe that the concavity of ¥ is equivalent to

(Vo(&) = V() (n—€ =20,  VEneRL.

Letting £ = (1,1) and alternatively n = (51,1) or n = (1, 82), where (51, 53) is the
maximum point for 1, we obtain

N
381

oy

oy (LDE-1=0, 2=

2 1,1)(52 — 1) > 0.

1/p

Using (4.5) in these relations gives (4.3), since §; — 1 and §;’” —1 have the same sign. O

Theorem 4.2 (Subcritical case). Let (3.1) be fulfilled with q < p}, (thus necessarily a <
ps). Then the problem

= inf J f J(t t 4.6
“ ulérfl\/c (W) = ulinaéo(tlstlzl)peuv (tu® + o) (4.6)

has a solution v which is a sign-changing critical point for J of minimal energy.

Proof. The second equality in (4.6) follows from the previous Lemma. Since Ny € N
we immediately infer ¢ > ¢; > 0. Due to Lemma 2.5

(J' (w),u®) > (J'(uF), ut), Vu e WP (Q),
so we deduce
(J'(uF),ut) <0, Yue N
and Lemma 2.7 provides dy depending only on the parameters such that
[wElep > 00,  Vu€ N (4.7)
Pick a minimizing sequence {v,}, C Ni. Since (J'(vy),v,) = 0 and J(v,) — ca,
Remark 2.16 ensures that {v,}, is bounded and, up to subsequences, converges weakly

in W3P(Q) and strongly in L™(Q) and L9(Q,dx/|z|*) to some v. First observe that
v* # 0. Indeed we have

+ q + q
|U | | | /|Ui| dx—>/|vi|rdx (4.8)
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and since (J'(v,),v) = 0 for all n € N, we deduce from (2.4) and (4.7)
+1q
//\|vi|T—|—,u|| B dx —hm//\|vi|r ||v L dx
Q

= lim((—A,)%vp, v n) > hmlnf[ P bp > 68 > 0.
n
Let us prove that v € N, i.e.
(J'(v),vF) = 0. (4.9)

The functional u +— ((=A,)*u,u*) is weakly sequentially lower semicontinuous by
Fatou’s lemma, since it can be represented as a nonnegative integral of the form
f(z,y,u(x),u(y)). Therefore, also by (4.8), u + (J'(u),u™) is weakly sequentially lower
semicontinuous, and since (4.9) holds for any v,, we deduce (J'(v),v*) < 0. Suppose
that, say, (J'(v),v") < 0 and let ®(v) be the projection on Ny of v given by Lemma 4.1,
ie.

O(v) =t vt +t v, (ty,t_) = ArgmaxJ (t;vt +tv7).

Then by (4.2), (4.3), (J'(v),v") < 0 and (J'(v),v™) < 0, it holds ¢, < 1 and t_ < 1.
Since (J/'(®(v)), @(v)) = 0 we have

[} q
<ﬁ—ﬁ>/| ) d:c+<5—3)/q>(v>|rdx
P q || p T
Q Q
+|a —|q
(H—ﬁ> tq/|v " 4o + L o e
P q ||
Q
+ (5—3) fi/\v+\rdx+52/\v’|rdx
p r
Q Q
q
<<H—H> ﬂdw—l—(é—é)/wrd:ﬁ
P q || p
Q Q
| XA
= lim <u,u> [vn dx + <>/|vn|rdz—limJ(vn)—02,
nA\pa) ) el por)) n

which is a contradiction and proves (4.9). This in turn implies that v € N and then
v, — v strongly in W5P(Q2) due to

hmvn hm,u ‘n| de+ X\ [ |v,|"dx=p dx—|—/\ v|"dx = [v]? ,
| K
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and therefore J(vy,) = J(v) = ¢, proving that v solves problem (4.6). Next we prove
that v is a critical point for J. Suppose by contradiction that J'(v) # 0, then there
exists ¢ € WP (Q) such that (J'(v),p) < —1 and therefore by continuity there exists a
sufficiently small §g > 0 such that

(J'(tyvt +tav™ 4+ 8p), ) < —1, if [1—t],|1 —t2],]6] < So- (4.10)

The function v in Lemma 4.1 is smooth and strictly concave and has a strict maximum
in (1,1), therefore for some € > 0

Vi (s1,s2) # (0,0) VO <|(s1—1,82—1)|<e

and V1 has non-zero local degree at 0. This implies by changing variables (s1,s2) —
(t1,t5) that for some &’ > 0, which we can suppose smaller than d/2

(Tt T +tov7),0T), (J'(t1vT +tv7),07)) #(0,0), if 0<|(t1 —1,t2—1)] <€
(4.11)

Let B = B((1,1),¢’) and for any § > 0, (t1,t2) € B define
u=1u(d,ty,ts) = t1vT +tev” +dp

(which is continuous in 6, ¢1, t5), noting that for sufficiently small §, u™ # 0. Now consider
the field

Gs(t1,t2) = ((J’(u),u+>, (J’(u),u_>) € R?.
By (4.11) it holds infsp |Gs| > 0 for § = 0 and therefore by continuity the same holds for
any sufficiently small § > 0. Clearly § — G is a homotopy, Go(1,1) = (0,0) and its local
degree at 0 is nonzero. By elementary degree theory, the equation Gs(t1,t2) = (0,0) has

a solution (1,%2) € B for some small § € ]0,80/2[. If v = ;0" +#v~ + d¢, this amounts
to U € Ny. Since it holds

o
J(©) = J(tvt +iv7) + /(J’(£1v+ + v +tp), @) dt,
0

(4.10) applied to the integrand provides
J(@) < J(t~1’1)+ + Eg’l)_) — 0.

Since v € Ny Lemma 4.1 gives J(f;0" +#3v7) < J(v), which, inserted into the previous
inequality, contradicts the minimality of J(v).
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4.2. Asymptotics for the sign-changing level

We now consider the sign-changing critical levels for the quasicritical approximation,
hence again assuming a < ps and (3.6). As in Section 3.2, for any small p > 0 we let
4o = p}, — p, and define the functional J, as per (3.7). Let moreover N'” and N£, be the
corresponding Nehari and sign-changing Nehari (see (4.1)) manifolds, with w, and v,
being the nonnegative and sign-changing solutions of minimal energy. Finally, we let

Clp = uler}\f/p Jp(u) = Jp(wp), C2p = ug}\zc Jp(u) = Jp(vp).

Since 0 € ), we choose § > 0 so small that Bsgs C 2, with € given in Lemma 2.9. we
consider a C'°°, nonnegative truncation

() 1 if x| > 30,
xTr) =
1 0 if |z] <26,

letting furthermore
ns(x) =1 (g) ) Wp,§ 2= NeWp- (4.12)

Lemma 4.3. Assume (3.6) and (3.3). Then there exist py > 0 and C independent of p
such that for any p € |0, po] it holds

[wpﬁ}g,p S [wp}g,p + C(SN_I)S (413)
and
lwp,sle > w7 — CSY.

Proof. The second estimate trivially follows from the equi-boundedness of {w,},, hence
we focus on (4.13). Using Theorem 3.8, we observe that w, solves (—A,)*w, = f, for a
suitable f, satisfying

[fol@)] < O+ [z[77)

with a constant C' independent of p for small p > 0. Since we are assuming « < ps, we

can fix g € ]ps, E[ and deduce that || f,| Lz < C for a constant independent of p for small
p > 0. We have
[wo(x) — wp(y)] [wp wy(y) ns(y)[”
[wenslh ) < / o — g dxdy+ |x _y|N+sp dz dy

|wp (@ —wo()I ,
+2/ |x_ |N+sp dxdy211+12+213,
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where
Ay = Bgys X Bsps, Az = Bags X Bags, Az = Bzps X Biys-

Clearly, I < [w,]? ,. To estimate I, let p € C§°(Bsg, [0, 1]) with ¢ = 7 in By and let
ws(z) = p(x/d). By [20, Lemma 2.5] it holds

(wppslZ, < CUEE (I8l + [0512,)
and by scaling
lgsll? or = N Tllor 1?0y [0s], = 6V P [a]2,
so that, being § < 1 and N/¢ > N — ps, we obtain
[woeps]?, < CoN P

for some C' independent of p for small p > 0. Then, with the same constant

w,(x T) —w p
- [ s WTJ(; ) yINf;Eg) 2 41 dy < sl < OV,
As

Finally, we employ the uniform bound on w, and |z —y| > |y| — 366 > |y|/4 on A3 to
get

dody__ csn—sp,

p
I3 < Cllwp7 Ve =

3

This concludes the proof. 0O

Lemma 4.4. Let (3.6) be fulfilled and moreover r > p* — 1. Then, there exists k > 0 such
that for any sufficiently small p > 0 it holds

N—«
ps—a
1.1 ) 587 _ . (4.14)

C2p < C1p+ <1—3 T
«

e
Proof. We first observe that the condition r > p* — 1 implies (3.3) in the range r > p,
which we are assuming. Moreover, since p* — 1 > p*/p’, we can suppose that r > p*/p’
always holds true. For € < ¢ < dist(0,912)/50 to be chosen later consider v = w, 5 — ue s
where we set Uz 5 = Uq,c 5 as defined in (2.10) for simplicity and w,, s is defined in (4.12).
Clearly v is sign changing with v™ = w, s and v~ = —u, 5. By construction we have

Cap < sup  J,(tiwpys — toues).
(tl,tz)eRi
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We start estimating the Gagliardo norm observing that

supp(wy,s) C Bsgs, supp(ue,s) C Bys,

so that
|wp, w,5(y) [P
[tiwp,s — taue 515, Stp/ p- |a: - |Nj_ps dx dy
p [ ues(®) —ues(y)?
+t, / _y‘N+pS dx dy
[tiw, 5() + taue 5(y)[?
+2/ o — [N e dx dy
3
where

Ay = Bjs X Bgs, Ay = Bps X Bps, Az = Bgs x Bys.

For the last integral in (4.16), we use the following elementary inequalities:

oo < 1077 COal ™ bl alloP ) ifp 2,
lal? + [BI? + Clal[b["~! if1<p<2,

3103

(4.15)

(4.16)

with a = tyw, (), b = taue s(y). Since w, 5(x) = ue 5(y) = 0 for (z,y) € As, this gives

p
/|t1wp,5(x) +t2u5,5(y)| dl’dy <

|z — y|NEps

p |wp75(x) - wp,é(y)|p p ‘U575($) - ue,é(y)|p
Stl/ 2w — [V dr dy + t5 o — [V pe dz dy

Az

{tf_ltgll(wp,(;,ua’(;) + tltg_llp%(wp,g,ue,(;) if p> 2,

trth ™ Ly (wp 5, ue 5) if1<p<?2,

where, recalling (4.15),

|wp,5 () [P~ ue,5(y) |7
|z —y|NPs

Iq(wp,5,te,5) = dx dy.

BSG(S X Bys

We reassemble the integrals over the A;’s to obtain

[tiwp,s — taues]0, < thw, st + thlue ]2, + CH adi (wy,5, e o)
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+ C(p - 2)+t1t12)_1-[p71(wp,67 u€,5)

and then we proceed estimating the last two terms. Since both (3.6) and (3.3) hold,
Theorem (3.8) gives a uniform L*° bound on w,. The latter, together with the inequality
|z —y| > |x|/2 for x € BSys and y € Bys, implies

L (wps.e) < C / 2|~V da / uf (y) dy < C57° / uf 5(y) dy.
BSM Q Q

Observe that p — 1 < p*/p/, so that (2.16) for 5 = p — 1 provides

N—ps _ _ N—ps/ N—ps
Iy 1(wps,ue5) < C6Poertn PDFN==8 0= — 05"

The term I (w5, u- 5) only appears if p > 2, which in turn forces p* > p': in this case
(2.16) for B =1 reads

N-—ps_ _N-ps N—ps  N-—ps(, _
Il(wpﬁ,us’(;) < Co Poere—D SN=F=T = Cer-D § o1 (r=2)

All in all, we get

Ps

— N—
[tlwp,(s - tQUE,é}fm < t;i)[wp7§]€,p + tg[u575]€,p + Ctltg 18 =
+C(p— 2t e rto D § ot (072,
We set § = ¢!/P, apply (4.13) on the first term and (2.11) on the second to obtain

N-o N—ps
[tlwp,el/l’ - t2us,el/1’]zs),p < t;llj[wﬁ]?,p + thUIZS_a + t:i)(sN_ps + tg(f—:/(;) oo

+ Ctltg_lgN;ps + C(p — 2>+t117_1t2g PZ\(’Pipls) (51\1]::115 (r—=2) (417)

N—a N —ps

S twoll, + 1S +C(H +1h)e #

where we used Young’s inequality as t1t5 ' 4+ 2"ty < C(t? +15). Next we estimate the
other terms. By the equi-boundedness of {w,}, it follows

N wzng/ﬂp wg; -7 N-a
w' L p,de > [ w)dr—Cev, £; dx > de —Ce » |,
P oI of"
Q Q

Q Q

so that, since a < ps and € < 1, it holds

Pa=p pL—p
w o
N-—ps el/p w N—ps
w ,de> [ widr—Ce » | £ dr > L de —Ce 7 .
P of? o7
Q

Q Q
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Moreover, for any € > 0 we can choose p;(g) > 0 so that whenever p < p1(¢), it holds

* *

Po—pP Po
u 1/p u 1/p N—ps N-—a N—ps N-—a N—ps
/ el e > | gy — T > SETC —O(e)8) P = 8L —Ce v
Q

|| || (2.12)

Finally, recalling that we are assuming r > p*/p’ and using (2.13), we have

/ L gy de > ceN TR (4.18)
Q

Gathering together (4.17)—(4.18) we obtain for any p < pi(g)

Jp(tlwp,sl/P - tZUe,sl/P) < Gpe(ts) + hpe(ta)

where

s

* pr
gpe(tr) = Jy(trwy) + O (8 + 85+ 6277) 75",

Noa [P tpr’ip z N—ps . N—ps
hpe(ts) =84 " | 2 —p2— ] —c 2N, o (tg + the p) e .
p Pa — P r

By Theorem 3.8 again, both the zero-th order terms in J,(w,) are uniformly bounded
from below as p — 0, so that for sufficiently small € > 0 and p < p1(¢) it holds

—ps

sup gps(tl) < SUPJ (tlwp)Jng 7 < ClerCE >
t120 t1>0

with C' independent of p and . Moreover, elementary arguments show that for sufficiently
small € > 0, there exists 0 < a < 1 < A < 400 independent of p < p1(e), such that

th the ™" a" N Nope,
sup hpe(t2) = sup h,. < sup S”S “ —p——— | —c—¢
t2>0 ta€[a, Al t2>0 p Po—pP r

+C (AP + ar:) e

N—«

ps—a s s

S(l *1 ) Sav — NI L o
pph—p) prEe

Observe that there exists 0 < pa(e) < p1(e) such that if 0 < p < pa(e) then

N—«a

psi—a P
(1 *1 ) Sap S(} >S +5N?’S.
b Pa— P/ pra-e-r P Ph MPQ*P

Therefore, for any sufficiently small € > 0 and any 0 < p < pa(e) it holds
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1 1 Sé” “ / ) N—N=ps,
sup Jp(tlwp)sl/p — t2u€)sl/p) < cipt+ | —— — +C'e —cCe P
(t1,t2)ERL P Pa ,up,fp
Since
N — ps N — ps
r>p'—1 & N-— pr< p’
p p

we can choose a sufficiently small € > 0 such that

/NNpr C/

ce =k >0,

obtaining the claim. 0O
4.8. The critical case

We will need the following variant of the Concentration-Compactness principle. Define
for any u € L] (RY) and a.e. Lebesgue point  for u, the function

|u(z) —uly)|”
Dl e / R

In the following, by a measure in RY we mean a continuous linear functional on Co(R™),
often called (finite) Radon measure. As such, any measure also define a continuous linear
functional on C(RY), the Banach space of bounded continuous functions with the sup
norm. We will employ the weak* convergence notion with respect to this latter duality,
which is often called tight convergence; it is a stronger notion of convergence than the
usual weak* convergence of Radon measures (i.e. the one given by duality with Co(R™))
and a tight compactness criterion does not follow from the usual Banach—Alaoglu the-
orem, but instead through Prokhorov’s theorem, which says that a sequence {pu,}, is
sequentially weak*-compact (in duality with Cy(R™)) if and only if it is bounded and
tight, i.c.

Ve>0 3K.eRY: supu,(RV\K.)<e

Lemma 4.5 (Concentration Compactness with variable exponents). Let 0 < a < ps < N,
Q be a bounded open subset of RN with 0 € Q and u,, — u in W5'P(Q). Given g, = p,—pn
for some p, > 0, p, — 0, there exist two measures v,o and an at most countable set
{z;}jes CQ such that, up to subsequences,

—~*y (4.19)

o2 D+ Y 0gen, 0= ol{x;)),
JjeT
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IUI”“ + 3 vide, v =), (4.20)

JjeT

o > Sauf? VieJ. (4.21)
Moreover, if o > 0, then {z;};jes = {0}.

Proof. Clearly {|D*u,|P},, is a tight sequence of bounded measures (tightness follows as
in [21, proof of Theorem 2.5]). Holder and Hardy—Sobolev inequalities readily give the
boundedness of the sequence of measures {|u,|?" /|z|*}, so that, up to subsequences, we
can suppose that weak® convergence occurs to some ¢ and v respectively. Consider first
the case u = 0 and choose any ¢ € C°(RY), ¢ > 0. Again Hélder and Hardy-Sobolev
inequalities provide for any 6 > 0

do \# & - punl?
sa( [ (el
o EB 7 e ER
N

supp(p) R (4 22)
< lpul, < (140) [ @IDuPds+ Co / 1Dl
RN RN

(see [21, proof of Theorem 2.5]). For the left hand side observe that since @ — @Pa

gn Un " - dr — Po dy
2 2| (2 .
]RN

RN

uniformly, it holds

If o > 0, then p}, < p* and if 0 ¢ supp(yp), the left hand side vanishes due to the strong
convergence of {uy,}, in Lfo&c (RN '\ {0}). This implies that

a>0 = supp(v)C {0}, (4.23)

and in this case we set {x,};c7 = {0}. Since u,, — 0 strongly in LP(RY) and |D*pP €
L>(RY) by [17, Lemma 2.3], the last term on the right hand side of (4.22) vanishes as
n — +00, so that

1

ks*a(/@ff'ivdu)K < (1+9)(/¢Pd0)‘1’.

RN RN

The estimates (4.19)—(4.21) now follow letting 8 — 0 and applying [15, Lemma 1.2] in
the case a@ = 0 (the case @ > 0 is actually easier due to (4.23)). In the case u # 0 we
observe that, for all p € CP(RY), Lemma 2.13 implies
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qn — dn pa
lim/ [un <pdx—/ Jttn = ult /| ul pdz, (4.24)
n ||« ||
RN RN

and proceeding as in the proof of Lemma 2.14, point (1), we have

hm/\D un|p<pdx—/|Dé |p<pd:r—/|D5u|pgod:E (4.25)

Then we apply the previous case to w,, = u,—u — 0, letting v and ¢ be the corresponding
measures. Clearly (4.24) immediately gives

| |9 I |U‘PZ

|| ]

while (4.25) gives
|D%u,|P =" o + | DulP.
The claimed representation then follows. O

Notations: Let v, be the sign-changing solution obtained at level c3 ,, with g, = p}, —p.
Then (4.14), (3.13) and ¢z , > 0 ensure that the hypotheses of Lemma 3.7 are fulfilled,
and therefore for a suitable sequence p,, — 0, v,, =: v, — v in WJ*(Q) where v solves
the critical problem. We can apply the previous Lemma to {v,}, and to both {vF},,
so that, up to a not relabeled subsequence, (4.19)—(4.21) hold true for v and some o, v,
{x;},ec7, and, correspondingly, for v* and suitable o, v+, {:cjjE }jeg=. For this sequence,
set as usual ¢, = p} — pn.

Lemma 4.6. With the previous motations, suppose that I/ji = vE({z;}) # 0 for some
jeJ*. Then

S, \ P
vE> <a> . 4.26
P> (5 (1.26)

Proof. Fix j € J* such that l/ji >0, x; € Q and for any & > 0, let 5 € C>°(Bas(z;))
satisfy

0<ps <1, §0|_B(s(a:j): 1, HVS@zSHoo < 0/5

We test the equation J) (v,) = 0 with psviF € W5™(Q), we get
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+1qn

v,

M/' ol ¢5dx+/\/|vf|r<%
Q Q

[

_ / [0n (%) = va ()72 (va () — va (1)) (05 ()05 (=) — 06 (y) v (1))

7=y Ve dedy 2

R2N

dz dy| .

sy Pos da — [vn (@) = v ()P % (vn (@) — va(Y))viE (1) (0s(x) — 5(y))
R{ |D%v;; |P s d l |z — y[N+ps

Proceeding as in [21, Lemma 3.1] we can pass to the limit in n to obtain that
1
[esao<u [esavsc( [1D2giro*ay)” +a 10 s da
RN RN RN Q

From [21, (2.14)] the last two terms on the right go to zero for § — 0, giving ,uuji >
o({z;}) =: ojj.:. This, coupled together with (4.21), gives (4.26). O

e Proof of Theorem 1.3: Let p, — 0 be a sequence such that Lemmas 4.5 and 4.6 hold

for the sign-changing solutions v, at level ¢z ,,, keeping the notations settled before
Lemma 4.6. Since v,, € NP~ it holds

A A |2
Ty (o) = ( - ) [1onras+ (“ - “) [onl 4o,
p T P ||
Q Q

By Lemma 3.7, {v,, },, is bounded and up to subsequences weakly converges to a solution
v e WP (Q) of the critical problem. First observe that, through (4.14), (3.13)

N—«a
1 1\ S&

lim J,, (v,) =limes ,, <10+ (— — —*) = — K, (4.27)
n n p pa ’LLT’:;_T’

for some k > 0. We claim that v is sign changing. Suppose not, say v < 0: then, without
loss of generality, we can assume up to subsequences that v;f — 0 in W5*(Q), v;f — 0
in L"(Q) and pointwise a.e..

Thanks to (J'(v,),vf) = 0 and (2.4), we infer [vF]2 , > 6 > 0 from Lemma 2.7 for
some 0 independent of n. Then, with the same notations as in the previous Lemma, it

cannot hold V;T =vT({z;}) =0 forall j € JT, since otherwise (4.20) would give

+|qn +|pa
[ | dr — v dr=20
|| ||
Q Q

giving, up to subsequences, the contradiction
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+|qn

5<hm[ gL <hm<( Ap)svn,vjﬂzlim)\/\v$|rdx+u/ |7"
n x|
Q

(see (2.4) for the second inequality). Then u;f > 0 for some j € J+ and (4.26) implies

>\ )\ +|qn
lim(——>/|vz|rdx+(ﬁﬁ>/|v"| dx
n\p T P n ||
Q Q

N—«a
Z(‘LLM>V;_Z<11) Sap )
P Dy P pa/) pra-e

Moreover, the weak limit of v, cannot be zero since otherwise we would deduce again
vy > 0 for some j € J~ and

AA — | 1 1\ S&
i (2 2) fsraes (£ 2) [t g (1 1Y SEE
n\p T P || P py) e
Q Q
which implies

1 :0e e )\ )\ 1 n dn
2(——) Sé < lim (__>/|7)an +<——> |v | d:r—hmen(vn)
p pa MPQ*P n p r o p

This, together with (4.27), contradicts (3.2). Therefore v = v~ is a nontrivial solution to
the critical problem Jj(v) = 0 and by (3.4) it satisfies Jy(v) > ¢1,0. But then, proceeding
as before we have

qn
hm J%(”n) = lim (é - i) /|’Un‘rd$ + <H _ ﬂ) U, de
dn |.’L’|°‘
Q
:(———>/| |’"dx+< *>(V++1/_)(RN)
— %
> ()\)\>/|U|de+(uli> [v”| dm+<”'{i>y]‘."
(4200 \p T J D J 2] iy

N—«o N—«a
1 1\ S& 1 1\ S&

Z JO(U)+ P P ZCI,O+ P D
(4.26) Db Pa/ pri-re Db Pa/ pri-re

again contradicting (4.27). Therefore v is a nontrivial sign-changing solution, and it
remains to prove that it minimizes the energy. To this end, fix arbitrarily v € N and
for p, — 0 such that v, — v, let u,, = t1,u™ + to,u™ solve
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Jp, (un) = sup J, (truT - tauT),
t1,t22>0

so that u, € NP». Proceeding as in the proof of (3.13), we see that (t1n,t2n) — (1,1):
indeed, the functions —,(t1,t2) = —J,, (tau™ + tau™) are strictly convex on Ri due
to the proof of Lemma 4.1 and uniformly coercive, hence Argmin(—1,) = (t1n,ton) —
(1,1) = Argmin(—1), with ¥(t1,t2) = Jo(tru™ + tou™).

This fact, together with

an
Ty (tn) = ()‘ _ >‘> /|un|r da + (/‘ _ “) / [, e
p T P Gn ||
+|qn
=tl,|=—= /|u+| de +ti | = i dx
||
Q
—|an
+ 5, < >/|u |" da + ¢3" (— )/'7 ||a dz,
x
Q

implies that J, (u,) — Jo(u). On the other hand Fatou’s Lemma gives (up to subse-

quences)

q
Jo(v) = (AA>/|U|de+ (“’“‘) LI
p o P q ||
Q Q
dn
< lim (é—i>/|vnrdx+<ﬁ—ﬂ>/|vn dac—hmen( n)-
mAp o)) P ||

Since u,, € N2, we have J, (v,) < J,, (u,) by construction, therefore

Jo(v) <limJ,, (v,) <limdJ, (u,) = Jo(u)

and the minimality of v is proved. O
In the case a = ps the subcritical approximation is not more available, but nevertheless
if ;1 < A1 ps existence of a sign-changing solution follows through direct minimization over

Nse-

e Proof of Theorem 1.4: We proceed as in the proof of Theorem 4.2, picking a minimizing
sequence v, € Ny (which is not empty due to Lemma 4.1) for

= inf .

== LT
Again {v, },, is bounded and, up to subsequences, converges to some v weakly in W;?(Q)
and strongly in L"(2) and similarly for v;X. Due to (J'(v; ),vn> (J'(vg),vF) =0,
Lemma 2.7 gives [vi]s, > g0 > 0 and applying (J'(v,),v;5) = 0, (2.4) and Hardy’s

inequality, we obtain
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A/|Ui|rd:c=hmx/|vf|”dx=1im<(—Ap)Svn,v;E> —
Q Q

o |”

af

n

M P
> 11— gq > 0.
N ( Al,pS) 0

Therefore v is sign-changing. Next we claim that

> lim sup [v,f]“s”p - ﬂ/ dx > lim sup [v;t]ls”p (1 __H )
a n

|u

+|p
|p|s dx is sequentially weakly l.s.c..  (4.28)

u s Hy(u) = ((=Ap)%u,u®) — ,u/ z

In order to prove it, define, for any u € W?(Q),

u(z) —u(y) P2 (ulz) —u uF(x) — ut
Do) - [ 1) =W 0l) ) ),

observing that
(-2 uut) = [ |Dap da.
RN

An elementary argument based on (2.5) shows that, respectively,
|DiulP > |DSuP. (4.29)

Suppose, up to subsequences, that

+
|Ds u |p Kk 5:|: |Dsu:|:|p U O_:t |un |p ok V:I:
+ Un ’ n ) —|£L'|ps .
Lemma 4.5 ensures that for some 1/3: >0
+|p
U
+ _ ||xp8 =+ V()iao, O'i > )\17pSV0i50.
Inequality (4.29) implies that o+ > o, so that
GE > i e oo (4.30)

On the other hand Fatou’s Lemma ensures

lim/ | D5 un|Po da > / | D3 ulPodz, Yo € C’S(RN)7 >0
RN RN
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so that
ot > |DiulP.

Gathering the latter inequality with (4.30) (notice that the two measures are mutually
singular) we get

5% > [DSul? + M psg o
The lower semicontinuity claim (4.28) now follows from p < Ay ps, since then
Hi(un) = 65 (RY) — m* (RY) > Hy (u) + (M ps — p)vy = H(w).
Therefore u +— (J'(u),u®) is sequentially Ls.c. as well, proving that (J'(v),v*) < 0.
This in turn implies that v € N exactly as in the proof of Theorem 4.2 (notice that the

singular term disappears due to ¢ = p;; = p). To prove that v, — v strongly in Wy (€2)
we proceed as in the proof of Theorem 2.15. Indeed

0= {(J"(vn),vn) — (J'(v),v) = [v, — vlf , — ,u/ % dx + 0,(1),
Q

so that by Hardy’s inequality

H lvn — v
[vn, — 0%, (1 Y ps> < v =05, — M/ T dz = op(1).
’ Q

This shows that J(v) = c¢g by continuity, and the fact that v is a critical point for J
follows verbatim as in the proof of Theorem 2.15. O
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