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1. Introduction

Starting from the pioneering paper of Ambrosetti and Prodi [1], jumping problems for
semilinear elliptic equations of the type

- i D;(a;j(x)Diu) = g(z,u) in 2

ij=1
u=>0 on 012,
have been extensively treated (see e.g. [14, 18, 20, 21]).

Moreover, also the case of semilinear variational inequalities with a situation of jumping
type has been discussed in [12, 19]. Very recently, quasilinear inequalities of the form:

fo { i a;;(x,u)DiuD;(v — u) + 3 i Dsa;j(x,u)DiuDju(v — u)} dr+

i,j=1 i,j=1
— [, g(z,u)(v —u)de = (w,v—u) Vo€ Ky,
u € Ky,

where Ky = {u € HX(2) : u> 9 a. e in 2}, Ky = {ve Ky: (v—u) € L>(£2)} and
Y € Hy(£2), have been considered in [11].
When ¥ = —oo, namely we have no obstacle and the variational inequality becomes an

equation, the problem has been also studied in [5, 6] by A. Canino and has been extended
in [13] by the authors to the case of fully nonlinear operators.
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The purpose of this paper is to study the more general class of nonlinear variational
inequalities of the type :

fo {VgL(m, u, Vu) - V(v —u) + DgL(x,u, Vu)(v — u)} dr+

—ng($,U)<U—U)d$><w,U—u> V’UE%&, (1)
u € Ky.

In the main result we shall prove the existence of at least two solutions of (1). The
framework is the same of [13], but technical difficulties arise, mainly in the verification
of the Palais—Smale condition. This is due to the fact that such condition is proved in
[13] using in a crucial way test functions of exponential type. Such test functions are
not admissible for the variational inequality, so that a certain number of modifications is
required in particular in the proofs of Theorem 4.4 and Theorem 5.2.

As in the previous papers dealing with quasilinear equations and inequalities (see e.g.
[3, B, 6, 7, 11, 22]) we will use variational methods based on the nonsmooth critical point
theory of [9, 10]. Let us mention that similar abstract techniques have been developed
independently in [15, 16].

2. The main result

In the following, 2 will denote a bounded domain of R, 1 < p < n, ¢ € Wy*(£2) with
¥~ € L=(), w e W (£2) and

L:O2xRxR"—=R

is measurable in z for all (s,£) € R x R" and of class C' in (s,€) a. e. in £2. We shall
assume that L(x, s, ) is strictly convex and for each t € R

Lz, s, 1) = [t["L(x, 5, €) (2)
for a. e. x € {2 and for all (s,£) € R x R™. Furthermore, we assume that :
(i)  there exist ¥ > 0 and b; € R such that
vIg]” < Lz, s,€) < bilgf, (3)
for a. e. x € {2 and for all (s,£) € R x R™;
(17) there exist be, by € R such that
|DsL(z, 5, )| < bafE[, (4)
for a. e. x € 2 and for all (s,£) € R x R" and
[VeL(x,5,€)| < bsléP, (5)

for a. e. # € 2 and for all (s,&) € R x R";
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(73) there exist R > 0 and a bounded Lipschitzian function 1) : [R, +00[— [0, +00[ such
that
s> R= D;L(x,s,§) >0, (6)
eL(

s 2 R= D;L(z,s,§) <V (s)Vel(z,s,§) - &, (7)
for a. e. x € £2 and for all £ € R™. We denote by v the limit of ¢(s) as s — +o0.

(iv) g(=, s) is a Carathéodory function and G(z, s) = [ g(x, 7) dr. We assume that there
exist a € Ln@f}l))ﬂ)(_(?) and b € L» (£2) such that

l9(@,5)] < a(x) + b(w)|s], (8)

for a. e. x € 2 and all s € R. Moreover, there exists a € R such that

lim 985 (9)

s——+00 Sp_l

for a. e. z € (2.

Set now :

lim L(z,s,£) = Loo(z,€)

S$—+00

(this limit exists by (6)). We also assume that L. (x,-) is strictly convex for a. e. = € (2.
Let us remark that we are not assuming the strict convexity uniformly in x so that such
L, is pretty general. Moreover, assume that

sp — 400, § — & = VeL(z,51,6n) — VeLloo(,§), (10)

for a. e. x € £2. Let now
A1 = min {p/ Loo(z,Vu)dz : ue WyP(£2), / |ul? do = 1} : (11)
o 0
be the first (nonlinear) eigenvalue of
{ur —div (VeLoo(z, Vu))}.

Observe that by [2, Lemma 1.4] the first eigenfunction ¢; belongs to L>({2) and by [23,
Theorem 1.1] is strictly positive.

Our purpose is to study (1) when w = —t?~*¢?~", namely the family of problems
fo {VgL([L’, u, Vu) - V(v —u) + DyL(z, u, Vu) (v — u)} dx+
(P) — Jo9(z,u)(v — u) de + 77! fggb’l’_l(v—u)deO Yo € Ky,

u € Ky,

where
Ky={ueWyP(2): u>v a e in 2}

and Ky = {ve Ky: (v—u) e L®(2)}.

Under the previous assumptions, the following is our main result :
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Theorem 2.1. Assume that o > \. Then there exists t € R such that for allt >t the
problem (P;) has at least two solutions.

This result extends [11, Theorem 2.1] dealing with Lagrangians of the type

n

1

L(z,s,§) = B Z aij(z,8)&& — G(x, s)

3,j=1

for a. e. x € £2 and for all (s,§) € R x R™

In this particular case, existence of at least three solutions has been proved in [6] for
equations assuming o« > o where o is the second eigenvalue of the operator

1,j=1

In our general setting, since L., is not quadratic with respect to &, we only have the
existence of the first eigenvalue A and it is not clear how to define higher order eigenvalues
A2, A3, .... Therefore in our case the comparison of a with higher eigenvalues has no
obvious formulation.

3. Recalls from nonsmooth critical point theory

Let (X,d) be a metric space and let f : X — R be a function. We denote by B,(u) the
open ball of center u and radius r and set epi(f) = {(u,A\) € X xR : f(u) < A}. In the
following, the space X x R will be endowed with the metric

[N

d((ua )‘>7 (Ua /’1/)) = ((d<u7 U))Q + ()\ - :u)2>
and epi(f) with the induced metric. Finally, we set D(f) = {u € X : f(u) < +00}.
Definition 3.1. For every v € X with f(u) € R, we denote by |df|(u) the supremum of
the ¢’s in [0, +00[ such that there exist 6 > 0 and a continuous map
H : (Bs(u, f(u) Nepi(f)) x [0,0] — X
satisfying
d(H((v, ), t),0) < t, f(H((v,p),1)) < p—at,

whenever (v, u) € Bs(u, f(u)) Nepi(f) and ¢t € [0,6]. The extended real number |df|(u) is
called the weak slope of f at u.

The above notion has been introduced, in an equivalent way, independently in [10, 16],
while a variant has been considered in [15]. The form mentioned here is taken from [4].
For further details see [11, Section 3].

Definition 3.2. Anelement u € X issaid to be a (lower) critical point of f if |df|(u) = 0.
A real number c¢ is said to be a (lower) critical value of f if there exists a critical point
u € X of f such that f(u) = c¢. Otherwise c is said to be a regular value of f.
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Definition 3.3. Let ¢ be a real number. The function f is said to satisfy the Palais—
Smale condition at level ¢ ((P.S). for short), if every sequence (uy) in X with |df]|(u,) — 0
and f(up) — c admits a subsequence converging in X.

We now recall the main existence tool of the paper.

Theorem 3.4. Let X be a Banach space and f : X — RU {400} a function such that
D(f) is closed in X and fips s continuous. Let ug, vo,v1 be in X and suppose that there

exists v > 0 such that |[vg — ug|| <, ||[vy — wo|| > r, inf f(B,(ug)) > —o0, and
inf{f(u) - u € X, |lu—uoll = r} > max{f(vo), f(v1)}.

Let
I'={~:10,1] — D(f) continuous with y(0) = vy, y(1) = v}

and assume that T' # () and that [ satisfies the Palais—Smale condition at the two levels

c; = inf f(B,(up)), ¢co = infmax(f o).

~v€l' [0,1]

Then —o0 < ¢ < ¢3 < 400 and there exist at least two critical points ui,us of f such
that f(u;) =¢; (i=1,2).

Proof. It is sufficient to combine [10, Theorem 3.12] with [11, Proposition 3.4]. O

4. The bounded Palais—Smale condition

In this section we shall consider the more general variational inequalities (1). To this aim
let us now introduce the functional f : Wy*(2) — RU {+o0}

fu) = Jo L@, u, Vu) de — Jo Gz, u) dx — (w,u) € Ky
+00 wd Ky

Definition 4.1. Let ¢ € R. A sequence (uy,) in Ky is said to be a concrete Palais—Smale
sequence at level ¢, ((C'PS).—sequence, for short) for f, if f(u,) — ¢ and there exists a
sequence (¢p,) in W17 (£2) such that ¢, — 0 and

/ VeL(z, up, Vuy) - V(v — up) do + / DyL(z,up, Vug)(v — up) doe+
Q Q

- / g(x,up)(v — up) de — (W, v —up) = (pp, v — up) Yo € Ky.
o

We say that f satisfies the concrete Palais—-Smale condition at level ¢, ((C'PS)., for short),
if every (C'PS).—sequence for f admits a strongly convergent subsequence in Wy (£2).

Theorem 4.2. Let u in Ky be such that |df|(u) < +oo. Then there exists @ in W~ (£2)
such that ||¢|| -1y < |df|(w) and

/ VeL(z,u,Vu) - V(v —u)de + / DsL(z,u, Vu)(v — u) de+
0 0

—/Qg(a:,u)(v—u)d:c—(w,v—u)2<¢,U—u) Yo € Ky.
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Proof. Argue as in [11, Theorem 4.6]. O

Proposition 4.3. Let ¢ € R and assume that [ satisfies the (CPS). condition. Then f
satisfies the (PS). condition.

Proof. It is an easy consequence of Theorem 4.2. O]

Let us note that by combining (3) with the convexity of L(x,s,-), we get
Vel(z,5,8) - & 2 v[E]P (12)
for a. e. x € £2 and for all (s,{) € R x R™. Moreover, there exists M > 0 such that
|DsL(z,5,8)] < MVeL(x,5,) - € (13)

for a. e. # € £2 and for all (s,&) € R x R".

Suppose now that J(x) > —R for a. e. © € §2, where R > 0 is as in (i77) and define

~ ) L(x,5,¢) s>—R
Li@,s8) = {L(x, “R¢) s<-R.

Such L satisfy our assumptions. On the other hand, if u satisfies
fo {VgZ(l‘, u, V) - V(v —u) + DyL(z, u, Vu) (v — u)}daH—

(P,) — [ 9(z,u)(v — u) dx + P~ fngblf_l(v—u) dz >0  Yoe Ky,
u € Ky,

then w satisfies (FP;). Therefore, up to substituting L with L, we can assume that L
satisfies (6) for any s € R with |s| > R. (Actually L is only locally Lipschitz in s but one
might always define L(x,s,§) = L(z,0(s),&) for a suitable smooth function o).

Now, we want to provide in Theorem 4.5 a very useful criterion for the verification of
(CPS). condition. Let us first prove a local compactness property for (C'P.S).—sequences.

Theorem 4.4. Let (uy) be a sequence in Ky and (¢5) a sequence in W~ (£2) such that
(up) is bounded in WyP(£2), ¢, — ¢ and

/ VeL(z, up, Vuy) - V(v — up) de+
7
+/ DyL(x,up, Vup)(v —up) de = (o, v — up) Yo € Ky. (14)
7

Then it is possible to extract a subsequence (uy,) strongly convergent in W, *(£2).

Proof. Up to a subsequence, (u;) converges to some u weakly in VVO1 P(£2), strongly in
LP(£2) and a. e. in 2. Moreover, arguing as in step I of [11, Theorem 4.18] it follows that

Vuy(z) — Vu(z) for a.e. x € (2.
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We divide the proof into several steps.

I) Let us prove that

lim sup/ VeL(x,up, Vuy) - V(—uy, ) exp {—M(u, — R)” } dx <
h 7

< ., VeLl(z,u,Vu) - V(—u~)exp{—M(u— R)” } dz (15)

where M > 0 is defined in (13) and R > 0 has been introduced in hypothesis (6).

Consider the test functions
v=uy+ Cexp{—M(u, + R)*}

in (14) where ¢ € W, P(£2) N L>(£2) and ¢ > 0. Then

/Qng(a:, un, Vuy) - VCexp {—M(up, + R)"} do+
+ /Q DoL(z, un, Vaun) — MV L(z, wn, V) - Vun + R)HIC exp {—M(un + R)*} da
> (on, Cexp {—M(up + R)*}).
From (6) and (13) we deduce that
[DsL(x, up, Vup) — MV L(x, up, Vuy) - V(up + R)*] Cexp {—M (uy + R)*} <0,

so that by the Fatou’s Lemma we get

/Q VeL(z,u, Vi) - VCexp {—M(u+ R)*} dat
+ /Q [DyL(z,u, V) — MVeL(z,u, V) - V(u + R)*|Cexp {—M(u + R)*} da >
> (o, Coxp{~M(u+R)*}) V(e WP(2)NL*(£2), ¢ > 0. (16)
Now, let us consider the functions
m. = nexp {M(u+ R)" 1 (u),

where n € WyP(2) N L>°(2) with n > 0 and ¥, € C®(R) is such that 0 < ¥5(s) < 1,
U =1 on [—k, k], O = 0 outside [—2k, 2k] and |V}| < ¢/k for some ¢ > 0.

Putting them in (16), for each & > 1 we obtain

/ VeL(z,u, Vu) - V(ni(u)) dx +/ DyL(z,u, Vu)niy(u) dz >
0 0

> (p,k(w))  Vn € WyP(2)NL>(2), n > 0.
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Passing to the limit as K — 400 we obtain
/ VeL(z,u, Vu) - Vi dz +/ DsL(x,u,Vu)ndx >
Q 2
> (gm)  Vn e WyT(R2)NLX($2), 1> 0. (17)

Taking = (0~ — u”)exp {—M(u — R)"} € WyP(22) N L=(£2) in (17) we get

/ Vel (a1, V) - V(9 —u-) exp{—M(u— R)"}de >
> / [D.L(,u, V) — MVeL(z,u, V) - V(u— R)"]
(9" — u)exp {—M(u— R)Yda + (g, (0~ —u™)exp {—M(u—R)"}). (18)
On the other hand, taking
v=up,— (0" —uy)exp{—M(up — R)"} > up— (0" —uy) =u;f =0~

n (14) we obtain

/QV§L(I, up, Vuy) - V(U™ —uy, ) exp{—M(u, — R)” } de+

/Q [DLL(x, un, Vun) — MV eL(z, un, V) -V — R)] (9~ iy ) exp {—M(u, — ) }de
< (on, (07 =y ) exp {—=M(up — R)"}). (19)
From (6) and (13) we deduce that
D, Lz, un, Vi) — MVeL(z, up, Viug) - V(u, — R)~ > 0.

From (19), using Fatou’s Lemma and (18) we obtain

limhsup/QV§L(x, up, Vug) - V(U™ —uy, )exp{—M(up, — R)” }dx <
< /Qng(x, u, Vu) - V(0™ —u")exp{—M(u — R)™ } dz. (20)
Since
li}rln/g VeLl(x,up, Vuy) - VO~ exp{—M(u, — R)” } dx =

:/ VeLl(z,u,Vu) - VI~ exp{—M(u — R)™} dz,
7

then from (20) we deduce (15).
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IT) Let us now prove that
lim sup/ VeL(x,up, Vuy) - Vui exp {—M(up, — R)™ }dz <
h 7
< / VeL(z,u,Vu) - Vut exp{—M(u — R)™ }dx. (21)
7

We consider the test functions
v=up— [(uf —I9")Ak]exp{-M(up, — R)"} >0+ (¥ — )

in (14). By Fatou’s Lemma, we get
/ VeL(z,up, Vug) - V(ub —97) exp{—M(uj, — R)™ } do+
7

/[2 [DLL( un, V) — MVeL(, un, V) -V (wn — R)] (4 —0%) exp {—M(up — R)"} da

< (n, (uy, =07 exp {=M(un— R)™}) (22)

from which we deduce that
[DyL(z, up, Vuy) — MVeL(x, up, Vuy) - V(u, — R)™] (uf —9%) exp {—=M(w, — R)"}

belongs to L'(£2). Using Fatou’s Lemma in (22) we obtain
lim sup/ VeL(x,up, Vuy) - V(u —9%)exp {—M(u, — R)™ }dx <
h n
< —/ [DsL(z,u, Vu) — MV¢L(z,u, Vu) - V(u— R)"] (23)
0

(" — ) exp{-M—R)Jdr + (p(u" — 9%)exp{-—M(u—R)}),
from which we also deduce that
[DyL(z,u,Vu) = MV¢L(z,u,Vu) - V(u— R)"] (u" =) exp{—-M(u—R)"} (24)
belongs to L'(2). Now, taking n = [(u™ —97) A k]exp {—M(u— R)"} in (17), we have

/Qng(a:, u, Vu) - V [(ut = 9) A k] exp{—M(u — R)™} da+

+/ [DyL(z,u, Vu)=MV¢L(z,u, Vu)-V(u—R)"| [(u" = 9") ANk] exp{—M(u— R)” }dz
0

> <<p, [(qu — ) /\k] exp{—M(u—R)’}>. (25)
Using (24) and passing to the limit as k — +oo in (25), it results

/Qva(x, u, Vu) - V(u" — 9N exp{—M(u — R)” } do+

+ /Q [DyL(z,u,Vu) = MV¢L(z,u,Vu) - V(u— R)"|(u” —9F) exp{—M(u— R)” }dx

> (p, (uh = V") exp{-M(u—R)"}). (26)
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Combining (26) with (23) we obtain

lim sup/ VeL(z,up, Vuy) - V(ut —9") exp {—M(up, — R)” }dz <
h n

< /Qng(x,u, Vu) - V(u" =9 ) exp{—M(u— R)"}dz
Since
li}{n/(2V§L(x, up, Vuy) - VIt exp {—M(u, — R)” }dx =
= /Qng(x,u, Vu) - VI exp{—M(u— R)” }dx

from (27) we deduce (21).

ITI) Let us finally prove that u, — u strongly in W, (£2). We claim that
limhsup /Q VeL(z,up, Vuy) - Vuy exp{—M(u, — R)™ } dz <
< /QV§L($, u, Vu) - Vuexp{—M(u— R)” }dx
In fact using (15) and (21) we get

lim sup/ VeL(x,up, Vuyg) - Vupexp{—M(up, — R)™ } dz <
h 0

< lim sup/ VeL(x,upn, Vuy) - Vuy exp {—M(u, — R)™ } do+
2n{up >0}

h

+ lim sup/ VeL(x,up, Vug) - V(—u, ) exp{—M(u, — R)” }dzr <
2n{up<0}

h

< /QV5L(x,u, Vu) - Vuexp{—M(u— R) }dx
From (28) using the Fatou Lemma we get
li}an /Q VeL(x,up, Vuyg) - Vupexp{—M(up, — R)” } dz =
= /QV5L(3:, u, Vu) - Vuexp{—M(u — R)™ } dx.

Therefore, since by (12) we have

vexp{—M (R + |0~ ||_)HVun|’ < VeL(x, un, V) - Vuy exp {—M (u, — R)~},

it follows that

hm/ |Vuh|pd:c—/ |VulP d,

namely the strong convergence of (u;) to u in Wy (£2).

(27)

(28)
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Theorem 4.5. For every c € R the following assertions are equivalent:
(a) f satisfies the (CPS). condition,
(b) every (CPS).—sequence for f is bounded in W, (£2).

/

Proof. Since the map {u > g(z,u)} is completely continuous from W, (£2) to Lt (12),
the proof goes like [11, Theorem 4.37]. O

5. The Palais—Smale condition

Let us now set
go(x,s) = g(z,s) — 04(3+)p_1, Go(z,s) = / go(x, t)dx.
0

Of course, gg is a Carathéodory function satisfying

lim $0(:9)

s—+oo gp—1

=0, [go(z, )| < a(x) + b(x)[s|""

for a. e. z € 2 and all s € R where a € La-1057(£2) and b € L7 (£2). Then (P,) is
equivalent to finding u € Ky such that

/ VeL(z,u,Vu) - V(v —u)de + / DL(z,u, Vu)(v — u) de+
7 12
—oz/g(zﬁ)pl(v—u) dm—/ﬁgo(ac,u)(v—u) dx—ktpl/ngzﬁ’fl(v —u)dz >0 Ve Ky

Let us define the functional f : W, (£2) — RU {+oc} by setting

Jo L@, uw,Vu) dz — 2 [ (uF )P de— [, Go(w,u)de + 17" [, h ude ifue Ky

+00 ifud Ky.

In view of Theorem 4.2, any critical point of f is a weak solutions of (F;). Let us introduce
a new functional f, : Wy *(£2) — R U {400} by setting for each t > 0

[ Lz, tu, Vu) do — %fn(uﬂp de— % [, Go(z, tu) dz + [, o udr ifu e K,

where we have set
K, ={ueWy?(2):tu>V a e in 2} .
From Theorem 4.2 it follows that if u is a critical point of f; then tu satisfies (P).

Lemma 5.1. Let (uy) a sequence in W, "(2) and o, C]0,400| with g, — +00. Assume
that the sequence (Z—:) is bounded in Wy (£2). Then

90(33,71%) -0 in L#pp’(ﬂ) Go(ﬂf,uh)

= ; — 0 in L'(92).
oh oh
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Proof. Argue as in [5, Lemma 3.3].

In view of (12) and (18), we can extend ¥ to [— N, +00| where N is such that |97 ||, < N,
so that assumption (7) becomes

s> —N = D,L(z,s,§) < ¢'(s)VeL(x,s,§) - & (29)
Theorem 5.2. Let o > A, ¢ € R and let (uy) in Ky be a (CPS).—sequence for f. Then
(up) is bounded in WP (£2).

Proof. By Definition 4.1, there exists a sequence () in W~ (£2) with ¢, — 0 and
/ VeL(x,up, Vuyg) - V(v —up) do + / DyL(x,up, Vup)(v —up) de+
7 7

—a [ @ w—mde = [ s —wde 0 [ g0 —w)do >

> (pp, v — up) Vo e Ky: (v—uy) € L¥(N). (30)

We set now g5 = |us|l1,, and suppose by contradiction that g, — +oo. If we set

zZn = leuh, up to a subsequence, z;, converges to some z weakly in VVO1 P(£2), strongly in
LP(§2) and a. e. in 2. Note that z > 0 a. e. in (2.

We shall divide the proof into several steps.
I) We firstly prove that
/ VeLloo(2,Vz) - Vzdr > a/ 2P dx. (31)
Q Q

Consider the test functions v = up + (2 A k) exp {—1(us)}, where ) is the function defined
in (7). Putting such v in (30) and dividing by ¢~ ", we obtain

/Q VeLl(x,up, Vzp) - V(z A k) exp{—¢(up)} de+

+ Ll/ [DsL(x, up, Vup) — ' (up)VeL(x, up, Vuy) - Vup] (2 A k) exp { =1 (up) pda >
oy Ja

>a [ (P A ep -} o+ [ B k) exp ()} do+
(% (]

%h
— ! . %(z A k) exp {—t(un)} dx + %@Ph, (2 A k) exp {—t(up)}).

Observe now that the first term
/ VeL(x,up, Vzi) - V(z A k) exp{—t(up)} dx
0

passes to the limit, yielding

/Qngoo(x, Vz) -V(zAk)exp{—i}dz.
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Indeed, by taking into account assumptions (10) and (5), we may apply [8, Theorem 5]
and deduce that, up to a subsequence,

a.e.in 2\ {z=0}: Vz(z) — Vz(x).
Since of course, being uy(z) — 400 a. e. in 2\ {z = 0}, again recalling (10), we have
a.e.in 2\ {z=0}: VeL(z,un(z), Vap(x)) — Veloo(z, V().

Since by (5) the sequence (V¢L(z,up(z), Vz(r))) is bounded in L¥(£2), the assertion
follows. Note also that the term

?@h, (= A k) exp {—(un)}),

goes to 0 even if 1 < p < 2. Indeed, in this case, one could use the Cerami—Palais—Smale
condition, which yields opp, — 0 in Wy "7 (£2).

Now, by (29) we have
D L(x, up, Vuy) — ¢ (up)VeL(z, up, Vuy) - Vuy, <0,

then, passing to the limit as h — +o00, we get
/ VeLoo(,V2) - V(2 Ak)exp {—¢}dz > a/ PNz Ak)exp {—} da.
Q Q

Passing to the limit as k — +o0, we obtain (31).

IT) Let us prove that z, — z strongly in W, (£2), so that of course 2], = 1. Consider
the function ¢ : [~ R, +oo[— R defined by

C®:{ MR if s>R (32)

Ms if |s| <R
where M € R is such that for a. e. x € {2, each s € R and £ € R"
|D5L(x78a€)’ < MV§L<3:787§) : 5

If we choose the test functions

Uh—ﬁ

oxp(MER) exp(¢(un))

V= Up —
in (30), we have

/Qng(x, un, Vup) - V(up, —9) exp{¢(up)} dz+

—i—/g [DsL(x, up, Vuy) + ¢ (up)VeL(z, up, Vuy) - Vug] (uy, — 9) exp{¢(up)} de <
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<a /Q () (un — ) exp{C(un)} da + /Q g0, un) (un — 0) exp{C(un)} dat

[ 8w 9) exp{G(un)} do + (s (= D) exp{Clun)}).
Note that it results
[DsL(z, up, Vup) + ¢'(up) Ve L(z, up, Vuyg) - Vug] (up, —9) = 0.

Therefore, after division by o} we get

/ VeL(z,up, Vz) -V (zh - i) exp{C(up)} dx <
0 On

< oz/g(z,f)p1 (zh — %) exp{C(up)} dx + Qp1_1 /ng(x,uh) (zh — %) exp{((up)} dz+

o ot (= 2 ) eptctub e+ = (o (5 5 exolcion} )

which yields

limhsup/ﬂng(x,uh, V) - Vzpexp{((up)} de < aexp{ M R} /Q 2P dx. (33)
By combining (33) with (31) we get
limhsup/gng(x, Un, Vzp) - Vzpexp{((up)} do < exp{ M R} /Q VeLoo(x,V2) - Vzd.

In particular, by Fatou’s Lemma, it results
exp{ M R} /Q VeLoo(2,Vz) - Vzdr <
< lim inf /Q Ve L(2, tn, Vo) - Ven exp{Clun)} do <
< limhsup/QV§L(a:,uh, V) - Vzpexp{((up)} dz <
< exp{ MR} /Q VeLloo(z,Vz) - Vzdz,

namely, we get

/Qng(x, up, Vzp) - Vzpexp{((up)} doe — /Qexp{MR}VgLoo(x, Vz)-Vzdz.

Therefore, since
vexp{—MR}|Vz,|P < VeL(z,up, V) - Vz,exp{((up)},

thanks to the generalized Lebesgue’s theorem, we conclude that

lim/ |Vzh|pdx:/ |VzP dx,
hJa Q
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and zj, converges to z in W, (2).

I1T) Let us consider the test functions v = uy, + @ exp {—tp(us)} with ¢ € Wy N L®(12)
and ¢ > 0. Taking such v in (30) and dividing by gfl_l we obtain

/QV£L(x, up, Vzp) - Voexp {—v(up) } do+
1

p—1
Oh

_I_

/Q [DsL(z, up, Vup) — ' (un)VeL(x, up, Vuy) - Vup] @ exp {—(up) } do >

2a/ﬁ(z;)p—lgpexp{—w(uh)}dx—l—/Qw@exp{—@b(uh)}dx—k

oy,

— o [ e ()} e+ o oo ()
2 Oy

oy

Note that, since by step II we have z, — z in W, (£2), the term

/ VeL(z,upn, Vz) - Voexp{—¢(up)} dx
19

passes to the limit, yielding
/ VeLoo(z,V2) - Vpexp {—1} dx.
7
By means of (29), we have

Dy L(z, up, Vuy) — ' (up) Ve L(2, up, Vuy,) - Vuy, <0,

then passing to the limit as h — +o00, we obtain

/ VeLoo(2,V2) - Voexp{—1}dr — a/ P pexp {—}dr >0,
0 19
for each ¢ € Wy N L®(£2) with ¢ > 0 which yields

/ VeLloo(2,V2) - Vodr > a/ P odx (34)
0 0

for each ¢ € W, ?(£2) with ¢ > 0.

In a similar fashion, considering in (30) the admissible test functions

o= (i1 X_T%Q) exp((un))

with ¢ € Wy N L>(2) and ¢ > 0 and dividing by o7, recalling that z, — 2 strongly,
we get

/VgLoo(x,Vz)-V [<p/\ Z_} dwga/ 2Pt [(p/\ 2_} dx,
2 exp 1 2 exp e
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for each ¢ € W,” N L>(2) with ¢ > 0. Actually this holds for any ¢ € W, (£2) with
¢ = 0. By substituting ¢ with t¢ with ¢ > 0 we obtain

z z
Velo(2,V2z)-V dr < P=Ho A = | dx.
A e I A T B

Letting ¢t — 400, and taking into account (34), it results

/ VeLloo(2,V2) - Veodr = a/ P o dr (35)
7 7

for each ¢ € W,"(£2) with ¢ > 0. Clearly (35) holds for any ¢ € W;7(£2), so that z
is a positive eigenfunction related to «. This is a contradiction by [17, Remark 1, pp.
161]. m

Theorem 5.3. Let c € R, a > Ay and t > 0. Then f; satisfies the (PS).— condition.

Proof. Since f,(u) = £ gi“), it is sufficient to combine Theorem 5.2, Theorem 4.5 and

Proposition 4.3. O

6. Min—Max estimates

Let us first introduce the “asymptotic functional” f. : VVO1 P(2) — RU{+o0} by setting

Fo(u) = fQ (z,Vu)dz — & fnupdx—l—fgﬁfludx if u e Ko
e if uée Ky

where

:{UGWOl’p(Q): uw>=>0 a. e inQ}.
Proposition 6.1. There exist r > 0, o > 0 such that
(a) for every u € Wy P (§2) with 0 < |jul|1, < 7 then foolu) > 0;

(b) for every u € Wy (2) with ||uly, = r then fool(u) > o > 0.

Proof. Let us consider the weakly closed set

1
K*:{uEKw:/Lm(x,Vu)dx—g/updx g—/Loo(ac,Vu)dx}.
2 D Jao 2/

In K \ K* the statements are evident. On the other hand, it is easy to see that

inf{/ ve? N dr v e K, ||v||17p:1}:5>0
0

arguing by contradiction. Therefore for each u € K* we have

foo(u):/Loo(a:,Vu)d:p—g/updx+/qﬁ’f_luda:2c|]uH€p+€HuH1,p
12, pPJo 12, ’

where ¢ € R is a suitable constant. Thus the statements follow. O
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Proposition 6.2. Let r > 0 be as in the Proposition 6.1. Then there exist t > 0, o' > 0
such that for every t >t and for every u € Wy (2) with ||ul|y, = r, then fi(u) > o’

Proof. By contradiction, we can find two sequences (t,) € R and (uz) € Wy"(£2) such
that t, > h for each h € N, |lup|l1p, = r and f;, (un) < 7. Up to a subsequence, (uy)

)
weakly converges in W, ”(£2) to some u € K. Using (b) of [13, Theorem 5|, it follows
that

foolu) < lirrzinffth (up) < 0.

By (a) of Proposition 6.1, we have u = 0. On the other hand, since

hmsupfth(uh) <0= fOO(u)7
h

using (c) of [13, Theorem 5] we deduce that (u;) strongly converges to u in W,"(£2),
namely ||ul|;, = r. This is impossible. O

Proposition 6.3. Let o't as in Proposition 6.2. Then there exists t > t such that for
every t >t there exist vy, w, € WyP(2) such that ||vllip < 7, ||welliy > 7, filve) < %/ and

filwy) < %. Moreover we have
sup { f;((1 — s)vs + swy) : 0< s < 1} < +o0.

Proof. We argue by contradiction. We set ¢ = ¢ + h and suppose that there exists
(tn) such that t, > h -+t and such that for every v, ,w;, in Wy (£2) with ||jvy, ||, < 7,
lwe, |[1, > 7 it results fy, (v,) > %/ and f, (wy, ) > %' It is easy to prove that there exists
a sequence (uy,) in K;, which strongly converges to 0 in W, ”(£2) and therefore |[up|1, < 7

and fi, (ug, ) < % eventually as h — 4-o00. This contradicts our assumptions. In a similar

way one can prove the statement for w;, while the last statement is straightforward. [J

7. Proof of the main result

Proof of Theorem 2.1. By combining Theorem 5.3, Propositions 6.2 and 6.3 we can
apply Theorem 3.4 and deduce the assertion. Il
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