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Abstract. By means of a perturbative method introduced by Bolle we give a multiplicity result for a system
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1 Introduction

Let N > 1 and n > 2. The main goal of this paper is to prove the existence of multiple

solutions u = (u1,...,uy) : £2 — RY for the semilinear elliptic system
n N . .
— > > Dj(a)f (@) Diup) = gi(x,u) + ¢p(z) in 2
ij=1h=1 s |
U=X on 01?2 XN
k=1, N

where §2 is a smooth bounded domain in R", ¢ = (¢1,...,¢n) € L2(02,RN), x € H'/2(002,RN)N
C(0£2,RY) and the coefficients a?jk € C(f2,R) are such that a?j]f = a?zh. Assume that the
Legendre-Hadamard condition holds, i.e., there exists ¥ > 0 such that

n N
S df@&gn™ = v gl Il (1.1)
ij=1h k=1

for all z € 2 and (¢,n) € R™ x RY. Moreover, suppose that the nonlinear term g =
(g1,...,9n) € C(2 x RN, RY) admits a potential G of class C'' such that

VG(z,s) = g(x,s), G(x,0)=0 forall (z,s) € 2 xRN

and satisfies the following conditions:
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(G1) there exist > 2 and R > 0 such that for all (z,s) € 2 x RY

|s| > R = 0< uG(z,s) <g(x,s)-s;

(G3) there exist ag > 0 and p > 2, p < 2% if n > 3, such that

n—2

l9(z,8)| < ag (|sP"14+1) for all (z,s) € 2 x RY;

(G3) g(x,—s) = —g(x,s) for all (z,s) € 2 x RN

(here, - denotes the Euclidean scalar product in RY).

It is well known that, in the above hypotheses, the problem (S, , n) has a variational
structure and its weak solutions are the critical points of the functional

n N
flu) = %/Q Z Z a?f(x)DiuhDjuk dxr — /Q(G(CC,’LL) + - u) dr (1.2)

i.j=1h,k=1

on the manifold By = {u € H'(2,RY): u=x a.. on 92}.

Many authors have studied the semilinear elliptic problem

{—Au =g(z,u) +p(x) in N2

(1.3)
U =YX on 012

which is a particular case of (Sy,, n) with N =1 and a?f = (52"3

If ¢ = x = 0 the problem (1.3) is symmetric, so multiplicity results have been obtained
via the equivariant Ljusternik—Schnirelman theory (see, e.g., [12]).

On the contrary, if ¢ or x are non—trivial the symmetry is broken and, in general, multi-
plicity results do not hold .

However, if ¢ £ 0 and x = 0, in the 80’s some perturbative methods have been devel-
oped in order to establish the existence of an infinite number of solutions for non—symmetric
problems such as (Sp,,.1) (see [1, 11, 15, 16]). But these results are partial since an additional
assumption needs on the growth of the nonlinearity g(z,u).

In last years the problem (1.3) has been studied also when the boundary condition y
is different from zero. In this case the perturbation term is nonlinear, so the perturbative
methods introduced in [1, 11, 15] do not yield a satisfactory result: in particular, in [5] a
multiplicity result has been obtained if g(x,u) is homogeneous of type |u|P~2u with 2 < p <
2(1+ 1) (see also [6] for another similar result).

More recently, a refined perturbative method introduced by Bolle in [3] and improved in
[4] has allowed to better the previous results. In fact, it has been proved the existence of
infinitely many solutions of (1.3) when g(z,u) = [u[P~?u for 2 < p < 2(1 + —25) (cf. [4]).

Both the perturbative approaches used for (1.3) can be extended to the vectorial case
(N > 1). In fact, the problem (S, , n) has been studied in [7] if g(z,u) = |u[P~?u and in [§]
only if a?f = 6%’“ and n > 3 but ¢ is not necessarily homogeneous with potential G invariant
under the action of a more general group of symmetries.

We point out that such perturbative methods combined with nonsmooth critical point
theory allow to study also a class of quasilinear elliptic problems (see [10, 13] and even [14]
for a recent result when n = 2 and g has an exponential growth).

Here, we consider the system (S, n) with a more general function g. Under the previous
assumptions, we can state our main results.
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Theorem 1.1 Assume that u and p satisfy

Iz 2p
< . *
p—p+1 n(p-2) &)

Then, (Sy,p,N) has a sequence (u™),, C By of solutions with f(u™) — 4o0.
In particular, if (G1) holds with u = p, we obtain the following result.

Corollary 1.2 Assume that p = p < 2"T+1. Then, (Sy,p.N) admits a sequence (u™)py C By
of solutions with f(u™) — +oc.

At last, if x = 0, weakening the condition (x) the same result in Theorem 1.1 can be
achieved, thus extending the results stated if N =1 in [2, 16] and if a?j’“ = 52@.’“ in [8, Theorem
3] to more general elliptic systems.

Theorem 1.3 Assume that x =0 and let pu and p satisfy

2
H < D

p—1 "n(p-2)

(1.4)

Then, (So.pN) has a sequence (u™)y, of solutions in HE(Q,RY) such that f(u™) — +oc.

Let us point out that Bolle’s perturbative method seems not to allow an improvement of
the condition (1.4) if x = 0. On the contrary, there is a gap between the hypothesis (x) we
need in Theorem 1.1 and the corresponding one in [8, Theorem 2| obtained in the particular
case azhjk = 5%’“ via [4, Lemma 4.2]. Thus, we think that:

Conjecture 1.4 Theorem 1.1 (and Corollary 1.2, too) holds true provided that

2 _
2<p<n—f1, N e C? xeCXINRY), e C2,RY)

and the coefficients a?jk are sufficiently smooth.

2 Bolle’s perturbation arguments

In order to apply the method introduced by Bolle for dealing with problems with broken
symmetry, let us recall the main theorem as stated in [4].

The idea is to consider a continuous path of functionals starting from a symmetric func-
tional Jy and to prove a preservation result for min—max critical levels in order to get crit-
ical points also for the end—point functional J; (which is the “true” functional of the non—
symmetric problem).

Let H be a Hilbert space equipped with the norm || - ||. Assume that H = H_ © H,
where dim(H_) < +o00, and let (e;);>; be an orthonormal base of H,. Consider

Ho=H_, Hi;1=H ®Req ifl e N;

so (H;p); is an increasing sequence of finite dimensional subspaces of H.
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Let J : [0,1] x H — R be a C?-functional and, taken any 6 € [0,1], set Jp = J(0,-) : H —
R.
For a given R > 0 let us set

I'={yeC(H,H): ~isodd and y(u) = u if ||u|]| > R},

sup Jo(y(u)).

¢ = inf
Y€l ueH,

Assume that

(A1) J satisfies a weaker form of the classical Palais—-Smale condition: any ((6™,u™)),, C
[0,1] x H such that

(J(O™,u™))p, is bounded and  lim  Jgm(u™) =0 (2.1)

m—-+o0

converges up to subsequences;

(Az) for any b > 0 there exists Cj > 0 such that if (6,u) € [0,1] x H then
’&]

o] <b = |55(6,u)

< Gy ()| + D) (flul + 1)

(As) there exist two continuous maps 11,72 : [0,1] x R — R which are Lipschitz continuous
with respect to the second variable and such that n;(60,-) < n2(6,-). Suppose that if
(0,u) € [0,1] x H then

To(w) =0 = m(6,Jo(u)) < 32 (6,) < (6, (u); (2:2)

(A4) Jo is even and for each finite dimensional subspace W of H it results

lim sup J(0,u) =—o0.

ueW
Jufi =00 <101

For i € {1,2}, let ¢; : [0,1] x R — R be the solution of the problem
%0, 5) = mi(0,¥:(0, )
¥i(0,5) = s .
Note that 1;(6, -) is continuous, non-decreasing on R and 11(6,-) < ¢2(0,-). Set

mi(s) = sup |n(0,s)],  7a(s) = sup |n2(0,s)] .
0€[0,1] 0€[0,1]

In this framework, the following abstract result can be proved (for more details and the
proof, see [3, Theorem 3| and [4, Theorem 2.2]).

Theorem 2.1 There exists C' € R such that if | € N then
(a) either Ji has a critical level ¢; with ¥2(1,¢;) < ¥1(1,¢41) < ¢,
(0) or cipr —a < C (M (c1) +M2(c) +1).

Remark 2.2 Let us remark that Theorem 2.1 can be proved also when Jy is invariant with
respect to the action of a more general Lie group of symmetries choosing in a suitable way
the sequence of levels (¢;); (cf. [8]).
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3 Some preliminary lemmas

In order to prove our multiplicity results, first of all we reduce (S, ) to an elliptic problem
with homogeneous boundary conditions.
Let ¢ € L>®(£2, RY) be the solution of the linear system

on 0f2 (3.1)

n N

Zzgl ( F(z)Digy) =0 in 2
¢

k

The following result can be readily shown.

Proposition 3.1 A function u € By is a solution of (Sy,e.n) if and only if v € HE(2,RM)
s a solution of

n

-2 % Dj(alf(x)Divp) = gr(z,v + ¢) + ox(z) in 2

ij=1h=1
v=20 on 02
k=1, N

where u(z) = v(x) + ¢(x) for a.e. v € 2.

Hence, our aim is to state the existence of multiple critical points of the functional

/ Z Z x) Diup Djuy dl’—/(G(x,u+¢)+¢.u) de

ij=1h,k=1 2

defined on the Hilbert space H}(£2,RY) endowed with the scalar product
N
(u,v)—/ Du - Dv d:c—Z/ Vuy, - Vi, dz
2 _.J 12

with associated norm || - ||. Moreover, if 1 < s < +o0, let us denote with | - |5 the usual norm
in L5(02,RN).

According to the Bolle’s perturbation method, consider the path of functionals J : [0, 1] x
HE(2,RN) — R defined as

/ Z Z z) Dyup Djurdr — / (G(z,u+0¢) + 0p - u)dx.

i,5=1 h,k=1 §2

Let us remark that it is J(1,-) = Jp; so, for simplicity, set Jy = J(0,-). Clearly, the functional
Jo is even on H} (2, RY).

Standard arguments prove that, in our assumptions, J is a C'-functional and for any
0 €[0,1] and u,v € H}(£2,RY) it is

0J

5¢ 0w = /Q(g(x,u+9¢)-¢+go-u) da
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and

Ty(w)le] = ?(M) g

/ Z Z x)DyupDjvy, — (Lu—i—@gb)-v—a(p.v) dz.

2,j=1 h,k=1

Let us point out that, by integration, the assumption (G7) implies that there exist aq, ag, g >
0 such that for all w € H}(2,RY) it is

1
aq|wlly — ag < /QG(az,w) dz < M /Qg(x,w)-w dx + as. (3.2)

Remark 3.2 The condition p < p, which follows by (3.2) and (G2), can hold together with
condition (x) if p < 2 (1 + %) Moreover, (x) implies

p—1<p. (3.3)
The above inequalities allow to state the following results.

Lemma 3.3 Taken any p € ]i, 1] there exist 5(p),v(p) > 0 such that

Jo(u) — pJp(u)[u] (— - P> / Z Z x) Dijup Djug dx

i,j=1h,k=1

0 /Q fu+ 061 dz — (1— p)llaluls — (o)

for any (0,u) € [0,1] x HL(£2,RN).

Proof. Let (6,u) € [0,1] x Hy(2,RY) and p € ]}, 1]. By the definition of Jp it is

wiw) = ot = (5-0) [ 3 S W) DDy da

1,j=1 h,k=1

—/G(:r,u—l—(%) da:+p/ g(:r,u—l—@qb)-uda:—(l—p)@/gp-ud:z:.
2 2 2

It is quite easy to see that (G2) and (3.2) imply the existence of some constants v1(p), y2(p) > 0
such that

—/G(a:,u—i—@qﬁ) dx—i—p/ g(z,u+60¢) ude
0 7
= (pp—1) /QG(x,quch) dfv—pﬁ/ng(:v,qu%)'qbdx— 71(p)

> (o — 1) anu + 0|2 — pag /Q o+ 067116 d — 7a(p).
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Let us point out that, taken any ¢ > 0 and a corresponding S(e) > 0, (3.3) and the Young’s
inequality imply

u+ 067V B < elu+ 09" + Ble)|p|FrT  forallz € Q.

So, choosing € small enough, by integrating it follows that there exist 3(p) and ~(p) positive
constants such that

- [ Gleut00) do+p [ gla,ut00)-ude > Blo)u+ 00l% — 200

hence, the proof is complete. m

Remark 3.4 Taken v as in (1.1), for each ¢ € |0,v[ there exists ¢. > 0 such that for all
u € H}(2,RY) the following Garding type inequality holds:

/ S S ) D Dy do > (- )al? — eul?

1,j=1 h,k=1

(see [9, Theorem 6.5.1]). So, for a suitable choice of a positive constant d, for all u €
HY(02,RY) we obtain

/ Z Z ) Diup Djug, + dluf?) do > g 2. (3.4)

i,9=1h,k=1

Lemma 3.5 Let ((0™,u™))m C [0,1]x HE(£2,RYN) be such that (2.1) holds. Then ((6™,u™))m
converges up to subsequences.

Proof. If ((™,u"))m is such that (2.1) holds, then a constant K > 0 exists such that for
any p € ]%, 1] Lemma 3.3 implies

K+p|u™ = Jom(u™) = pJom (u™)[u"]

> (——p)/zz ) Dyl Djufl da

i,j=1 h,k=1
+ 5(/))/Qlum+9¢\“dx—(1—p)\¢!2\um\2—v(p)

for all m large enough. Then, taken d as in (3.4) and p < %, simple calculations imply the
existence of ¥(p) > 0 such that

1
Kol + (5 = o) diam + (1= el

1 v 5 Blp) ~0 .
> (5-0) 3 1P+ g = o)

hence, (u™),, is bounded in H{(£2,RY).

Now, taken w™ = Jym (u™) + g(x, u™ + 0™ @) + 6™, it is easy to see that (w™),, converges
strongly in H~1(£2,RY), up to subsequences. So, arguing as in [7, Lemma 4.1], (u™),, has a
converging subsequence in H}(2,RY). m

The following results state that the assumptions (As) — (A4) introduced in Section 2 are
verified, too.
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Lemma 3.6 For any b > 0 there exists Cp > 0 such that

o) <b = |55(0,w)

’w < Goll T ()l + D) (Jlull + 1)

for each (0,u) € [0,1] x HL(£2,RN).

Proof. Fix b >0 and let (6,u) € [0,1] x H}(£2,RY) be such that |Jy(u)| < b. Taking p = 3
in Lemma 3.3 we have

b gl ol lull > Jow) — 3 Jp(w)le]

1 1 1
> 6(3) lu+ o0l - 5 ekl — )

and therefore, since p > 2, straightforward computations and the Young’s inequality imply
the existence of a constant a4 > 0 such that

Ju+ 0l}; < cu(llTp(w)| [full + 1).
On the other hand, (G2) implies

S0

<
00

/Qg<x,u+ 66) - ¢ dx| + |plalulz

< ag(lu+ 0071 + Q)[dloc + [l2lul2:

Whence, the conclusion follows by the above inequalities and (3.3). m

Lemma 3.7 If (0,u) € [0,1] x H}(£2,RY) is such that Jj(u) = 0 then the inequality (2.2)
holds with m1,m2 : [0,1] x R — R defined as

- b1
—n1(0,8) =n2(0,5) = C (s> +1) 7
for a suitable constant C>0.

Proof. Let (6,u) € [0,1] x H}(£2,RY) be such that Jj(u) = 0. By Lemma 3.3 if it is p = 1
we obtain

Jolu) 2 8 <2> [u+00f, — 5 lel2lulz —~ (2> ;

so, arguing as in the proof of Lemma 3.6, ¢ > 0 exists such that

=

u+ 00l < o(JF(u) +1)z.

Whence, the conclusion follows by (3.5) and suitable estimates of |u + 9@5]5:1 and |uly with

respect to |u + «9@5]];_1. ]
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Remark 3.8 If in (S, , ) the boundary condition x is identically zero, it is possible to
prove the previous lemma with

n0.5) =m0, ) = O+ 1)

Indeed, in this case the path of functionals becomes

/ Z Z x) Dyup Djupdr — / (G(z,u) + 0p - u)dx;

i,j=1hk=1 2

‘/(p u dx

Lemma 3.9 If W is a finite dimensional subspace of HL(2,RN) then

hence, Jj(u) = 0 implies

< lplaluls < C(J3(u) + 1)%.

’aj(eu

00

lim sup J(0,u) =—o0.

ue
[l S+oo 0€[0,1]

Proof. It is enough remarking that by (3.2) some positive constants (31, f2, B3 exist such
that
Jo(u) < Blull® — Bolult; — B3 for all (8,u) € [0,1] x H}(2,RN). m

4 Proof of the main results

Finally, we can apply Theorem 2.1. To this aim let us introduce a suitable class of min-max
values for the even functional Jj.
Let (A, ul)); be a sequence in R x H}(£2,RY) such that

—Auiz)\lué in 2
ut =0 on 912,
k=1,...N,

with (u!); orthonormalized. Let us consider the finite dimensional subspaces
Hy := Ru’: H 1 :=H & Ru!*'  for any [ € N.

Defined the set of maps I" as in Section 2 with H = H{(£2,RY) and a suitable positive
constant R > 0, for all [ € N let us consider

o = inf sup Jo(y(w))
Ver ueH;

Clearly, it is ¢; < ¢j41.

Proof of Theorem 1.1. We claim that condition (b) in Theorem 2.1 can not hold for all [
large enough. In fact, if we take 71, 2 as in Lemma 3.7, condition (b) in Theorem 2.1 becomes

~ -1 -1
Cl+1—C < Ch ((Cl)pT + (Cl+1)pT + 1> (4.1)
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for a suitable C; > 0; hence, if (4.1) holds for all [ large enough, then by [1, Lemma 5.3] it
follows that there exist ¥ > 0 and [y € N such that

o < Flir foralll >l (4.2)

On the other hand, by (3.4) and (G2) it follows that suitable positive constants &y, s exist
such that

Jo(u) > %||u]|2 —aluls —ds for all (6,u) € [0,1] x H}(2,RY);

whence, arguing as in [16] (see also [1]), it is possible to show that if n > 3 there exist [; € N
and M > 0 such that

2p

¢ =M I"e=2 foralll >l

while if n = 2 for every € > 0 there exist [ € N and M. > 0 such that
o> M. 172 foralll>L..

But such estimates are in contradiction with (4.2) in the assumption (x), so condition (a) in
Theorem 2.1 holds for infinitely many Il € N. m

Proof of Theorem 1.3. By Remark 3.8 it follows that the estimate (4.1) can be replaced
by
~ 1 1
app—a < G ((Cl)“ + (as1)¥ + 1) :

So, arguing as in the proof of Theorem 1.1, it is

aq < v i1 for all [ large enough.

Whence, condition (a) in Theorem 2.1 holds for infinitely many [ if u and p satisfy the
hypothesis (1.4). =
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