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By means of a perturbation argument devised by P. Bolle, we prove the existence of infinitely many solutions
for perturbed symmetric polyharmonic problems with non—-homogeneous Dirichlet boundary conditions. An
extension to the higher order case of the estimate from below for the critical values due to K. Tanaka is obtained.

1 Introduction and main results

Let €2 C R™ be a smooth bounded domain withn > 2K, K > 1,
¢, e HKI72(0Q), j=0,...,K—1

and ¢ a function in L2(£2). Moreover let

2n

2 <o<K,, K, =—0r,
7 n—2K

being K, the critical Sobolev exponent for the embedding H (€2) — L%+ (2). The main goal of this paper is
to study the existence of multiple solutions for the following polyharmonic elliptic problem
(=A% u = [u[”?u+¢ in Q (P

with non—-homogeneous Dirichlet boundary conditions

9 J
— ] u
< v )
where v denotes the outer unit normal to 0f2.
So far, many papers have been written on the existence and multiplicity of solutions for second order ellip-

tic problems with Dirichlet boundary conditions, especially by means of variational methods. In particular, if

Q) C R" (n > 3)is a smooth bounded domain, ¢ € L*(Q)) and 2 < o < anQ, the following model problem

:¢j7 jio,...,K*]., (D¢)
o0

{Au = lul"2u+¢in Q, (L

u =20 on Of)
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has exercized many researchers in the last decades.

If ¢ = 0, the problem is symmetric and multiplicity results come from the equivariant Lusternik—Schnirelmann
theory (see [23] and references therein). On the contrary, if ¢ # 0 the symmetry of the problem breaks down and
a natural question is whether the multiplicity persists under perturbation of the odd equation. Partial answers have
been given in [1, 2, 3, 9, 19, 22, 24] where existence of infinitely many solutions was obtained via techniques
of classical critical point theory, provided that a suitable restriction on the exponent o is assumed. See also [18]
and [21] for some recent extensions to the quasilinear case by means of techniques of nonsmooth critical point
theory. The problem of whether (1.1) has an infinite number of solutions for ¢ all the way up to UQT"Q is still open.
For a subset of ¢ dense in L?((2), a positive answer was given by Bahri and Lions in [3].

The success in looking for solutions of the non—symmetric problem (1.1) made quite interesting to study the
problem

{—Au = [ul"2u+¢ in Q, (12)

u = ¢ on 01,

where, in general, the boundary condition ¢ € H'/2(9Q) is different from zero. This introduces a double loss of
symmetry, since the associated functional contains two terms which fail to be even. Some multiplicity results for
(1.2) have been proved in [5, 6, 7, 10, 11] provided that suitable restrictions on o, depending also on the regularity
of 2, are assumed.

Now, a natural question is how far the results known for the second order case extend to boundary value
problems of higher order. As for the case K = 1, the unperturbed equation (P(If ) with homogeneous boundary
conditions (i.e. ¢; = O) admits infinitely many solutions for any 2 < ¢ < K. On the other hand, to the authors’
knowledge, no multiplicity result can be found in the literature for polyharmonic elliptic problems with a non—
symmetric nonlinearity and non-homogeneous Dirichlet boundary conditions (K > 2, ¢; # 0 and ¢ # 0).

Many situations lead naturally to higher order problems: for instance, in physics the clamped plate equation,
which was intensively studied by Grunau and Sweers [13, 14, 15, 16] from the point of view of positivity preser-
vation; in differential geometry the fourth order conformal operator involving Ag discovered by Paneitz (see e. g.
[8]).

In order to prove the main results on (Pf ), we will apply a method due to Bolle et al. [4, 5] for dealing with
problems with broken symmetry. The idea is to consider a continuous path of functionals (®;)o<:<1 Where ®
is symmetric and ®; is the functional associated to our problem. Then, as ¢ varies, one proves a preservation of
minmax critical levels, thus getting critical points also for ®;. It is a standard fact that the critical points of ®;
correspond to the solutions of the problem.

We point out that in the case 0 = K, Bolle’s method does not seem to provide infinitely many solutions in
presence of broken symmetries. For the critical growth case (with zero boundary data), we refer to [12] for the
existence of one solution in a very general framework.

Let K > 1. We endow the Sobolev space HE () with the standard scalar product

/AmuAmvd:r if K = 2m,

(u,V)K,2 = " (1.3)
/VAmuVAmvdx if K =2m+1.
Q

Let now ¢ € H% N L> () be the solution of

(-A)Ky =0 in Q,
P J
()

Then the problem (PX ) with boundary conditions (Dy) can be reduced to

(1.4)

o0

(—A)Kw = |w—i—d)|"_2 (w+v)+¢ in Q
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with homogeneous boundary data. We say that u € H*(Q) is a solution of (PX) with conditions (D), if
u = w + 1, where w € HE () satisfies

/AmwAmndac = /|w+1/)|"_2(w+w)ndx+/<pndx, K = 2m,
Q Q Q

/VAmeAmndx = /|w+w|"72(w+w)ndm+/gﬁndm, K =2m+1,
Q Q Q

for ally € HE(Q).
We are now ready to state the main results of the paper.
Theorem 1.1 Let n > 2K and assume that o satisfies

K
9 < o <ot
n

Then (Pg ) with boundary conditions (D 4) admits infinitely many solutions.

Theorem 1.1 is new also in the case where ¢; = 0 for each j = 0, ..., K — 1. In this situation the following
stronger result holds.

Theorem 1.2 Let n > 2K and assume that o satisfies
n—K
n—2K°

Then (Pf ) with homogeneous boundary conditions admits infinitely many solutions.

2 <0 <2

These results extend the achievements of [5, 6, 7, 10], dealing with second order equations, to higher order
elliptic problems.

Remark 1.3 If 09 is of class C?52, o € C’O’O‘(ﬁ) and ¢; € C?K-7(09)), then each solution of (Pf;)
belongs to 25 (ﬁ) hence it is classical (see [17]).

Remark 1.4 Let f € C'(R) and set F(s) = [, f(t) dt. Suppose that
f) < CA+sI7Y), [s] 2 R = 0 < oF(s) < f(s)s

for some C, R > 0 with F' invariant with respect to more general groups of symmetry. Then the previous results
can be extended to equations

(—A)YEu = fu)+¢ in Q.
See [10] and Remark 2.2.

2 Bolle’s method for broken—symmetry problems

In this section we briefly recall the theory devised by Bolle [4] for dealing with problems with broken symmetry.
Let X be an infinite dimensional Hilbert space equipped with the norm || - || x and

®:[0,1]xX —R

a C? functional. We set &y = ®(0,-) if 0 € [0, 1] and we denote by @), : X — X the Fréchet derivative of ®g.
Assume that

X = XoPRe1 .. dRep P ...

where dim(X() < +oo and (ey)x>1 is an orthonormal system in X. Let R > 0 and set
¢ = {(€C(X,X): Cisoddand {(u) = uif |ul|x > R}

and

¢, = inf sup @ u)), 2.1
= inf sup Bo(C(w) @

where X = Re; @ ... ® Reg. Moreover, assume that:
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(%) P satisfies the Palais—Smale condition in [0, 1] x X, i.e. any sequence (6}, up,) such that (®(0p,, up)) is
bounded and <I>’9h (up) — 0 as h — +o0, converges on some suitable subsequence;

(%s): forany b > 0 there exists C, > 0 such that

E(I)(G,u)

6 < G192 (w)llx + 1)([[ullx +1)

forall (6,u) € [0,1] x X with |®g(u)| < b;

(%s3): there exist two continuous maps 71,72 : [0, 1] x R — R, 11 < 72, which are Lipschitz continuous with
respect to the second variable and such that

m (0, Po(u)) < %@(H,U) < n2(0, Pp(u)) (2.2)

at each critical point u of ®g;

(A4): Dy is even and for each finite dimensional subspace W of X it results

lim sup ®(0,u) = —oo.

ueWw
[l % o0 0€[0,1]

Taken ¢ = 1,2, let us denote by v; : [0,1] x R — R the solutions of the problem

0
%%(975) = Uz(9a¢z(9a5));
¥i(0,8) = s.

Note that 1), (8, -) are continuous, non—decreasing on R and ¢; < 5. Set

M(s) = sup m(0,s), 7a(s) = sup m2(6,s).
96[011] 96[071]

In this framework, the following abstract result can be proved.

Theorem 2.1 Assume that the sequence

( Cht1 = Ck )
My (cr+1) +72(ck) + 1
is unbounded. Then the functional ® admits a sequence of critical values (Cr) such that a(1,c) <
¥1(1, cpq1) < Cx forevery k € N.
Proof. See [4, Theorem 3] and [5, Theorem 2.2]. O

Remark 2.2 Let G be a compact Lie group acting orthogonally on X . It has been recently proved by M. Clapp
et al. [10] that the previous result holds provided that ® is G—invariant.

3 Tanaka’s theory for even functionals

In this section we recall some notions and results from [24]. Let X be an infinite dimensional separable Hilbert
space and let f : X — R be a function of class C? satisfying the following conditions:

(A1): fisevenwith f(0) =0;

(): for any finite dimensional subspaces W of X there exists R = R(W) > 0 such that f(u) < 0 for every
u € W with |Ju|| > R;
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(F3): forevery u € X itis
f'(w) = ut K(u),
where f’ : X — X denotes the Fréchet derivative of f and K : X — X is a compact operator.

Moreover we assume that there exists a sequence (X};) of subspaces of X such that

dimXy, =k, X = |JX;x.
k=1

For every k € N let us set Ry, = R(Xy), Di. = X N B(0, Ry),

6 = {y e C(DLX): 5 oddand Y|y, oo m,, = 14} 3.1)
and
b = inf sup f(vy(w)). (3.2)
YECK ueDy,

Let us now recall the following Palais—Smale conditions.

Definition 3.1 We say that:

(a) f satisfies the (P.S) condition, if every sequence (up,) in X with (f(up)) bounded and || f/(up)||x — O as
h — 400 admits a subsequence converging in X;

(b) f satisfies the (P.S);, condition, if every sequence (uy) in X, with (f(uy)) bounded and

H (f‘xk)l(uh)

as h — o0 admits a subsequence converging in X
(c) f satisfies the (PS). condition, if every sequence (uy) in X with uy, € X4, (f(ux)) bounded and

H (f‘xk)l(uk)

as k — +oo admits a subsequence converging in X .

Definition 3.2 Let u € X be a critical point of f. The large Morse index of f at u, denoted by m*(f, ), is
the infimum of the codimensions of the subspaces of X where the quadratic form f”(u) is positive definite.

_>0
Xk

*)0
Xk

The next result is the main tool for estimating from below the critical values b;. For the proof see [24,
Theorem B].

Theorem 3.3 Assume that f satisfies (1) —(F3), (PS), (PS)i and (PS).. Then for each k > 1 there exists
ug € X such that

f(uk) < bka f/(uk) = Oa m*(fvuk) = k.

4 Application to polyharmonic problems
Let ¢ € HX N L>(Q) be again the solution of the problem (1.4). For @ € [0, 1], let us consider the functional
®p: HE(Q) - R,
1 2 1 o
Dy(u) = §Hu|\K72—— |u+6¢|°de —60 | pudz.
g Ja Q

Note that

for all we€ HE(Q): ®o(—u) = Po(u)

and that critical points of ®; are associated with the weak solutions of problem (Pg ) with Dirichlet boundary
conditions (Dg).
We now show that @y satisfies condition (% ).
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Lemma 4.1 Let (0, uy,) C [0,1] x HE(Q) be such that

(®(0h,up)) is bounded, h}{nCI)gh(uh) =0.

Then, on some suitable subsequence, (0, uy,) converges in [0, 1] x HE ().

Proof. Forevery h > 1 we have
(q);%h (un), “h)Kg = ||Uh||%<,2 - /Q lup, 4 0|72 (up, + 0)up dr — H/nguh dr .
Since (@, (un), un) ;. , = o(||unl|x,2). for a suitable B > 0 and o € | 7, 5 [ it results
B+ ollunllxz = o, (un) — o(®p, (un), un) k.2
— (5 - )luntieo+ (o= ) [ 1w+ onuroas
thQ/ lup + On2b]” 2 (up, + 0p00) da 4 05 (0 — )/Qcpuhd:c
[ si

as h — +oo. Then,ﬁxedse}o 17—

o 1 g o
lup, + Opp|” > 501 (Jun|” = 1917),

in view of Young’s inequality some computations entail

1 ) 1 1 i
Btelunlxz > | 5 —ellunlliz + 5o=x | o1 =€) = = JllunllZ — ac

for some a. > 0, which implies the boundedness of (uy) in HE (). Since the map

T Ko (—a)yf)~t
_—

HEf (Q) —— Lo=7(Q) HEQ), T(u) = lu+0v]7~2(u+ 00)

is compact, it is a standard fact that (uy,) strongly converges in HE ().

In the following result we see that assumption (%) is also fulfilled.
Lemma 4.2 For each b > O there exists C > 0 such that
‘ 0

50 D0, u)

< O+ 1Ph(w)llx.2) (1 + Il x.2)

forall (6,u) € [0,1] x HE(Q) with |®g(u)| < b.
Proof. Letb > 0. Condition |®p(u)| < b implies that
9/<pud:c > EHuHK2 /|u+91/)|"d:c7(071)9/<pud:cfab
Q 2 Q Q
and for some c1,co > 0

lu+69ll7 < erllullic o + c2.

Therefore, by (4.1) we have

(@ (u) Wz = [lulds + /Q fu+ 0012 (u + O)ude + 0 /Q pude

“.1)

4.2)

> (% - 1) ||u||§(2 - /Q|u + 09|72 (u + 0)0y dx — (o0 — 1) 9/Qg0uda: —ob.
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Taking into account (4.2), by Holder and Young inequalities for each £ > 0 there exist ¢1., co. > 0 such that

‘/ |u+9w|‘7_2(u+9w)9wdx < EHUH%(’Q-FCL;,
Q

‘/ pudzx
Q

In particular, by choosing € small enough, one finds c3, c4 > 0 such that

—(®p(u),u)k2 = csllullia —ca- (4.3)

< elullfes + 2

On the other hand, since

3@(9,@ = f/ |u+91/)|"_2(u+91/;)1/)da:7/ pudz, (4.4)
06 Q Q
by (4.2), arguing as above, for each € > 0 there exists c3. > 0 such that
9 2
—®(0,u)| < ellulk .+ cse (4.5)
06
Hence, the proof follows by (4.3), (4.5) and a suitable choice of ¢. O

Finally, we check that also (%3) is satisfied.
Lemma 4.3 Let 01,12 : [0,1] X R — R be functions defined as

_771(97 S) _ 772(97 S) _ 0(82 + 1)(0—1)/20 4.6)
Sfor a suitable C > 0. Then (2.2) holds at each critical point of ®g. Moreover; if

—m(0,s) = n2(0,s) = 0(52 + 1) 1/20 4.7
the same holds provided that ¢; = 0 for each j = 0,..., K — 1.

Proof. It follows by (4.4) that there exist by, b, > 0 with

)
%Q(G,U) < by lju4 092 + by

analogously, with homogeneous boundary data one gets

0
S520.0)| < ¥l

Therefore, since there exists C’ > 0 such that at each critical point u of ®g

lu+ 05 < C'(@3(w) +1)"7,

condition (2.2) is fulfilled with n; and 7, chosen either as in (4.6) or in (4.7). O

5 The growth estimate from below

The main goal of this section is to get a growth estimate from below for the critical values c;. The technique
relies on a combination of Morse theory with some spectral properties of the higher order Schrédinger operator.
Consider the eigenvalue problem related to the higher order Schrodinger operator

(A Eu+V(z)u = A in R",

where V' € L™/?K(R™) and let (;1,) C R denote the sequence of eigenvalues of the operator (—A)X + V(z),
repeated according to multiplicity.
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Lemma 5.1 Letn > 2K andV & L”/QK(R”). Then there exists By, g > 0 with

#{k e N: py <0} < BnyK/ V= (x)"/?K da (5.1)
where § denotes the cardinality.
Proof. See [20, Theorem 3]. O

The next result establishes the required estimate from below.
Lemma 5.2 There exists o > 0 such that

bk 2 ak2K0'/TL(O'—2)
foreach k > 1.

Proof. We want to apply Theorem 3.3 to the functional ®, : HE (Q) — R,

1 1
Qo(u) = 3 lull 2 — — lullz -

It is straightforward that ® satisfies (77 ) and (% ). Moreover, since the map

T

AVKy—1
HE(Q) — X pa(o) 20

HEQ), T(u) = |ul"?u

is compact, then (73) is also fulfilled. By Lemma 4.1 it follows that ® satisfies the (P.S) condition and, in a
similar way, we obtain also that @ satisfies the (P.S), and (P.S), conditions. Then, by Theorem 3.3 there exists
a sequence (uy,) in HE (Q) of critical points of ®q such that ®(uy) < by, and m*(®g, ug) > k.

If (ug) is the sequence of the eigenvalues (repeated according to their multiplicity) of the operator
{v— (=A)Xv— (o — 1) |ug|”"?v} with homogeneous Dirichlet boundary conditions, being

@5 (ur)(v,0) = (((=A)% = (o = 1) lug""*)v,0)
we have that

ﬂ{j eN: pu; < 0} = m*(Po,ug) = k.
On the other hand, by applying Lemma 5.1 with

there exists B,, g > 0 such that

#{j eN: p; <0} < Bnx |||Uk|072HZZ£ .

It follows that

c—2)/2K
luillnt =35k > Bk (5.2)

for some 3 > 0. Moreover, (®f(u), ux) . , = 0 implies

o—2
Since o > ™22 by (5.2) and (5.3) we have

> ak2K0’/TL(O’—2)

=

b > C ||uk||7aL(a—2)/2K

for some C, o > 0, which is the assertion. O
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6 Proof of the results

By Lemmas 4.1, 4.2 and 4.3 the hypotheses (%), (%2) and (%s) are fulfilled. Moreover, for any finite dimen-
sional subspace W of HE (2) one has

for all ue W:  ®g(u) < B |lullfs— Bz |lullf%z — Bs
for some constants (31, 32, B3 > 0. Then,

lim sup Pp(u) = —o0
ull .00 O €101
and also (%,) is satisfied.
Letnow f1, ..., fx be the first k eigenfunctions of (—A)¥ with homogeneous boundary conditions, set X, =
Rf1 & ...® Rfy and define the sequence (cx) as in (2.1). We want to apply Theorem 2.1 by choosing 7; and 7
according to (4.6) of Lemma 4.3. Assume by contradiction that there exists B > 0 such that

|ck1 — cx| < B. 6.1)

o—1

o—1
¢,” tedy + 1

In view of [1, Lemma 5.3], this yields ¢, < vk for some positive constant . Therefore, by Lemma 5.2 we
conclude that (6.1) cannot hold provided that

2Ko
— > 0o, 6.2
n(o — 2) 7 (6.2)
namely o < 2 2 which concludes the proof of Theorem 1.1. o

n

Let us now assume ¢; = 0 foreach j = 1,..., K — 1. Arguing as above, by (4.7) of Lemma 4.3 one finds
' > 0 such that ¢, < 7'k°/(°~1)_ Therefore (6.2) becomes
2Ko o

>
n(oc —2) o—1’

which implies Theorem 1.2. O
Note that for each n > 2K it results

n+ K 2n
2 < < K,.
n n—K

If K = 1, it has been proved in [5, 10] that Theorem 1.1 holds if

2n

2 < <
7 n—1"

provided that  is of class C?, ¢y € C2(9Q) and ¢ € C'(Q).
Conjecture 6.1 Let Q be of class C2/ . Theorem 1.1 holds provided that

2 ] _
2<0‘<ﬁ7 ¢jECQK_j(aQ) 7 =0,..., K—1, (pGC(Q)
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