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Abstract. By exploiting a variational identity of Pohozaev-Pucci-Serrin
type for solutions of class C', we get some necessary conditions for
locating the peak-points of a class of singularly perturbed quasilinear
elliptic problems in divergence form. More precisely, we show that the
points where the concentration occurs, in general, must belong to what
we call the set of weak-concentration points. Finally, in the semilinear
case, we provide a new necessary condition which involves the Clarke
subdifferential of the ground-state function.

1. INTRODUCTION

Let e >0,n >3, and 1 < p < n. In this paper we consider the following
class of singularly perturbed quasilinear elliptic problems in divergence form:

—ePdiv (a(x)VB(Vu)) + V(z)uP~t = K(z)f(u) in R" (P)
u>0 in R™. )

We assume that the functions a, V, K: R” — R are positive, of class C*
with bounded derivatives and «, K € L*°(R™). Moreover, let

inf a(x) >0 and inf V(x) > 0.
z€eR™ z€R™
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The function 8: R” — R is of class C!, strictly convex, and positively ho-
mogeneous of degree p; namely, G(A§) = N\((&) for every A > 0 and £ € R™.
Moreover, there exist v > 0 and ¢, co > 0 such that

Vgl < B(E) < all¢l, (1.1)
IVB(E)| < eal€PH, (1.2)
for every € € R™. The nonlinearity f : Rt — R is of class C' and such that
lim @ =0 and lim @ =0,
s—0+ sp~1 s——+oo §9—1

for some p < ¢ < p*, with p* = np/(n — p). Moreover, 0 < ¥F(s) < f(s)s,
for every s > 0, for some ¥ > p, where we have set F/(s) = [ f(t)dt, s € RT.
Let us define the space Wy (R™) by setting

Wy (R") = {u e WP (R ; /R V(@)|ulP dz < oo},

endowed with the natural norm ||u||fy,, = [pn [VulPdz + [p. V(2)[ul? dz.
For p = 2, we write Hy(R") in place of Wy (R™). Under the previous
assumptions, if K = 1, it has been recently proved in [12] (see also [24]) that
if for some compact subset A C R™ we have

V(zo0) = mKnV < min V(z) and «(z) = min az),
then, for every e sufficiently small, there exists a solution u. € Wy (R"™)
of (P:) which has a maximum point z. € A, with

iii% V(ze) = rnAinV and 213(1) el Loe (@B, (2.)) = 0,  for every p > 0.
In the semilinear case, the construction of solutions concentrating at critical
points (or minima) of the potential V(z) or other finite-dimensional driven
functions has been deeply investigated in the last decade, and also stronger
results can be found in the literature (see e.g. [1, 6, 8, 9, 10, 11, 17, 21, 26]
and references therein).

The goal of this paper is to establish some necessary conditions for a se-
quence of solutions (u,, ) of (P:) to concentrate around a given point zy € R",
in the sense of Definition 2.8. If 5(§) = £, we will prove (see Theorem 3.6)
that if zp is a concentration point for a sequence (u., ) C Hy (R™) of solutions
of the problem, then there exists a locally Lipschitz function ¥ : R™” — R,
the ground-state function, which has, under suitable assumptions, a critical
point in the sense of the Clarke subdifferential at zo; that is, 0 € 93(zp). Un-
der more stringent assumptions, it turns out that ¥ admits all the directional
derivatives at zp and VX(zg) = 0. In the general case, as a first necessary



LOCATION OF SPIKES FOR QUASILINEAR ELLIPTIC EQUATIONS 223

condition, the gradient vectors Va(zp), VV(20), and VK (zp) must be lin-
early dependent. Moreover, in Theorem 2.6 (see also Theorem 2.11), we
show that the concentration points for problem (P.) must belong to a set €
(which has a variational structure) that we call the set of weak-concentration
points (see Definition 2.1). To the authors’ knowledge, this kind of necessary
conditions in terms of generalized gradients seem to be new. Quite inter-
estingly, the lack of uniqueness (up to translations) for the limiting problem
(namely the rescaled problem with frozen coefficients)

—a(2)div (VB(Vu)) + V(2)uP~! = K(2)f(u) in R" (P.)

u>0 in R" :
induces a lack of regularity for ¥. Some conditions ensuring uniqueness of
solutions for (P,) can be found in [5, 23|. For instance, for 1 < p < 2,
B(€) = |€]P72¢, and f(u) = 9! with p < ¢ < p*, we have uniqueness and
>} admits all the directional derivatives.

We stress that some necessary conditions for the location of concentration
points were previously obtained by Ambrosetti et al. in [1] and by Wang and
Zeng in [26, 27] in the case p = 2 and ((§) = &. Their approach is based
on a repeated use of the divergence theorem. With respect to those papers
we prove our main results by means of a locally Lipschitz variant of the
celebrated Pucci-Serrin variational identity [19]. In our possibly degenerate
setting, classical C? solutions might not exist, the highest general regularity
class being C1# (see [25]). Therefore, the classical identity is not applicable
in our framework. However, it has been recently shown in [7] that, under
minimal regularity assumptions, the identity holds for locally Lipschitz so-
lutions (see Theorem 2.5), provided that the operator (8, in our case) is
strictly convex in the gradient, which, from our viewpoint, is a very natural
requirement.

This identity has also turned out to be useful in characterizing the ex-
act energy level of the least-energy solutions of the problem (P,). Indeed,
in [12, Theorem 3.2] it was proved that (P,) admits a least-energy solution
u, € WHP(R™) having the mountain-pass energy level. This is precisely
the motivation that led us to define the ground-state function X also in a
degenerate setting.

2. THE QUASILINEAR CASE

The aim of this section is the study of some necessary conditions for
the concentration of the solutions at a point zg to occur, in the quasilinear
framework.
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2.1. Some preliminary definitions and properties. If z is fixed in R"”,
we consider the limiting functional I, : W1P(R") — R,

Vv

I (u) :== a(2) B(Vu)dx + ﬂ/ |ul? dx — K(z)/ F(u)dz.
Rn P n n

It follows from our assumptions on # and f that I, is a C' functional and

its critical points are solutions of the limiting problem (P,). We define the

minimax value ¢, for I, by setting

¢, = inf sup I,(v(1)), (2.1)
YEP= te(0,1]

P, = {7 € O([0,1], WHP(R™) : 4(0) =0, L(~(1)) < 0}-

Throughout the rest of the paper, we will denote by G(z) the set of all the
nontrivial solutions, up to translations, of the limiting problem (P,) (the set
of bound-states). Under our assumptions on f, G(z) # 0 for every z € R™.
Finally, - will always stand for the usual inner product of R"™.

We now introduce two functions OI'~ and dI'" that will be useful in the
sequel.

Definition 2.1. For every z,w € R" we define 0T~ (z;w) and T (z;w) by
setting

Ol (z;w) := sup V.L(v)-w, Ot (z;w):= inf V.L(v)- w,
vEG(2) veG(2)

where V, denotes the gradient with respect to z. Explicitly, for every z,w €
R™,

OI'" (z;w) = sup [Va(z) ~w [ B(Vv)dx

veG(z) R"™
+VV(z) ~w/ﬂ§n%dm—VK(z) ~w/nF(v)dm},
Or*(zw) = inf [Voz(z) w /R B(Vv) da
+VV(z) 'w/n%pda:—VK(z) 'w/nF(v)dx}.

Finally, we define a set € C R™ by
C:={zeR": ' (z,w) >0 and Ot (z,w) <0, for every w € R"}.

We say that € is the set of weak-concentration points for problem (Px:).
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The motivations that lead us to introduce the functions OI'~ and OI'T,
and the set of weak-concentration points, will be clear in the course of the
investigation.

For the sake of completeness, we recall the following:

Definition 2.2. We define the ground-state function X : R™ — R by setting

¥(z) :== min I,(u), for everyz € R".
ueG(z)

We now collect a few useful properties of the function 3.

Lemma 2.3. Assume that

fls)

the map s € R —
sp~1

is increasing. (2.2)

Then, the following facts hold:

(i) the map X is well defined and continuous, and
Y(z) =c,, for every z € R™;
(ii) the map ¥ can be written as

X(z2)=_ inf L(0u) = inf L(u), R"
() % e Sy (o P = 00) = Jpf L(w), - for every z €

where N, is the Nehari manifold, defined as
N, = {u e WIPRM)\ {0} : I(w)[u] = o}.

Proof. To prove (ii), it suffices to argue as in [18, Proposition 2.5]. We now
come to assertion (i). By [12, Theorem 3.2}, for every z € R", problem (P,)
admits a solution v, € WIP(R"), v, # 0, such that I,(v,) = %(z) = ¢,
where ¢, is defined as in (2.1). The continuity of ¥ then follows from the
continuity of the map z — ¢, which we now prove directly using an argument
envisaged by Rabinowitz [21]. For o, V, K € R, define the functional I, v x :
WLHP(R™) — R by

Invik(u) =a [ B(Vu)dx+ v luPde — K [ F(u)dx.
R" D Jrn R~

Let us set

,V,K):= inf I t)),
c(a ) ’YE%E,V,KtIEH[(?,)l(] a’V’K(W( ))

Pac = {7 € C0, 1, W (R") : 7(0) =0, Lovc(r(1) < 0}.
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Claim: For every (a,V, K) € R? we have
hH(l)C(Oé—i—?’],V—i—?],K _77) = C(Oé,MK).
7]—)
We first observe that a simple adaptation of the argument of [21, Lemma
3.17] yields
a1 > (o, ‘/1 > Vé, K1 < K2 — c(al,Vl,Kl) > C(ag,VQ,Kg). (2.3)

The proof of the claim will be accomplished indirectly. By virtue of (2.3),
we get

lim c(a+n,V+nK-n):=c <cla,V,K).
n—0~

Suppose that ¢~ < ¢(a, V, K). For the sake of brevity, we define
In(u) = Lo,y inK—n(u).
Let g, — 0~ as h — oo, and §; — 07 as j — oo. For each h € N, by

assertion (ii), there is a sequence (up;) in WHP(R™), up; # 0, such that

a B(Vup;) dx + V/ |upi|P de =1 (2.4)
R™ R™
and

max Jy, (Yuns) < el +mp, V4 0n, K —np) + ;. (2.5)

Notice that we can choose the sequence (uy;) satisfying (2.4), since the
position

U ,B(Vu)d:I:—I-V/ |ulP dx
R Rn

defines on W1P(R™) a norm equivalent to the natural one, as follows from
(1.1). Take now h = j and set up = upy. Hence, in view of (2.5), we have

c(a,V,K) < max Lov,x (Yup) = Inv,k (d(up)up)
= gy otunun) = motwn? [ do oty [ o) da
— M /n F(¢(up)up) dx
p
< wax Jy, (0u) = oun)? [ PP o~ oty [ 57w do

- Uh/n F(é(up)up) dx
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|up |P
no P

< cla+n,,V +nu, K —np) + 0p —nh¢(uh)p/ dx

— nnd(up)? o B(Vuy) dx +np, - F(p(up)up) dx
<c¢ 40— 77h¢(uh)p/ lun]? dx —npd(up)? | B(Vuy)dx
p Rn

n

= Nh /}Rn F(¢(up)up) dz.

At this point, one can show exactly as in [21, pp. 281-282] that there exists
a constant C' > 0 such that ¢(up) < C, for every h € N sufficiently large.
Therefore, recalling the properties of F' and the Sobolev embedding, the
above chain of inequalities contradicts ¢~ < c¢(a, V, K), at least for every
h € N large enough. We conclude that ¢~ < ¢(a, V, K) is impossible. In a
completely similar fashion one can prove that the inequality

cla, VK) < T cla+n,V +1,K — 1)
77—)

leads to a contradiction. Therefore the claim is proved.
Let now (zp,) be a sequence in R™ such that z;, — z as h — oo. Observe
that, given n > 0, for large h € N, we have

V(2) +n>V(2)+ [V(z) = V(2)|
>Vi(z) > V()= |V(zp) = V(2)| > V(2) —n,

and similar relations hold for o and K. Therefore the continuity of z — c,
follows from the previous claim, applied with o = «a(z), V = V(z), and
K = K(z). This completes the proof of assertion (i).

Remark 2.4. As we have already pointed out in the introduction, we believe
that the lack of regularity of the ground-state map  is essentially inherited
by the lack of uniqueness assumptions on the limiting equation (P,). From
this viewpoint, in the degenerate case p # 2, the problem of establishing
the regularity of ¥ seems quite a difficult matter. On the contrary, if p = 2
and, for instance, 3(§) = &, it is known that ¥ is always at least locally
Lipschitz continuous (cf. Lemma 3.1). If, additionally, f(u) is exactly the
power uP~! (in which case equation (P,) has in fact a unique solution [3]),
then ¥ is smooth and it also admits an explicit representation formula (see
Remark 3.2).

Let now £ : R® x R x R®™ — R be a function of class C! such that

the function & — L(x,s,£) is strictly convex,
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for every (z,s) € R" x R, and let ¢ € L (R™).

Next, we recall a Pucci-Serrin variational identity for locally Lipschitz
continuous solutions of a general class of Euler equations, recently proved
in [7]. As we have already remarked in the introduction, the classical identity
[19] is not applicable here, since it requires the C? regularity of the solutions,

while the maximal regularity for degenerate equations is C1# (see e.g. [25]).
Theorem 2.5. Let u: R™ — R be a locally Lipschitz solution of

—div (8¢ L(x, u, Vu)) + s L(x,u, Vu) = ¢ in D'(R™).
Then,

n

Z 8¢hj85i£(ac,u, Vu)ojudx

ij=1"R"

— / [(div h) L(z,u, Vu) + h - 0, L(z,u, Vu)] dz = / (h-Vu)pdz, (2.6)

for every h € CL(R™,R").

2.2. Necessary conditions for locating peak-points. We now state and
prove the main results of this section.

Theorem 2.6. Let zp € R™ and assume that (ug,) is a sequence of solutions
of problem (P.) such that

.—ZO

Ug,, = vo( ) +o(1), strongly in Wy (R™), (2.7)

€h
for some vg € Wy (R™) \ {0}. Then, the following facts hold:

(a) the vectors Va(zp), VV(20), and VK (zy) are linearly dependent ;
(b) 20 € €; that is, zp is a weak-concentration point for (P:);
(c) if G(z0) = {vo}, then all the partial derivatives of ¥ at zy exist and

V(z9) = 0;
that is, zo is a critical point of 3.
Proof. We write uy, in place of u,,, and we define
vp(z) = up(z0 + epx). (2.8)
Therefore, v), satisfies the rescaled equation

—div (a(z0 + ex)VB(Vup)) + V(20 + E.CIZ)UZ_I = K(zo+ex)f(vy) inR™
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By (2.7), we have v}, — vg strongly in Wy (R™). We now prove that v, — vp
in the C! sense over the compact sets of R™ and that vy is a nontrivial
positive solution of the equation

—a(29)div(VB(Vv)) + V(z0)vP™t = K(2) f(v) in R™ (2.9)
Let us set
V(zo +epx) — K(z0 + shx)fg,@l(m)) if vp(x) #0
dh(x) = v, (2)
0 if vp(z) =0,

A(z,5,€) := a(zo +epx)VB(E), Blx,s,€) = dp(z)sP 1,

for every x € R", s € R" and ¢ € R". Taking into account (1.2) and the
strict convexity of 3, we get

A(.’L’,S,g) ' 5 > V|§’p and ‘A($,87§)| < cQ’f‘pil'

Notice that, in view of the growth assumptions on f, there exists 6 > 0
sufficiently small such that dj, € L™/ (P=%)(By,) for every p > 0 and

S = sup ||dn|| ;n/ -5 §D<1+Sup || 1 p* )<oo,
heNH /-5 (Byy) < Dp heNH Lo (8,,)

for some D, > 0. Since we have div(A(x,vp, Vup)) = B(x,vp, Vo) for
every h € N, by exploiting [22, Theorem 1] there exists a radius p > 0 and
a positive constant M = M (v, o, Sp?) such that

sup max oy, ()] < M (2p) /P sup ||vs| Lo(5,,) < 0,

heN 2€8p heN
so that (vp,) is uniformly bounded in B,. Then, by virtue of [22, Theorem §],
up to a subsequence (vy) converges uniformly to vy in a small neighborhood
of zero. Similarly one shows that v, — vp in CL_(R™). Therefore, it is easily
seen that vy is a nontrivial positive solution of (2.9); that is, vg € G(z0).
Since the map [ is strictly convex, we can use Theorem 2.5 by choosing in
(2.6) ¢ =0 and

P

L(z,5,6) == alzo + epz)B(E) + V(20 + 5;@)% — K (20 + epz)F(s),
h(z) = hek(x) :==(0,...,0,T(ex),0,...,0), fore>0and k=1,...,n,
k—1 n—k

for every z € R", s € R*, and ¢ € R", the function T € CL(R") being
chosen so that T'(z) =1 for || <1 and T'(x) = 0 for |z| > 2. In particular,
her € CHR™,R") and

c%hg p(x) = 0T (ex)dy;, for every x € R", e >0, and i, j, and k.
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Then, it follows from (2.6) that

0= Z/ €0;T (ex)a(z0 + enx) O, B(Von)Opvn, dx

’Up
_ / 0T () [0(z0 + £42)B(Vor) + V(20 +2pa)

— K(z0 + EhiL‘)F(Uh)] dx

da ov vy
- [ e g o+ n)B(Ton) + oo+ 2na) 2
oK
— 8—(Z0 +epx)F (vh)} dx
T

for every e > 0, h € N, and k = 1,...,n. Since the sequence (vp) is bounded
in Wy (R™), by (1.1), (1.2), and the boundedness of « and K, we have

’ Z 8 T Ex Z() + é‘hx)ag ﬁ(VUh)akvh dx‘ <C,

P
v
] T (ex) [a(zo +enz) (Vo) + V(20 + Ehx)?h
]Rn
—K(z0 + ehx)F(Uh)] dx‘ <,
for some positive constants C and C’. Therefore, letting first ¢ — 0 yields
0 ov b
L oot uadam) + 5o+ 22

5
0K
8—:%(20 + 5h5U)F(Uh)] dx =0,

(2.10)

for every h € N and k = 1,...,n. Letting now h — oo, by (2.7), we find

ov ”0 oK B
SmG) [ BT e+ a—xk(zo)/n 0 do - a—:ck(ZO)/ Flvg) dz = 0,

for every k =1,...,n, which yields

p
Va(zo) w [ B(Vuvg)dr+VV(z) -w/ %0 dr =VK(z) w [ F(uv)dxz,
Rn n Rn
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for every w € R™. Then, since vg # 0, assertion (a) immediately follows.
Moreover, since vy € G(zp), by the definition of OI'~, we obtain

O™ (zo;w) = sup [Va(zo) Sw B(Vv) dx
veEG(20) Rn
|vl?

+vw%yw/ —ﬂm—VK%fw/

no P
> Va(zp) -w/ B(Vvg) dx
RTL

F(v) dx}

n

P
+VV(Z())"LU/ %de—VK(zo)-w/ F(vp) dz =0,

for every w € R™. Analogously, by the definition of OT'", we have

Ot (zo;w) = veiclll(fzo) [Va(zo) Sw - B(Vv) dx

[vl?

+vwmyw/ —ﬂM—VKmfw/

" F(v) dx}

n

< Va(zp) 'w/Rn B(Vwg) dz

p
—l—VV(zo)-w/ %de—VK(zo)-w/ F(vp) dx =0,

for every w € R™. Therefore zy € € and assertion (b) is proved. If G(z9) =
{vo}, then clearly ¥ admits all the directional derivatives at zp and

(>

a—w(z()) = Ol (20;w) = Ol (20;w) = 0, for every w € R",

by virtue of (b). This proves assertion (c). O

The strong convergence required by (2.7) allows us to take the limit
as h — oo in equation (2.10). In the semilinear case one can construct
uniform exponential barriers for the family (vj), and therefore the strong
convergence of (vp,) follows easily from the Lebesgue convergence theorem
(see [18, 26, 27]). The well-known loss of regularity for solutions of quasilin-
ear equations is usually an obstruction to this kind of argument. However,
if the solutions belong to a suitable space, then a pointwise concentration
suffices (see Corollary 2.9).
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Remark 2.7. We wish to point out that Theorem 2.6 holds true also for
the more general class of quasilinear equations

—ePdiv (a(2) 0 B(u, V) + ePa(z)0s B(u, Vu) + V(2)uP~ = K(z) f (u),

under suitable assumptions on J¢((s,§) and 0;0(s,§) (see [12]). On the
other hand, although the ground-state function ¥ can be defined exactly as
in Definition 2.2 and ¥(z) = ¢, (cf. [12, Theorem 3.2]), the presence of u
itself in the function § makes the problems of the regularity of 3 and of the
decay at infinity for the rescaled family of solutions very complicated, even
in the nondegenerate case p = 2.

Definition 2.8. Let z9 € R". We say that a sequence (ug,) of solutions
of (P:) concentrates at zy if us, (20) > £ > 0 for some £ > 0 and for every
n > 0 there exist o > 0 and hy € N such that

ug, (x) <m, for every h > ho and |x — zp| > epp.
This is precisely the notion of concentration adopted in [26, 27].

Corollary 2.9. Let (uc, ) be a family of solutions of (P.) which concentrates
at a point zg € R™. Suppose that, for every h € N sufficiently large,

ue, € C3(R™) N W (R™),
where

CHR") := {u cC'R™: lim wu(z)=0 and lim Vu(z)= O}.

|z|—o0 |z|—o00
Then, all the conclusions of Theorem 2.6 hold true.

Proof. Ifu., € CJ(R")NW?2™(R"), then one can apply the results contained
in [20] to show that the rescaled sequence v, decays exponentially fast at
infinity, uniformly with respect to h, together with all its partial derivatives.
Hence we can pass to the limit in equation (2.10), and complete the proof
as in Theorem 2.6. O

For the particular but important case a(z) = 1, B(§) = |¢[P~2%¢, and
f(s) = 8971 p < ¢ < p*, we can still prove a fast-decay at infinity for the
solutions.

Lemma 2.10. Let (u.,) be a sequence of solutions of the problem

—ePApu+ V(z)uP™! = K(z)ud™!  in R"
u >0 i R”
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which concentrates at zg € R™. Then, if we set
vp () == ug, (20 + €n),

for each > 0 there exist R, C,, > 0 independent of h such that

o)l < Cyemn { = (25) el

for every |x| > R, and every h € N.
Proof. For every h € N, vy satisfies the equation

—Apvp + V(20 + shx)v’;_l = K(z0 + Ehm)vg_l in R™.
Since (ue, ) is a concentrating sequence, it results that

lim wvp(z) =0, uniformlyin h € N.

|| —o0

Then, setting inf cgrn V(z) = Vo, given n > 0 there exists a positive constant
R, independent of h such that

V(20 + en)ol(z) — K (20 + epa)vl ' (z) > (Vo — n)ol ' (2),
for every |z| > R,,. It follows that the inequality
—div (|VuaP2Vop,) + (Vo — n)ol " <0 (2.11)

holds true for every h € N and |z| > R,,. Define now the function

8(z) = Cyexp { — (1) "},

where (), = exp{(%)l/pRn}maXm:Rn vp(x). Notice that, since vy is
uniformly bounded, we can assume that C,, is independent of h. Now, exactly
the same computations of [14, Theorem 2.8] entail

—div (|[VO[P2V®) + (Vo —n)®P~L > 0. (2.12)

Testing inequalities (2.11) and (2.12) with ¢ = (vp, — ®)T on {|z| > R,}
yields

/ (IVoR|P~ 2V, - V(vp, — @) + (Vo — n)vz_l(vh — ®))dz <0,
{lz|=Ry}n{vn>2}

/{ |> R, }n{v),>®} (IVOP=2V® - V(vy — @) + (Vo — )@ (v, — ®))d > 0.
T|Z 1ty Vp >
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By subtracting the previous inequalities and taking into account that
D (EP26 = ICP72G) (& — i) > 0, for every &,( € R™, £ # ¢,
i=1

we get,

/ (WP~ = ®P 7Y (v, — ) dz < 0.
{lz[= Ry} {vy >}

Since vy, and ® are continuous functions, it has to be that
{lz| > Ry} N{vp, > @} =0, for every h € N,
which implies the assertion. O

Theorem 2.11. Let (u.,) be a sequence of solutions of the problem

—ePAju+ V(z)uP™! = K(z)ud™t  in R"
u>0 in R™

which concentrates at zg € R™. Then, the following facts hold:

(a) the vectors VV (zg) and VK (z9) are proportional ;

(b) zo € €; that is, zo is a weak-concentration point for (2.13);

(¢) if 1 < p < 2, then all the partial derivatives of ¥ at zy exist and
V3(z0) = 0; that is, zo is a critical point of .

Proof. By virtue of Lemma 2.10 we can pass to the limit in equation (2.10)
and get assertions (a) and (b) as in Theorem 2.6. If 1 < p < 2, by combining
the results of [5, 15] and [23], for every z € R™, problem (P,) admits a unique
positive C'! solution (up to translations) such that u(z) — 0 as |z| — oo.
Then G(zp) = {vo} and assertion (c) follows by the corresponding assertion
in Theorem 2.6. U

3. THE SEMILINEAR CASE

The main goal of this section is that of getting, in the particular case
B(§) = &, namely semilinear equations, a more accurate version of Theo-
rem 2.6 involving the Clarke subdifferential of the ground-state function X.
We wish to stress that we have in mind the case when f is not simply the
power nonlinearity u?~! (cf. Remark 3.2).

For z € R" fixed, we consider the limiting functional I, : H}(R") — R,

L(u) == a(2) / Vul? dz + @ /R (P de — K (2) / Flu) da,



LOCATION OF SPIKES FOR QUASILINEAR ELLIPTIC EQUATIONS 235

whose critical points are of course solutions of (P,). The minimax levels ¢, of
I, are defined according to (2.1). Throughout the rest of this section, we will
denote by S(z) the set of all the nontrivial solutions of (P;) corresponding to
the energy level X(z) (the set of ground-states). It is known that S(z) # 0
for every z € R™ (see [2]).

As the next lemma shows, in this particular situation, the function X has

further regularity properties (and in some cases it relates to the maps 0I'~
and oT'T).

Lemma 3.1. If p = 2 and condition (2.2) holds, then the following facts
hold:

(i) X is locally Lipschitz;

(ii) the directional derivatives from the left and the right of ¥ at z along
w, (g—g)_(z) and (g—g)Jr(z) respectively, exist at every point z € R",
and it holds that

0¥\ —
— ] (2) = sup V.I,(v)- w,
((910) ( ) vES(2) ( )

0¥+ )
<%) (Z) - venslfz) VZIZ(U) -

for every z,w € R™. In particular, if G(z) = S(z), we have

g—i g—if(z), (3.1)

for every w € R™.

o (z;w) = ( )7(2) and OI'"(z;w) = <

Proof. By the results of [27], ¥ is a locally Lipschitz map. We remark
here that, since z acts as a parameter, the functional I, is invariant under
orthogonal change of variables. Therefore, without loss of generality, to get
the formulas for the left and right directional derivatives of ¥, it suffices to
show that

(g—i)_(ZF sup [aa(Z)/n |w2+av(z) [vl® aK(z) F(u)},

veS(z) a_zz 2 a_Zz Rn P B 0z Rn
0¥+ _ da Vo2 oV lv|P OK
— = inf |— — — = F
(82@) (2) Uelg(z) [&zi (Z)/n 2 + 0z; (2) /Rn P 0z (2) R (U)}’
for every z € R" and ¢ = 1,...,n. These can be obtained arguing as

in [18, 27]. Finally, formulas (3.1) follow by the definition of OI'"(z;w)
and 0"~ (z; w). O
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Remark 3.2. Assume that p = 2, K is bounded from below away from
zero, and f(u) = u?"!, where 2 < ¢ < 2*. Then X is smooth and it can be
given an explicit form (cf. [18, Remark 2.1]): there exists Cy; > 0 such that

X(z) =Cq [I‘;((z;] 23 a(z)K(z), forevery z € R".

Let us now recall from [4] two definitions that will be useful in the sequel.

Definition 3.3. Let f : R™ — R be a locally Lipschitz function near a given
point z € R™. The generalized derivative of the function f at z along the
direction w € R" is defined by

£z w) o= limsup L&A =€)

¢z A
A—0+

Definition 3.4. Let f : R™ — R be a locally Lipschitz function near a given
point z € R"™. The Clarke subdifferential (or generalized gradient) of f at z
is defined by 0f(z) := {77 eR": fOz,w) >n-w, foreveryw € ]R"}.

By [4, Proposition 2.3.1] we learn that

Proposition 3.5. For every z € R", the set Of(z) is nonempty and convet,
and () (z) = ~0(2).
The next is the main result of this section.

Theorem 3.6. Assume that (ue,) is a sequence of solutions of the problem

{—52div (a(@)Vu) + V(z)u = K(z)f(u) inR" (3.2)

u>0 in R™

which concentrates at zg. Then, the following facts hold:

(a) the vectors Va(zp), VV(20), and VK (zy) are linearly dependent ;
(b) zo € €; that is, z is a weak-concentration point for (3.2);
(c) if either G(zo) = S(z9) or

Ef_LnJEh (ush) - 0207 (3'3)
where

Je(v) = 5} /n afz)|Vo|* dx + % /R" V(2)|v|* dx — - K(x)F(v)dz, (3.4)

we have 0 € 0X(zp); that is, zg is a critical point of X in the sense
of the Clarke subdifferential ;
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(d) if S(z0) ={vo}, then all the partial derivatives of ¥ at zo exist and
V(z9) = 0;
that is, zo is a critical point of 3.
Proof. For problem (3.2) it is possible to prove the existence of uniform
exponentially decaying barriers. Then we can pass to the limit in equation

(2.10), to get assertions (a) and (b) as in Theorem 2.6. If G(z9) = S(z0), by
combining formulas (3.1) of Lemma 3.1 with (b) of Theorem 2.6, we have

0¥\~ 0¥\ +
(8_11)) (20) >0 and (a_w> (20) <0, (3.5)
for every w € R™. In particular, it holds that

(8(—2) +

S ) (z0) >0, for every w € R".

Then, by the definition of (—)%(20; w) we get

(—%)%(20;w) > <8(a_wz))+(z0) >0, forevery w e R".

By the definition of 9(—X)(2p) we immediately get 0 € 9(—X)(29), which,
together with Proposition 3.5, yields assertion (c¢). To prove the same con-
clusion when (3.3) holds, we simply remark that c,, = ¥(zp). Therefore, if
vp is the limit of the sequence (vy) defined in (2.8), then vy € S(zy) because
we can exploit again some exponential barrier to pass to the limit. As a
consequence, arguing as in Theorem 2.6, it follows that inequalities (3.5)
hold and we are reduced to the previous case. Finally, if S(z9) = {vo}, the
map X admits all the directional derivatives at zp and, by virtue of (3.5)
they are equal to zero, which proves (d). ]

We would like to remark that a different definition of concentration has
been used in [13]. We recall it here, suitably adapted to our purposes.

Definition 3.7. Assume that u. € C?(R") is a family of solutions of (3.2),
and let J; be as in (3.4). Moreover, let z. € R™ be such that max,cgn u: =
ue(x:). We say that u. concentrates at zy € R™ if the following facts hold:
(i) lim 2. = zp;
e—0
(i) ;111% e Je(ug) = Cz-

It is not difficult to check that if (u.) is a sequence as in the above defi-
nition, then (u.) concentrates at 2z in the sense of Definition 2.8, vanishing
at an exponential rate away from zg (cf. [13, Lemma 4.2]). In particular,
according to (c) of Theorem 3.6, we have 0 € 9%(zp).
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We finish the paper with an open problem. Assume that (uy,) is a sequence
of solutions of problem (3.2). Suppose that these solutions concentrate at
20 € R™ and S(z9) = {vo}. Is it possible to prove that zy is a Cl-stable
critical point of ¥, according to the definition of Yanyan Li [16]7
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