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We consider the standing wave solutions of the three dimensional semilinear Schrodinger
equation with competing potential functions V and K and under the action of an external
electromagnetic field B. We establish some necessary conditions for a sequence of such
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1. Introduction
In this work we deal with the standing wave solutions
1V
o(z,t) = e " tu(z), zeR? teR"

of the time-dependent Schrédinger equation with electromagnetic field

6(,0 h 2 p—1
5 = ;V—A(w) e+ W(x)p —[p[F~ e,

where the Schrodinger operator is defined as

hi 2 5 , h
“v-A ::—hA——<A|V>+|A| —divA
7
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Here h > 0 is the Planck constant, p € (1,5), and the functions W: R® — R and
A: R? — R3 are, respectively, a scalar potential of the electric field E = —VW and a
vector potential for the external electromagnetic field B = curl A. Now, the function
u: R3 — C which appears in ¢(z,t) satisfies, more generally, a time-independent
equation of the form

(?V—A(m)) u+V(z)u = K(x)f(jul*)u, (1.1)

where V(z) = W(z) + Vp, K: R® — R is an additional potential function, and
f: RT — R is a suitable nonlinearity. Quite recently, under reasonable assumptions
on A, V and K, the study of the existence of ground (bound) state solutions up
to (1.1) and the related investigation of the semi-classical limit (the transition from
Quantum to Classical Mechanics as fi — 0), has been tackled in various contribu-
tions (see e.g. [2, 4, 6, 7, 14, 19] for the case A # 0 and [3,11-13, 15, 23, 26] for the
case A = 0). More precisely, it turns out that, if zg € R? is a non-degenerate critical
point of the so called ground-energy function ¥,: R? — R (see Definition 2.2), then
for every h sufficiently small (1.1) admits a least energy solution uy, concentrating
near zg. In the opposite direction, we are interested in discussing some necessary
conditions for the concentration of a sequence of bound-state solutions to (1.1) in
the neighborhood of a given point zg. In absence of the electromagnetic field, this
problem has been studied in various papers (see e.g. [1, 29, 30]), mainly in the case
where f(u) is a power of exponent p (see also [17, 24]). It turns out that, at least
in this particular situation, for the concentration to occur, zy has to be a critical
point for the C! ground-energy map (see [30, Lemma 2.5])

_ V()

PO )

,  for every z € R3. (1.2)
On the other hand, to our knowledge, for a more general nonlinearity f(u), the
function 3,.(2) is locally Lipschitz continuous, and its further smoothness properties
seem to depend on the uniqueness results for the limiting equation

—Au+V(2)u=K(z)f(|u*)u, (1.3)

where z € R? acts as a parameter. To overcome this problem, recently, the authors
have provided in [28] new necessary conditions involving generalized derivatives of
3, such as the Clarke subdifferential or even weaker conditions, not requiring any
regularity of ¥, (see Definition 2.4).

Our purpose in this paper is to understand what happens under the presence
of an external electromagnetic vector potential A, and to see whether A may influ-
ence or not the location of spikes for the solutions of (1.1). Actually, in general,
this fact seems to depend on the notion of concentration that one adopts. We con-
sider at least two ways of saying that a sequence (uy) of bound-state solutions
to (1.1) is peaking around a given point zg. The first one, the most intuitive, is
a pointwise concentration and it is precisely the one used in two papers by Wang
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and Zheng [29, 30]. The second is a sort of energetic concentration in terms of the
functional associated with (1.1),

I =5 [ 1D"E+V@laldo— [ K(@)F(u)de,

where D" = 2V — A(z). Precisely, we require that
lim, RT3 Jn(un) = r(20).

As we prove in the main result, Theorem 3.1, the vector potential A might
affect the location of pointwise concentration points, whereas it does not influ-
ence the energetic concentration points. In the particular but fairly significant case
where f is a power nonlinearity, the above notions of concentration coincide (see
Proposition 2.1), and it turns out that the peaks locate at the classical critical points
of the smooth function (1.2) independent of A, thus rigorously confirming what was
conjectured in [7]. In some sense, from a heuristic point of view, A tends to lurk into
the complex phase factor of the solutions. We point out that, in the course of the
proof of Theorem 3.1, we will derive an ad-hoc Pucci—Serrin type identity for the
complex-valued solutions to (1.1) (cf. formula (3.6)). Just for the sake of simplicity,
we restrict the attention to the physically relevant case of space-dimension n = 3.

Notations.

(1) Rw (respectively, Sw) stands for the real (respectively, the imaginary) part
of w e C.

(2) i is the imaginary unit, namely i* = —1. For w € C, we set w = Rw — iSw.

(3) The gradient of a C! function f: R? — R will be denoted by V f. The jacobian
matrix of a C'! function g: R® — R? will be indicated by ¢’. The directional
derivatives of f and g along a vector w will be indicated by % and %.

(4) (z | y) denotes the standard scalar product in R? of z and y.

2. Problem Setting and Auxiliary Results

In this section, we collect a few preliminary definitions and results that we need
in order to state and prove our main achievement, Theorem 3.1. For the sake of
simplicity, we rename the constant A into £ > 0. We assume that the functions

AR SR} V:RP-R, K:RP—R
are all of class C!, K is positive and there exist V5 > 0 and Ky > 0 with

inf V() =V, and sup K(z) = K. (2.1)

z€R3 z€ER3
Moreover, the function f: RT — R is of class C!, increasing, f(0) = 0 and

lim fp(f? =0 and 0<9F(s) < f(s)s forsomep e (1,5)and J > 2,

§—00 ST
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where F(s) = 3 fo t)dt for s € RT. In order to formulate the problem in a
suitable varlatlonal settlng, for every € > 0, we introduce the (real) Hilbert space
% v defined as the closure of C2°(R?, C) with respect to scalar product

(u,v)p , =R DfuDev + V(z)uvdr, Du= %V — A(x).
: -

As remarked in [14], %,v has in general no relationships with H L(R3,C). However,
the following diamagnetic inequality is well known (see e.g. [21])

e|VIul(z)| < |[Du(z)|, for every u € H% y, and a.e. € R3, (2.2)

so that |u| € H'(R? R) for any u € H% ;. Finally we recall that the Schrodinger
operator is gauge invariant: if we replace A by A=A+ Vy for any y € C? (R3,R),
and we let % = e=Xu, then curl A = curl A and

so that [l = lulle, -
Under the above assumptions, we give the following

Definition 2.1. We say that (u.) is a sequence of bound-state solutions to

e 2
(5V-4@) u+ V@ = K@)f(u?u (S2)
if u. belongs to Hi&,v for every € > 0,

sups*3||u5||3ﬁ , <o (2.3)
e>0 ’

and u. satisfies (S.) on R? in weak sense.

2.1. The ground-energy functions

Fixed z € R?, we consider the functional

/|Vu|2+V |u|2da:—/ K(2)F(jul?)

associated with the limiting equation (1.3). It is readily seen that I, is C' over both
the spaces H'(R3,R) and H'(R?,C).

Definition 2.2. We define the real and the complex ground-state functions
:R¥*>R and X.:R*—>R
by setting, for every z € R3,

Yr(2) = min I.(v) and X.(z)= min I,(v),
veEN; veEN,
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where N, (respectively, N}) are the real (respectively, the complex) Nehari mani-
folds,

N. ={ue HYR3R\{0} : I (u)[u] = 0},
N. = {ue H'(R®,C)\{0} : I(u)[u] = 0}.
Here I’ (u)[v] stands for the directional derivative of I, at u along v.

We denote by S,(z) the set of positive radial solutions up to translations to (1.3)
at the energy level ¥,.(2). As the next lemma claims, the map X, enjoys some useful
regularity properties (see [30]).

Lemma 2.1. The following facts hold:

(i) X, is locally Lipschitz continuous;
(i) the directional derivatives from the left and the right of ¥, at every point z € R?
along any w € R? exist and it holds

(%i)ldz sup (V.L(v) | w),

vESy(2)

vESy(2)

(%f,f)% = inf (V.L(v)|w).

Ezxplicitly, we have
s\ . [ov w2 0K )
() ©= s |Goe [ Bra-50e [ Fua).

o N\ oV |v|? 0K )
( 0 ) (2) =, dnf [%@) / o dr =5, () / E(ol W} :

for every z,w € R3.

The next result will turn out to be pretty useful along the proof of our main
theorem. We stress that it contains, as a particular case, [19, Lemma 7].

Lemma 2.2. The following facts hold:

(i) Xo(2) = X,(2), for every z € R?;
(i) if U,: R® — C is a least energy solution of problem (1.3), then

IVIU.|(x)] = |VU.(z)] and %(iUZ(x)VUZ(x)) =0,

for a.e. x € R3;
(iii) there exist w € R and a real-valued least energy solution u, of problem (1.3)
with

U.(x) = e“u,(x), for a.e. xcR3. (2.4)
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Proof. Fix z € R3. For the sake of convenience, we introduce the functionals

u)z/ |Vul|? dz,
R3

P = [ KGR - veF] d.

Observe that I (u) = 57 (u) — P.(u). Consider the following minimization problems
or(2) = min{T (u): u € H'(R3 R), =1},
oc(z) = min{T'(u): u € H'(R?,C), =1}

Note that, obviously, there holds o.(z) < o,(z). If we denote by u, the Schwarz
symmetric rearrangement (see e.g. [3, 21]) of the positive real valued function |u| €
H'(R3,R), then, Cavalieri’s principle yields

/F(|u*|2)dx:/ F(lul?)dz and / |u*|2dx=/ luf? da,
R3 R3 R3 R3

which entails P, (uy) = P.(u). Moreover, by the Polya—Szegd inequality, we have

T(u*):/ |Vu*|2dm§/ |V|u||2dm§/ |Vu|? de = T(u),
R3 R3 R3

where the second inequality follows by (2.2) with A = 0 and ¢ = 1. Therefore, one
can compute o.(z) by minimizing over the subclass of positive, radially symmetric
and radially decreasing functions u € H'(R3,R). As a consequence, 7,(z) < 0.(2).
In conclusion, 0,.(z) = o.(z). Observe now that

¥r(2) = min {L(u): v € H*(R3,R)\{0} is a solution to (1.3)},

Ye(z) = min {I.(u): v € H'(R3,C)\{0} is a solution to (1.3)}.

The above equations hold since any nontrivial real (respectively, complex) solution
of (1.3) belongs to N, (respectively, N.) and, conversely, any solution of ¥, (z)
(respectively, ¥.(z)) produces a nontrivial solution of (1.3). Moreover, it follows
from an easy adaptation of [3, Theorem 3, p. 331] that ¥, (z) = o,(z) as well as
¥.(z) = 0.(2). In conclusion,

Y0 (2) = 00(2) = 0c(2) = Ze(2),

which proves (i). To prove (ii), let U,: R® — C be a least energy solution to
problem (1.3). There holds |V|U.|| < |VU,|. Assume by contradiction that

L2({z € R |V|U.|()] < [VU.(2)[}) > 0,

where £2 is the Lebesgue measure in R?. Then we get P,(|U.|) = P.(U,) and

z)g/ |V|UZ||2da:</ VU, 2 dz = 0u(2),
R3 R3
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which is a contradiction. The second assertion in (ii) follows by a direct computa-
tion. Indeed, a.e. in R3, we have

[V|U,|| = [VU,| if and only if RU,V(SU,) = SU,V(RU,).
If this last condition holds, in turn, a.e. in R3 we have
U.VU, = RU.V(RU.) + SU.V(SU.),

which implies the desired assertion. Finally, the representation formula of (iii) is an
immediate consequence of (ii), since one obtains U, = €*“|U,| for some w € R. O

2.2. Generalized gradients

Assume that f: R3 — R is a locally Lipschitz continuous function. For the reader’s
convenience, we recall that the Clarke subdifferential (or generalized gradient) of f
at a point z (cf. [8]) is defined as

dcf(z) ={neR* foz,w) > (n|w), for every w € R3},
where fY(z,w) is the Clarke derivative of f at 2 along the direction w, defined as

fE+Mw) — f(€)
. .

f°(z;w) = limsup
E—z
A—0T

From [8, Proposition 2.3.1] we learn that d¢ f(z) is nonempty, convex and
Oc(—f)(2) = —0cf(z), for every z € R3, (2.5)
In light of (i) in Lemma 2.1, we are allowed to give the following

Definition 2.3. We denote by & C R? the set of critical points of the function X,
in the sense of the Clarke subdifferential, namely

S :={zeR*0€ X, (2)}.

Now, for z € R?, we consider the gauge invariant functional .J,: H'(R3,C) — R

T (u) = %/R (%V—A(z)) "

associated with the limiting equation

2

+V(2)|ul? de — /]R3 K(2)F(|ul?) dz,

2
(37-46)) wt V=K (P

We denote by G.(z) the set of the nontrivial solutions v: R* — C, up to translations,
of the above limiting problem with bounded, but not necessarily least, energy.
Moreover, we introduce the linear map Y,: R? — R, defined as

3
T.(z):= ZAj(z)xj, for every x € R3.
Jj=1
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Apparently, for every z € R3, there holds VY, (x) = A(z). It is readily seen that for
every v € G.(z) we can write v = e'T=U,, where U, is a (possibly complex-valued)
solution to problem (1.3).

Definition 2.4. Let z € R3. For every w € R? we define I'; (w) and I'} (w) by

I (w):= 5(1;111 )(VZJZ(U) |w) and TF(w):=— eicl:lf( (Vo (v) | w),
veGe(z v c(z

where V is the gradient with respect to z. Explicitly, for every w € R?,

I' (w) = sup [<%(z) %(iUZVUZ)dx>
=itz U. 8’11] R3
veEG(2)
oV U |2 K ,
+50 [ - Sne) [ PP ),
I'f(w)=— inf %(z) R(U,VU,) dx
? B v=e'Y2U, ow R3 - -
veEG.(z)

oV |U.|? 0K 2
4500 [ S-S [ FQU.P) |

Notice that
OTE(0) = {n e R*: T'F(w) > (n | w), for every w € R*},
where OI'F(0) is the subdifferential of the convex function I'T at zero. We set
&*:={zeR*0€0l;(0)Nnort(0)}

and we say that &* is the set of weak-concentration points for problem (S;).

2.3. Concentration of bound-state solutions

We now introduce two (gauge invariant) notions of concentration for a sequence of
bound-states solutions of (S;) around a given point.

Definition 2.5. Let zp € R? and assume that (uc,) C Hi{;v is a sequence of
bound-state solutions to problem (S.). We say that

(i) 20 is a concentration point for (ue,) if |ue, (20)] > 0 > 0 and for every n > 0
there exist p > 0 and hg > 1 such that

|ue, (z)] <n, for every h > hg and |z — zo| > epp.

The set of such points will be denoted by C C R?;
(ii) zo is an energy-concentration point if, in addition

Jim %0z, (ue,) = ¥ (20). (*)

The set of such points will be denoted by £ C R3.
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For instance, if K = 1, f is a power, 2o is a minimum point of V and (u.,) is a
sequence of least-energy solutions to (S¢), then zg € € # 0 (cf. [19, Lemma 3]).
Next we see that in the case of power nonlinearities

fu) = AT for some p € (1,5) and A > 0, (2.6)
the above notions (i) and (ii) coincide.

Proposition 2.1. Let f be as in (2.6). Then € =C.

Proof. We can prove the proposition under the mere assumption (*). Consider
vp(z) = ue, (20 + enx). Then (|vg|) converges to some © > 0 weakly in H!(R? R)
and strongly in L{ (R3 R) for 2 < ¢ < 6 (see Step I in the proof of Theorem 3.1).

By Kato’s inequality [27, Theorem X.33], we get
/111{3 K(z0 + epx)|vp PO dx > /R3 V|on|V0 + V(20 + epz)|vp|v dz
which, as h — oo, yields,
/ K (20)[07 da > / V[ + V(20) 52 de
R3 R3

Therefore, there exists 9 € (0, 1] such that 99 € N,,. As a consequence,

1 1
<92 (2_ ~ 12 =12
Yr(20) < (2 pary 1) /R3 |Vo|* + V(20)|0| dz

1 1
< <_ _ _) liminf/ [V on|]> 4+ V(20 + enz)|on|* d
h—oo  Jr3

2 p+1
2

+V (20 + en)|vn|? dx

(%V — A(zo + Ehx)> vy,

1 1 ..
< | =——— ) liminf

2 P —+ 1 h—o0 R3
< lihm infe; 2T, (ue,) = S, (20),

where we have used the diamagnetic inequality (2.2) with ¢ = 1. Hence we get
¥ = 1, which gives at once © € N,,. Then,
1 1

-1
‘/]Rs |V17|2 + V(Z())|@|2dx < (5 — m) lihrggfsl;&]sh (Ugh)

1 1\ !
_ (5 a m> Yr(20) < /R [Vo|? + V (20)[0*da.

This implies that |v,| — © strongly in H!(R3 R). Repeating the arguments in
the proof of [19, Lemma 5] we conclude that zop € C (the concentration occurs
exponentially fast, see Step IT of the proof of Theorem 3.1). This proves that £ C C.
The converse inclusion follows by the uniqueness of solutions (up to translations)
to problem (1.3). Indeed, if zy € C, the sequence ¢}, > J., (ue, ) converges to J,, (vo)
being vg an element of the family

{0+ 60 (2) }uer,
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where ¢ is the unique solution to (1.3) up to translations (cf. [19, Lemma 7]). In
particular, there holds J,,(vo) = I.,(¢o) = 2r(20), that is zgp € &, concluding the
proof. For similar considerations in the case A = 0, see e.g. [18, Lemma 4.2]. O

We are naturally led to consider the following question (see also Remark 3.1).

Question 2.1. When f(u) does not satisfy (2.6), is it still true that &€ = C?

3. The Main Result
For every p € (1,5), let us set
S, = {z €R* (5—p)K(2)VV(z) =4V (2)VK(z)}.
We now come to the main result of the paper.
Theorem 3.1. Assume that there exist C' > 0 and v > 0 such that, for |z| large,
|A(z)| < cel®l |V (z)| < Cel®l VK (z)] < Cel®l, (3.1)
Let (ue,) C HY'y be a sequence of bound-state solutions to (S:). Then,
CC6&* and £CG6.
If in addition f satisfies (2.6), then we have
C=£CB6 =06,

Proof. Let 29 € C and set vi(z) = ue, (20 + epw) for every h > 1 and z € R3.
Then, the sequence (vy,) satisfies the rescaled equation

2
—Avy, — i (A(zo + epx) | Vop) — 6ThdivA(zo + epx)vp,
+|A(z0 + enz)[*vn + V(20 + en)vn = K (20 + enz) f(lvn*)vn.  (3.2)
We shall divide the proof into five steps.

Step I. Up to a subsequence, (vp,) converges in some Holder space 6’120? (R?) to the
function vo(z) = €Y= @)U, (), where U,,: R? — C is a solution to the equation

— AUz, + V(20)Uz, = K (20)f (1U=*) U, (3.3)

By the assumption on (u,), the sequence (vy,) is bounded in H} y,, and the dia-
magnetic inequality (2.2) immediately implies that (|vy,|) is bounded in H!(R3,R).
Therefore, up to a subsequence, it converges weakly in H'(R3 R) and locally
strongly in any LY(R3 R) with ¢ < 6 towards a positive function v,. Moreover,
for each compact subset A C R3, by the continuity of A, (vy) is also bounded in
H(A,C). We may now use the subsolution estimate (see e.g. [16, Theorem 8.17]) to
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(R3) and hence in C>*(R3), via Schauder’ esti-

loc

get that (vy) is also bounded in L°

loc
mates. By combining this fact with the results of [20], up to a subsequence, v, con-

verges to vg in C’i’?(R?’) and furthermore vy Z 0, since |vp(0)] = |ue, (20)] > 0 > 0.
By continuity, the limit vy satisfies the limiting equation

—Avg — % <A(Zo) | VUO> + |A(Zo)|2110 + V(Zo)Uo = K(Zo)f(lvo|2)1}0. (34)

If we define U,,: € R? s e~"T=0 @)y (), then U,, satisfies (3.3).

Step II. There exist two positive constants R, and C, such that

|vop ()] < C’*ef\/glwl7 for every |z| > R, and h > 1, (3.5)

where 1 is defined in (2.1). Since zg € C, we have vy (x) — 0 as |z| — oo, uniformly
with respect to h > 1. Hence, for any n > 0, we can find a radius R, > 0 such
that |vy(z)| < n whenever || > R,, and h > 1. Therefore, exploiting again Kato’s
inequality

Alvy| > R(op|vn| " (V —iA)?vy)  (in distributional sense),
and taking into account that f is increasing, there holds
Alvp| 2 V(20 + en)|vn| — K (20 + enz) f([vn]*)|vn] = [Vo — Ko f (n°)]|va|

in the sense of distributions on {|z| > R,}, where Ky > 0 is as in (2.1). Let
Iy be a fundamental solution for —A + ¢,, where ¢, = Vo — Kof(n*). We can
choose Ty so that |vp(z)| < [Vo — Kof(n?)|To(x) holds for |z| = R,. Then, if

w = |vp| — [Vo — Kof(n?)]To, there holds
Aw = Alv,| — [Vo — Kof (%)) AT
> [Vo — Ko f ()]lon] — [Vo — Ko f(n*)]’To
= [Vo — Kof(n*)Jw
in distributional sense over {|z| > R, }. Then, by the maximum principle, w(z) <0
for every [z| > R,,. Since, as known, I'g decays exponentially at the rate ,/c;, fixing

n = 1. so small that f(n?) < Vy/2Ky, we can find constants R. > 0 and ¢ > 0 such
that To(z) < cexp{—+/Vo/2|x|} for |x| > R., which yields the desired conclusion.

Step III. For every h > 1, the following identity holds

0A 1 0A
As |:<8—xk(2()+€hl') A(ZO+€hx)>|Uh|2—§R<EVUh 6—xk(20+€h$)1_)h>
)% lon > 0K ) B
+ pr (z0 +enx) 5 pr (z0 + enx) F(Jvp|?) | dz = 0. (3.6)

Rigorously, we cannot directly apply the Pucci-Serrin variational identity [25], since
the solutions to Eq. (3.2) are complex-valued. For we are not aware of any explicit
reference to cite for the identity we need, we will derive (3.6) directly (see also [9]).
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Throughout the rest of this step only, we use the less cumbersome notation z - y in
place of (z | y) to indicate the standard scalar product in R3.
First of all, let us observe that, for every h > 1,
|Vor| < |DYop| 4+ |A(z0 + enz)||vn]-
Hence, taking into account Step IT and the bounds (3.1) and (2.3), we get
Vol 2msy < ||D1Uh||L2(JR3) + [|A(20 + en)vn| 2 (rs)
< 1D onll 2 (ms) + | AGz0)llonll 22wy + elle™ 1™ 2o | 22 sy
< (3.7)
for all h > 1 and some ¢ > 0. Let § > 0 and consider the cut-off function 5 = ¥ (dx),
where ¢ € C1(R3) is such that ¢(x) = 1 for |z| < 1 and ¢(z) = 0 for |z| > 2. If
er denotes the kth vector of the canonical base in R3, we test Eq. (3.2) with the
function ¥sey - Vo, and we take the real part. Firstly, we have

2
@ dx.

As a consequence, by virtue of (3.7), the Dominate Convergence Theorem yields

iy Vvh-V[Q/)(sek-v—Uh] de =R Vvh-ngek-Vvh dx — VQ/)(s-ek
R3 R3 R3

lim R Vo - V[sey - Vop] dz = 0.
0—0 R3

Now, we have

R . K(zo + shx)f(|vh|2)vh1/1(;ek -V, dz
R

=R K(zo + epx)tbser - VF(|Uh|2) dz
]R3
s

K
h — (20 +5hx)¢5F(|vh|2)dm— K(z +€hx)—F(|Uh|2) dx.
R3 axk R3 axk

Hence, in light of (3.1), (3.5) and (3.7), by the Dominate Convergence theorem we
have

- 0K
lim K(zo+€hx)f(|vh|2)vh¢5ek ~vvhd(E = —Eh/ —(Zo+€hl’)F(|Uh|2) dx.
d—0 R3 R3 oxy

=—c

In a similar fashion, there hold

- oV 2
lim R V(zo + enz)vptbse - Vop de = —¢p, — (20 + epa) [on]
0—0 R3 R3 Oxy, 2

dx,
lim R |A(Zo + shm)|20h1/1(;ek -V, dx
0—0 R3

0A
= —gp A(zo + epx) - —(ZO+5hx)|'Uh|2 dx.
R3 axk
Finally, we have

2 -
J(@)="%R ;A(Zo +epz) - Voppsey, - Vup de = J1(8) + J2(6) + J3(0),
R3
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where we have set

20A,, 0
= —,R Z / (z0 + enx)s 6% vy, de,

3 1 Oxg Tom

= R Z / —Apn(z0 + epx) ng gjjh vy, dx,

0
=-R Z l Zo + €h$)1/15 ﬁﬁh dx.

After a few computations, one shows that J>(d) — 0 as 6 — 0 and

2 _
J5(8) = —R %divA(zo + ena)onbser - Vo dx — J(8) + ©(5),

R3
with ©(6) — 0 as § — 0. Furthermore, again by (3.1), (3.5) and (3.7)
A
lim J1(0) = —Eh% Vvh 4 — (20 + epx) vy, d.
6—0 ) ox Tk

Therefore, we obtain
lim J() = —R [ LdivA(zo + enz)oner - Vop da
6—0 R3

— €h§R ; Vvh (Zo + ehx)vh dx.

0A
Oxy,
Adding the above identities 1mmed1ately yields (3.6).

Step I'V. We apply the Dominate Convergence Theorem to take the limit as h — oo
into identity (3.6). The only troublesome term is

3?<1_VU}L %
7 Oxy,

since we apparently have no control on the decay of Vuj,. Taking into account (3.7)
and recalling that Vo, (x) — Vg (z) for all x € R3, up to a subsequence, we have

Vo, — Vg, weakly in L?(R3). (3.8)

(z0 + €h$)1_)h>7

On the other hand, by virtue of Step II, there exist R, > 0 and ¢ > 0 such that

A /
88 (z0 +enz)op| < ce_( %—'ym)\x\’ for every |z| > R..
Tp
Consequently, since o, (x) — 0p(z) for all z € R? and A € C*(R?), there holds
0A 0A
B—xk(zo + epx)vp — 8—3%(2'0)170, strongly in L2(R?). (3.9)

Thus, by combining (3.8) and (3.9), for each k, we immediately get

lim R Vvh a—(zo+5hm)6h dx:/ R VUO BA( )170>dx.
h—oo JRr3 oxy, R3 oxy,
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Since similar considerations apply to the other terms that appear in (3.6), we can
therefore pass to the limit as h — oo, to find, for each k,

/R3 <§—i(20) A(zo)>|vol - §R< Vg gA (Zo)vo> da:

oV |U0|2
+a—$k( )/Rg D) / F |1)0| (310)

Now, as proved in Step I, vy can be represented as vo(x) = e'T=0 @)U (x) where
U.,: R? — C solves (3.3). Taking into account that

1 ) .
{VUO (x) = emzo(ac)A(zo)UzO (x) — iezTZO(x)VUZO (z),

for every = € R? we obtain
0A 1
(oA () - R(§ Tun(e)| 5o
0A
N <8xk (ZO)
- §R<eiTz0(x)A(zo)UZO (x) — it T @V, ()

= <g—i(20) x‘l(zo)>|U:,,O(:r)|2
x (3
< gj (% )éR(iUzo(x)VUZO(x))>.

Hence, equation (3.10) can be rephrased as

<ZO>>|UZO<x>|2

0A —1 T)TT
o )™ T o))

A YU (@) = i{ 5 o)

VU () )0 (0))

< gi (20| J . éR(z‘UZOVUZO)dx>
v gt [ Bbar - ) [ po
for every k = 1,2, 3, namely,
<Z_$(ZO) g R(iU.,VU.,) dx>
) /R ol e 2 /R F(U.Pyde =0, (3.11)

for every w € R3.

Step V. In this final step, we prove the desired inclusions stated by the theorem.
As a consequence of identity (3.11), in light of the definition of I'*(zg; w), we imme-
diately deduce that zy € 6*, thus proving that C C &*. Let us now assume that
zg € €. Then J,,(vg) = Be(z0) = Xr(20), and by virtue of (iii) of Lemma 2.2, we
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have U, (r) = e™“u,,(x) for some w € R, where u,, is a real-valued least energy
solution to (1.3). Moreover, by (ii) of Lemma 2.2, we have

R (iU, (2)VU., (x)) =0, for a.e. x € R,
Then, in light of Lemma 2.1 and (3.11), we obtain

() 0= [0 [ S G [ oo

e [ 5o Gt [ F10P ]
= sup |—1(z dx +— F(|U|?) dx
S St | (UP)
u€Syr(2z0)
oV U, |2 oK
> 27 ~zol el 2 —_
> Guto) [ B de e G [ PP e =0,

for every w € R3. In a similar fashion, there holds

(%ﬁj)Jr (20) <0,

for every w € R®. In particular, by the definition of (—,)%(z0; w), we get

_ +
()0 w) > (M) (20) 2 0,

ow

for w € R3. Hence 0 € 0c(—X,)(20), which, in light of Proposition 2.1, yields 2z €
S. Finally, if f(u) satisfies (2.6), problem (1.3) admits a unique (up to translations)
real-valued solution ¢¢ (see [5]). Taking into account Lemma 2.2, there exists w € R
such that vy = e'T=0(@) e, (). Then, if 29 € C = £ (see Proposition 2.1), we
have Sy(z0) = {¢0}, £, admits all the directional derivatives and, by the above

inequalities,
0%, \ " 0%,
() o) = Gt =0,

for w € R3. Since up to a multiplicative constant 3, writes down explicitly as (1.2),
the last assertion readily follows by a direct computation. O

In light of identity (3.11), we also have the following

Corollary 3.1. Under the assumptions of Theorem 3.1, for every zo € C, there
exist constants A1, A2, A3 € R (possibly zero) and v1,v2 € R\{0} such that
3
> A VA;(20) + 11VV (20) + 72 VK (29) = 0. (3.12)
j=1
Hence, in general, the location of concentration points might depend also on the
(fized) external electromagnetic potential A. If &* = (), then (S:) does not admit
any sequence of bound-state solutions concentrating somewhere pointwise.
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Corollary 3.2. The location of energy-concentration points of a sequence of bound-
state solutions to problem (S¢) is independent of the external electromagnetic field B
(and there holds \j = 0 for all j =1,2,3 in (3.12)). If & = 0, then (S:) does not
admit any sequence of bound-state solutions concentrating somewhere energetically.

Remark 3.1. Despite the fact that both pointwise and energy concentration are
gauge invariant, the necessary condition (3.12) is not, in general, unless A\; = 0 for
all 7 = 1,2, 3. Hence, it seems natural to conjecture that the answer to Question 2.1
is always affirmative.

Corollary 3.3. Assume that f(u) is such that, for every z € R3, problem (1.3)
admits a unique positive radial solution, up to translations. Then, if z is an energy-
concentration point it is a classical critical point of X,..

We refer the reader to [5, Theorems 2.5 and 4.2] for some results ensuring uniqueness
for (1.3) under some additional hypothesis on f(u).
We finish the paper with a simple but interesting property of the family

{Gp}p6(1,5)~

Observation 3.1. Assume that f(u) satisfies (2.6) and that

. [VV (z)] .
limsup ————— < oo and liminf |VK(x)| > 0.
We denote by Crit(K) the set of critical points of K, which is a compact set in
light of the above assumption. Then, it is a simple task to check that
lim distgs(S,, Crit(K)) =0,

p—5~

that is, if p is close to the critical exponent 5, the spikes locate close to Crit(K).

Acknowledgments

The authors wish to thank Professors Silvia Cingolani and Kazuhiro Kurata for a
few comments about their papers [6] and [19] respectively. The first author was sup-
ported by the MIUR national research project “Variational Methods and Nonlinear
Differential Equations”. The second author was supported by the MIUR national
research project “Variational and Topological Methods in the Study of Nonlin-
ear Phenomena” and by the Istituto Nazionale di Alta Matematica “F. Severi”
(INdAM).

References

[1] A. Ambrosetti, M. Badiale and S. Cingolani, Semiclassical states of nonlinear
Schrédinger equations, Arch. Ration. Mech. Anal. 140 (1997) 285-300.

[2] G. Arioli and A. Szulkin, A semilinear Schrodinger equation in the presence of a
magnetic field, Arch. Ration. Mech. Anal. 170 (2003) 277-295.



3]
[4]
[5]
[6]
[7]

8]
[9]

[10]
[11]
[12]
[13]

[14]

[15]
[16]
[17]
[18]

[19]

[20]
[21]
[22]

23]

[24]
[25]

[26]

Schrédinger Equations with Electromagnetic Field 267

H. Berestycki and P. L. Lions, Nonlinear scalar field equations I and II, Arch. Ration.
Mech. Anal. 82 (1983) 313-345, 347-375.

J. Chabrowski, Existence results for nonlinear Schrédinger equations with electro-
magnetic fields, Monatsch. Math. 137 (2002) 261-272.

C. C. Chen and C. S. Lin, Uniqueness of the ground state solutions of Au+ f(u) =0
in RNV, N > 3, Commun. Partial Differential Equations 16 (1991) 1549-1572.

S. Cingolani, Semiclassical stationary states of nonlinear Schrodinger equations with
an external magnetic field, J. Differential Equations 188 (2003) 52-79.

S. Cingolani and S. Secchi, Semiclassical limit for nonlinear Schrédinger equations
with electromagnetic field, J. Math. Anal. Appl. 275 (2002) 108-130.

F. H. Clarke, Optimization and Nonsmooth Analysis (Wiley-Interscience, 1983).

M. Colin, Stability of stationary waves for a quasilinear Schrédinger equation in space
dimension 2, Adv. Differential Equations 8 (2003) 1-28.

E. N. Dancer, Some mountain-pass solutions for small diffusion, Differential Integral
Equations 16 (2003) 1013-1024.

M. Del Pino and P. Felmer, Local mountain passes for semilinear elliptic problems
in unbounded domains, Calc. Var. Partial Differential Equations 4 (1996) 121-137.
M. Del Pino and P. Felmer, Semi-classical states for nonlinear Schrédinger equations,
J. Functional Anal. 149 (1997) 245-265.

M. Del Pino and P. Felmer, Semi-classical states of nonlinear Schrédinger equations:
a variational reduction method, Math. Ann. 324 (2002) 1-32.

M. Esteban and P. L. Lions, Stationary solutions of nonlinear Schrodinger equations
with an external magnetic field, in Partial Differential Equations and the Calculus of
Variations. Essays in Honor of Ennio De Giorgi (Birkh&user, 1989), pp. 401-449.
A. Floer and A. Weinstein, Nonspreading wave packets for the cubic Schréodinger
equation with a bounded potential, J. Funct. Anal. 69 (1986) 397-408.

D. Gilbarg and N. Trudinger, Elliptic Partial Differential Equations of Second Order
(Springer, 1983).

M. Grossi, Some results on a class of nonlinear Schrédinger equations, Math. Z.
235 (2000) 687—705.

M. Grossi and R. Molle, On the shape of the solutions of some semilinear elliptic
problems, Commun. Contemp. Math. 5 (2003) 85-99.

K. Kurata, Existence and semi-classical limit of the least energy solution to a non-
linear Schrodinger equation with electromagnetic field, Nonlinear Anal. 41 (2000)
763-778.

O. Ladyzhenskaya and N. Uralceva, Linear and Quasilinear Equations of Elliptic
Type (Academic Press, New York, 1968).

E. Lieb and M. Loss, Analysis, 2nd edn. Graduate Studies in Mathematics, Vol. 14
(American Mathematical Society, Providence, RI, 2001).

M. Loss and B. Thaller, Optimal heat kernel estimates for Schrédinger operators
with magnetic field in two dimensions, Commun. Math. Phys. 186 (1997) 95-107.
Y .-G. Oh, Existence of semiclassical bound states of nonlinear Schrédinger equations
with potentials of the class (V)a, Commun. Partial Differential Equations 13 (1988)
1499-1519.

A. Pistoia, Multi-peak solutions for a class of nonlinear Schrédinger equations,
NoDEA Nonlinear Differential Equations Appl. 9 (2002) 69-91.

P. Pucci and J. Serrin, A general variational identity, Indiana Univ. Math. J.
35 (1986) 681-703.

P. H. Rabinowitz, On a class of nonlinear Schrédinger equations, Z. Angew. Math.
Phys. 43 (1992) 270-291.



S. Secchi € M. Squassina

M. Reed and B. Simon, Methods of Modern Mathematical Physics, Vol. II (Academic
Press, 1968).

S. Secchi and M. Squassina, On the location of concentration points for singularly
perturbed elliptic equations, Adv. Differential Equations 9 (2004) 221-239.

X. Wang, On concentration of positive bound states of nonlinear Schrédinger equa-
tions, Commun. Math. Phys. 153 (1993) 229-244.

X. Wang and B. Zeng, On concentration of positive bound stated of nonlinear
Schrédinger equations with competing potential functions, SIAM J. Math. Anal.
28 (1997) 633-655.



