Mathematische Zeitschrift (2024) 306:22

https://doi.org/10.1007/500209-023-03419-y Mathematische Zeitschrift
()

Check for
updates

Stein-Weiss type inequality on the upper half space and its
applications

Xiang Li' - Zifei Shen' - Marco Squassina®3 - Minbo Yang'

Received: 13 April 2023 / Accepted: 13 November 2023
© The Author(s) 2024

Abstract

In this paper, we establish some Stein—Weiss type inequalities with general kernels on the
upper half space and study the extremal functions of the optimal constant. Furthermore, we
also investigate the regularity, asymptotic estimates, symmetry and non-existence results of
positive solutions of corresponding Euler-Lagrange system. As an application, we derive
some Liouville type results for the Hartree type equations on the half space.

Keywords Stein—Weiss type inequality - The method of moving plane - Classification -
Extremal functions

Mathematics Subject Classification 35B40 - 45P05 - 35B53

Minbo Yang is partially supported by the National Key Research and Development Program of China (No.
2022YFA1005700), NSFC (11971436, 12011530199) and ZINSF (LZ22A010001). Marco Squassina is
supported by Princess Nourah bint Abdulrahman University Researchers Supporting Project number
(PNURSP-HC2023/3), Princess Nourah bint Abdulrahman University, Saudi Arabia.

D<) Marco Squassina
marco.squassina@unicatt.it; marsquassina@pnu.edu.sa
Xiang Li
xiangli@zjnu.edu.cn

Zifei Shen
szf@zjnu.edu.cn

Minbo Yang

mbyang @zjnu.edu.cn

Department of Mathematics, Zhejiang Normal University, Jinhua 321004, Zhejiang,
People’s Republic of China

Dipartimento di Matematica e Fisica, Universita Cattolica del Sacro Cuore, Via dei Musei 41,
Brescia, Italy

3 College of Science, Princess Nourah Bint Abdul Rahman University, PO Box 84428,
Riyadh, Saudi Arabia

Published online: 10 January 2024 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00209-023-03419-y&domain=pdf

22 Page2of35 X.Lietal.

1 Introduction and main results

The geometric inequalities and the related problems have received a great deal of attention
in recent years. The inequalities such as the Sobolev inequality, the Hardy-Littlewood—
Sobolev inequality (HLS for short) and the Stein—Weiss type inequality play an essential
role in the theory of partial differential equations and geometric analysis. For instance, the
HLS inequality has been widely applied to investigate the qualitative properties and the
classification of solutions. Moreover, the HLS inequality implies the sharp Sobolev inequality,
as well as Gross’s logarithmic Sobolev inequality, is the key ingredient in the study of Yamabe
problem and Ricci flow problem [30]. Let us first recall the classical version of the Hardy—
Littlewood—Sobolev inequality, which is established by Hardy, Littlewood and Sobolev in
[32,47].

Proposition 1.1 Let 1 < p, ¢’ < 00,0 < <n, f € LP(R"), and g € LY (R"). Then
there exists a sharp constant C (p, q', u, n) such that

fMeg)
/ S————dxdy < C(p,q",n, i fllLr@n gl o/ gony» (1.1)
n Jre |x — y|#

1,1, i .. .
where sty tn= 2and C(p, q', n, ) is independent of f and g. Moreover, the optimal

constant satisfy
7 | nin wn/n
n (|S"_l|/n)/” L ( u/n ) +< M/n/) ’
(n—w) pq" \\1=1/p l—gq

where we use q’ to stand for the dual index of q.

C(p.q' pn) <

If one of p or ¢’ equals 2 or p = ¢/, the existence of extremals for the HLS inequality with
optimal constant was discussed by Lieb [39]. However, if p # ¢’, neither the sharp constant
nor the existence of extremals is known. Later, Frank and Lieb [27] explored the best constant
and extremals of the inequality for the case that p = g’ = 2n by the reflection positivity
of inversions in spheres. Carlen and Loss [6] also studied the problem via the competing
symmetry argument. In [7], Carlen et al. simplified the proof and obtained the sharp version
of inequality (1.1) with n > 3 and = n — 2. Frank and Lieb [28] investigated the optimal
constant of (1.1) via the rearrangement free argument [29] and obtained the sharp constant of
HLS on the Heisenberg group, which was established by Folland and Stein [26]. Dou and Zhu
[23] investigated the reversed HLS inequality. Dou, Guo and Zhu [22] proved a version of
the reversed HLS inequality on the upper half by the subcritical argument. Ng6 and Nguyen
[48] employed the layer cake representation to obtain the reversed HLS inequality.

In [38, 46] Stein and Weiss established the weighted HLS type inequality,

S (g) ,
/n /n |x||x _y|M|y|ﬁd xdy < C(p,q,n, u,a, ﬁ)”f”Lp(R”)”g”Lq/(]Rn)v (1.2)

wherep q > 1,0 < u < n,a+ B > 0and the double weights satlsfy + Ly “+ﬂ+“ -2

and 1 — ; e ;. If p < g, Lieb [39] proved that the extremals for this 1nequahty
can be obtained under the restriction «, 8 > 0, and he also studied the non-existence of
extremal functions for inequality (1.2) in the case p = g. The same result was obtained by
Herbst [36] for the case u = n —1,p = g = 2, = 0and B = 1. In [4, 5], Beckner
established a new equivalent formulation to study the best constant of inequality with p = g.
Later, Chen, Lu and Tao [8] employed the concentration compactness principle to classify
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the extremal functions of (1.2) under the conditions p < ¢ and & + 8 > 0. Particularly,
they also generalized the results onto the Heisenberg group. It is worth mentioning that Han
et al.[35] also derived the Stein—Weiss type inequality on the Heisenberg group. Chen et
al.[10] considered the reversed Stein—Weiss inequality (1.2). Furthermore, the existence and
classification of solutions of the Euler—Lagrange equations related to the integral inequalities
have also attracted a lot of interest. By using the moving plane argument and regularity lifting
technique, Chen and Li [16] classified precisely the positive solutions to of the integral type
Euler—Lagrange equations related to the HLS inequality (1.1). Meanwhile, the authors studied
the qualitative property of the extremal functions of the Stein—Weiss inequality (1.2) in [14].
Bebernes et al. [3] established the asymptotic behavior of the solutions of the weighted
integral systems. For recent development and applications of the HLS inequalities and the
Stein—Weiss inequalities, we refer the readers to [41, 50] and the references therein.

In recent years, many people are interested in the integral inequalities on the upper half
space. In [33], Hang, Wang and Yan established the following integral inequality with har-
monic kernel,

I /a L PEDT OB ) = COLPISrey). x = (. ) R v € IRY,
A

(1.3)

A +and g = % In fact, inequality (1.3) can be regarded as
(1x'=yIP+x7) 2
Carleman’s inequality in higher dimension, and it implies the sharp isoperimetric inequality,
see[34]. The authors considered the existence of extremal function for inequality (1.3) through
the method of symmetrization and the concentration compactness principle, and they also
discussed qualitative properties of extremal functions including regularity and symmetry.
Later, Chen [13] generalized the above inequality to the case with poly-harmonic extension.
More precisely, the author obtained the following integral inequality on the upper half space,

where P (x, y) = c(n)

P n, < C s s ny,
I “f”L%(RQ’_) = Cn, w, Pl fillrerr)

forall 1 < p < coandn > 2, where

pu+1l—n

Pu(f)(x) = / TN

IR (1x =y +7)®

is the poly-harmonic extension operator. Moreover, the author classified the positive extremals
via the rearrangement method for p = zi(j E_IL . Dou and Zhu [24] proved the existence of
extremals and computed explicitly the sharp constant by Riesz’s rearrangement technique.

Recently, Gluck [31] obtained the following sharp inequalities on the upper half space

<C(n, p, A, P)||f||Lp(a]R1) ||g||Lq/(R1),
(1.4)

f / K (X' =y, x,) f(»)g(x)dxdy
oRY JRY

where K is a family of kernels

A
n

(WP +x3)?

X
K(x) = Ky (x) =

If © > 0, the kernel K includes the Riesz kernel and the classical Poisson kernel as special
cases. By a subcritical method, Gluck computed the best constant for a family of HLS
inequalities (1.4) and gave a precise classification of the related extremals via the method of
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moving sphere. Liu [43] generalized the Hardy-Littlewood-Sobolev inequality with general
kernel in the conformal invariant case for all critical indices. For the case i < 0, the authors
in [20] proved the reversed Hardy-Littlewood-Sobolev inequality with extended kernel K.
For the doubly weighted case, the Stein—Weiss inequality on the half space was established
by Dou [21], the author also studied the existence of extremal functions. If the kernel function
in (1.3) is replaced by fractional Poisson kernel, Chen, Liu, Lu and Tao [12] investigated the
following inequality with the double weights,

faw f Y[T4 P, y, ) fF (g ) |x| Pdxdy

<C@n,p.q ap, I f e o) 181 Lo (e (1.5)
where 1 < p,q’ < 00,2 < u < n satisfying
-1
@< y ,,8<n+q,oz+/320,
P
n—11 I a+B8+2-
— + — + M — 1,
n p q n
and P(x,y, p) = ———2———. By applying the rearrangement approach and Lorentz

x/— 2+x3 -2
interpolation inequ(allity,ylthey)studied the existence of extremals for the sharp constant of
inequality (1.5). Moreover, they classified the extremals of this inequality via the regularity
lifting argument and PohoZaev type identity. Especially, if « = B = 0 in (1.5), the optimal
inequality with the fractional Poisson kernel was established by Chen et al. [9]. Meanwhile,
Chen and his collaborators [11], Tao [49] considered the reversed Stein—Weiss type inequality
on the upper half space respectively.

In the present paper, we are going to study the existence of extremal functions of the
Stein—Weiss type inequality with a general kernel on the half space R’} . First of all, we will
establish the Stein—Weiss type inequality with general kernels on the half space. The first
main result of this paper is the following integral inequality.

Theorem 1.2 Letn > 3,1 < p,q' <00, A >0, ”%%—1—% > land u < n— 1+ A satisfies

n—11 1 a+B+u—Ar 2n — 1
*+*/+ IB i =
n p q

(1.6)

n n

with ¢ < ”;,1, B < % and o + B > 0. Then there exists some positive constant

C(n, p,q',a, B, A, ) such that for any functions f € LP (BR’i) and g € LY (R’jr), such
that

/ /Iyl_"’Px(x,y,u)f(y)g(X)IXI_'sdxdy
oY JRY
=< C(n, p, qlv o, /37 )‘" I’L)”f”LI’(dR’_;_)||g||Lq/(R1)! (17)

s
where Py (x,y, 1) = — M withx = (x, x,) € R"! x RT.
(W' =yP+x3) 2

In fact, by defining the following integral operator with double weights

V() :=/a TPy i f O Py, x € RY,

RY
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and
W(g)(y) == / V7" Pax, y, g (x)lx| " Pdx, y e dR,

R

inequality (1.7) is equivalent to the following weighted inequality via a dual argument

IV llagrny < COu pog'sae B il Fll o omy ). (1.8)
and
”W(g)”Lp’(z,Rr_;_) <C(n,p, 61/, a, B, A, 'u)”g”L‘i/(]R'j_)’ (1.9)
11 +B+u—A—n+1 _ +B4+u—r
where — +%_ and L ﬁ Ly adbrp—hon

n—
Next, based on symmetric rearrangement 1nequalrty, we shall prove the existence of
extremal functions for inequality (1.7).

1
nop q

Theorem1.3 Letn > 3,1 < p,qg' < oo, A >0, 2

satisfying

n—11 1 a+B+pu—1 2n—-1
—+ =+ = (1.10)
n p q n n

with o < "p;,l, B < "qﬂ and a,B > 0. Then there exists some positive functions

f & L? (9RY) sarisfying | fllLoqurr) = 1 and [V(Pllarr) = COn.p. g’ B ).
Moreover, if (f(y), g(x)) is a pair of maximizer of inequality (1.7), then f(y) is radially
symmetric and monotone decreasing about the origin, and there exists some positive constant
co such that g(x) = coV (f)(x).

Furthermore, we will study the properties of these extremal functions. For this goal, we
may maximize the following functional

J(ﬁg)z/ / P Cr. v i) £ () g () x|~ Pdxdy, (L11)
or" JRY

under the assumption || f ||Lp(a]R y = llgll e ®) = = 1. According to the Euler—Lagrange
multiplier theorem, we can deduce the followrng integral system with double weights

I0em? = [ IR fo Ty, xR,
- (1.12)
I = [Py gl P,y € R,

RY

. _ r_ 1 1 .
In.partlcular, we assume thar u=cifP " v=cg?"", qo =7 and po = =1 with two
suitable constants c; and ¢; in (1.12), the system can be rewritten as

u(y>=/ B P e, v, v (0)y[ ¥y, y € IR,
Rn

" (1.13)
v = [ BT PGy u l| Pdy, e B,
AR"
h = wpruch
wherea, B > 0, u < n— 1+ and po, qo satisfies the identity “— m p0+1 +q =

By applying the regularity lifting arguments, we can derive the regularity results of the
positive solutions for system (1.13) under integral assumptions.
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Theorem 1.4 Let (u, v) € LPot! (BRi) x L20F! (R'_ﬁ_) be a pair of positive solutions of the
integral system (1.13). Then (u,v) € L" (8R’j_) x L* (Rff_) with
1 . a a+pu—Ar+1 n 1 n 1 B—1 1
r n—1’ n—1 po+1 n—1lgy+1 n—1" po+1
n 1 +u—-A
B L PR
n—1qgo+1 n

and

1 -1 —A 1 -1 1 1
IR P S
s n n qo+1 n po+1 n go+1
n—1 1 a+pu—xr+1
+ .
n po+1 n—1

Next, we are going to consider the asymptotic behavior of positive solutions for system
(1.13). In light of the regularity lifting theorem, we derive the following result.

Theorem 1.5 Suppose that po, qo > 1. Let (u, v) € LPot! (BR{"_) x L20F] (R’j_) be a pair
of positive solutions of the integral system (1.13).

(1) Ifqio—m > %, then

qgon

A 0 (x)

xrv?0 (x
lim u(y)|y|” :f ————=dx
Iyl—0 R |x|IL+,5

1 pta—i+l o
(2) pro poi—1) =~ a1’ then

vkl =/ umG)
a

K[—0  x} R |yletH

In the spirit of inequality (1.7) and the integral assumptions, we will apply the method of
moving plane in integral form in [17, 18] to study the symmetry property of the solutions.

Theorem 1.6 Given po, qo > 1. If (u,v) € LPT1 (R") x LPT (R is pair of positive
solution of integral system (1.13), where py and qq satisfying ";1 p01+1 + qoi:-l = ‘”ﬁnﬂ,
then u(y) and v(x)| R Must be radially symmetric and monotonicity decreasing about some

point yo € 0R}.

Finally, as a special case, our results can be applied to the study of the following integral
system with single weight

u) = [ WP By v dr, € aRY,
+ (1.14)
v(x) =/ TPy, wu (p)dy, - x € RE.

IR

By the PohoZaev identity, we study the necessary condition for the existence of non-trivial
solutions for the single weighted system (1.14).

Theorem 1.7 Given . >0, u <n—1+ i and0 < po, qo < o0. Let (u, v) € CI(BR’}r) X
C! (R) be a pair of non-negative solutions of the integral system (1.14) with

(u,v) € L7 (Iy|™dy, dR%) x LOF! (|x|Pdx, RL).
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Then it must hold that
n—1—-a n-—28

=u—A.
po+ 1 qo + 1 ’

Clearly, according to the above theorem, we have the following Liouville type result for
nonnegative solutions of the single weighted integral system (1.14).
Corollary 1.8 For i < n — 1 + A, assume that

n—1l—-a n-—p
_l’_
po+1 qo+1

Fu—2,

then there are no non-trivial solutions (u, v) € Lo+ (SR’L) x L20F] (R'_ﬁ_) of the integral
system (1.14).

The second part of this paper is devoted to the study of some Hartree type elliptic equations
on the half space. Consider

—Au(x) = (/ F(u(y))dy> x,)l‘g(u(x)), x e RY,
a

ry [x[Plx — ylE [yl

N (1.15)
2= (/ W"”""dx) FuG)). yeaRL,
v R

n X[l — ylElyl

where the parameters A, o, u, B and the functions G, F, f, g satisfy some specific conditions.
The Hartree type equation is very important in the study of the Hartree-Fock model. This
nonlocal equation has been widely used in Bose-Einstein condensates theory to study the
problem how to avoid collapse phenomena. Moreover, it is used to describe the source of
dark matter in classical quantum mechanics. For convenience, the reader may turn to [37,
40] and the references therein for more backgrounds about the Hartree type equations.

The qualitative properties of the solutions, such as symmetry, monotonicity and non-
existence have received a great deal of interest in the last years. By applying the various
versions of the method of moving plane, Lei [42], Du and Yang [25] classifid the positive
solutions of the Hartree type equation with critical exponent. In [19], the authors established
the same non-existence results for Hartree type equation with the boundary conditions on the
half space. As an application of inequality (1.7), we are ready to study the monotonicity and
non-existence results of positive solutions for problem (1.15) via moving plane argument.
To present our main results precisely, we first introduce the definition of the weak solution
to the Hartree type equations (1.15).

Definition 1.9 We call that u € Wll’z(R’i) Nnc 0(Rf’jr) is a weak solution of Hartree type

oc

elliptic equations (1.15) if it satisfies for all ¢ € C°(R"}),

A
/ Va0 Vo(ods — / / Fu)rg@@)ee
R arn JR

Ix[flx — yl#|yl
A
+/ / G(u(X))xnf(u(y))w(y)dxdy
oRY JRY

lx|Plx — yl# |yl
on the upper half space.

Now we are in a position to state our main results.
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Theorem 1.10 Assume that A > 0, p <n—1+1 a <55, B < W witha + 8 > 0.
Letu € Wllo‘c2 RHNC 0(Rf’_ﬁ_) be a positive solution of the system (1.15). Suppose further the

functions f(t), g(t), F(t), G(t) : [0,00) — [0, 00) are continuous in [0, 00) satisfying
the following conditions,

(1) f(t), g(t), F(t) and G(t) are increasing in (0, +00),

F(t G(t (1) (1)
(2) H@t) = 2(’171)£()201+}L) , K1) = 2n+2}\—(;ﬁ+u) k@) = 11+2A527(2ﬁ+;1.) and h(r) = n7{2a+u)
t n—=2 t n—2 t n—=2 t n=2

are non-increasing in (0, +00).

Then u depend only on x,,.

It is worth observing that Theorem 1.10 provide a useful method to discuss the non-
existence of positive solutions for Hartree type equations (1.15) with the special case o« =
B = 0. The main content is the next result.

Corollary 1.11 Under the assumption of Theorem 1.10, Suppose that at least one of the
functions h, k, H and K is not a constant in (0, sup u(y)) or (0, sup u(x)). Thenu = ¢
yedRY xeR’}

with F(¢) = G(&) = 0.

The paper is organized as follows. In Sect. 2, we establish the sharp Stein—Weiss type
inequality with a general kernel on the upper half space. Then we apply Riesz’s rearrangement
inequality and Lorentz norm to obtain the existence of extremals for this inequality. In Sect.
3, by applying the regularity lifting argument and the method of moving plane in integral
form, we obtain the qualitative properties of the non-negative solutions to the integral system
with double weights. In Sect. 4, by using the Pohozaev identity, we shall show the necessary
condition for the existence of solutions of the single weighted integral system. In the last
section, we study the weak solutions to Hartree type equation and prove the symmetry and
non-existence results.

2 Stein-Weiss type inequality and sharp constant

In this section, we will establish Stein—Weiss type inequality (1.7) and study the existence
of extremal functions for the sharp constant C(c, 8, i, A, p, ¢’, n). For simplicity, we firstly
introduce some symbols by defining

Br(x) ={§ eR":|§ —x| < R,x e R"},
Bi'(x) = [£ € 0RY : £ — x| < R, x € 9R!},
By(x) = {& = (1. 6. ... &) € Br(x) 1 & > 0.x e R"}.

In particular, we write C or C; to denote different non-negative constants, where the value
may be different from line to line.

2.1 Stein—-Weiss type inequality

In this subsection, we will use the following integral estimates to prove Theorem 1.2. The
method of these integral estimates on the upper half space was established in [21].
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Lemma 2.1 Assume that W (x) and U (y) are two positive locally integrable functions defined
on R and 0R'} respectively, for 1 < p < q < oo and f is non-negative on IR, then

4 ql »
( W) (/ ]f(y)dy> dx) < C(p.g) ([ f"(y)U(y)dy> SNER)
R BY aR"

holds if and only if

Ao = sup :(/ W(x)dx)q (/ UI—P’(y)dy>” ] < 0. (2.2)
R>0 |x|>R [VI=R

1

<C(p,q) (f f”(y)U(y)dy) . (23
R

While,

q
( W(x)(f . f(y)> dx)
R" ORI\B! T dy

holds if and only if

1 1
Aj = sup :(/ W(x)dx)q (/ U“P’(y)dy>" } < o0. (2.4)
R>0 |[x|<R [y|=R

By applying the above Lemma, we are ready to complete the proof of Theorem 1.2.

Q=

Proof of Theorem 1.2 Without loss of generality, we may suppose that function f is positive.
In addition, we consider the double weighted integral operator related to a general kernel as
follows

PN = [ Py sy,

IR

Obviously, we note that inequality (1.7) is equivalent to the following inequality,
”P)»(f)'x'_ﬁ ”L‘I(Ri) <C(n,«a, /37 Ay 1y D, ‘1/)||f|y|a ”LP(BR'_;_)-
Since ¢ > 1, we may split the integral items into the following three parts, that is

1P (NP llLaery S Pat+ Paa+ Pus,

where q
A
X
P =f |x|‘ﬁ/ %dy dx,
RY Bl (lx" =yl 4+x2)2
AG)) !
_ X y
P :/ x| /3/ . ”—&dy dx,
R" IRINBY (|x" — yI> +x2)?
and q
A
_ x, f(y)
PA,3 - / |X| ﬁ /"_] n—l n—ﬁdy d‘x.
R™ By \B% (|x/ _ y|2 + xnz) 2

Based on the above analysis, we only need to prove

P)»,i =< C(”v o, ﬂ! )“7 M, P, 61/)||f|y|a||zp(3Rn+), i= 1: 27 3.
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22 Page100f35 X.Lietal.

Firstly, we estimate P 1. From the definition of P, 1, we get

A
X
P)\.l :/ |x|7ﬁ/”_l %d}) dx
R Bl (

=y +2)F
< [ el [ pody |
R} B%

q
Set W(x) = |x|#9=(+=24 and U (y) = |y|*?, according to Lemma 2.1, to verify

n
+

(2.5)

PX,] = C(ny o, /35 )\7 ", p, q/)”f'y'a”[ip(aRri)a

n—1

one only need to show that W(x) and U (y) satisfy (2.2). In fact, since o < o for any
R > 0, we have

W(x)dx = / x| e (=Pa g
[x|=R [x|=R

:/ +dy/00r7ﬁqf(ufk)qdr (2.6)
28; R

=C(n, B, p, @) R"PI= (1711,
and
_y 1-p/
[ ooy =[ () ay
R R
Iyl= Iyl= . 2.7)
=/ dv/ reP=Mgr = C@,a, p)R"‘p(l_p/H'"_l.
Sn—2 0

It follows from (2.6), (2.7) and (1.7) that

1 /
q / P
(i) (] o-so0)
[x|=R [YI=R

A n ap(l—pH+n—1
<C(n,a,B, A 1, p.g)R B=(u=n)+5+ 4

=C(n,a, B, A 1, p,.q).

Next, we consider P; . Noticing that |y| > 2x, we know |y — x| > % Setting W (x) =
|x|CA+M9 and U (y) = |y|“#F9P in (2.3), we know

q
Pin < / | F / FOIyI#dy ) dx
R" AR\ B2~

+ +\Do |

=< C(”v o, ﬂ! A, M, P, 61/)||f|y|a||zp(mn+)-

We only need to check that W (x) and U (y) satisfy the condition (2.4). Since 8 < g + A, for
R > 0 we have

e.¢]
/ W(x)dx = / x| A gy = / dv / rCP gy
Ix|=R lx|=R aB; R

= C(n, B, », q)RTFVaH
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and

R
/ U7 (y)dy :/ |y |+ 1= g :/ dv/ Hutep(1=p) g,
IyI=R IyI<R sn=2 0

=Cn,apu, p)R(M-‘rOl)P(l—P/)'i‘"—l.

Combining the above estimates, it’s easy to find the condition (2.4) holds.
Finally, we estimate P, 3. By virtue of % < |y| < 2|x| and @ + B > 0, it follows that

Ix — y|*TF < 39HP|y|eth < 30HB0F ¢ By,

Furthermore, we get

q
A
P 3 =/ |x|_ﬁ/ | I%d}) dx
R By \B’@ (|x’ —y2 _|_xr%) 7
q
A a
x
< / / %dy dx
my | Jg eyt b -y

i
T

A o 4
< / / Xy f (y)Jlry |+ﬂ dy) dx.
re \Jogr [x — y[Hre
Under the assumptions of Theorem 1.2, we know © + o + f < n — 1 4 .. Together with the
results in [43], we deduce

P)»,3 =< C(”v o, ﬂ! A, M, P, 61/)||f|y|a||zp(mn+)-

Therefore, the proof is completed. O

2.2 The extremal functions for inequality (1.7)

In this subsection, we will prove the existence of extremal functions for inequality (1.7)
obtained in the previous subsection. More precisely, we point out that the study of the exis-
tence of extremal functions of the sharp constant is related to the following variational problem

Cle Bt pogsm) = sup IV (N oy £ 2 0 If oy =1} @.8)

We shall study the existence of maximiziers to the above supreme problem via the Riesz
rearrangement and Lorentz norm, which implies that the extremal functions of inequality
(1.7) are radially symmetric and decreasing about some point. For a measurable function f
on BR’L and we introduce the Lorentz norm with 0 < r, s < +00 as follows

1
o0 sdt\s
(/ (x%f*(t)) —) . if s < oo,
Il oy = N0 '
suptr f¥(1), if 5§ =00,
>0

where f*(¢) denote the decreasing and radially symmetric rearrangement function to f.
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Clearly, for 1 < p < oo, given some positive functions f, g and &, then the following
Riesz rearrangement inequality holds (See [2, 38])

I(f, 8. h) <I(f* g* h") (2.9)

wih 1 eomi= [ [ pst— sy
a n n
In the following, we+are r+eady to investigate the existence of the extremal functions.

Proof of Theorem 1.3 Suppose that { f ]} is a maximizing sequence of problem (2.8), i.e.
I fillLrorry =1 and ,ET IV(fllLawry = Clet, B, iy &, po g’ m).
It follows from (2.9) that

I f7 Ir@rey = I fillLrarry = 1, and/ET IV lLswny < l:m IV L)y,

since o, B > 0. As a consequence, we know that { f ,} isa p0s1t1ve radially non-increasing

sequence. Next we take any f € L”(dR’}) and set f“ =7 f(;) with k > 0. It’s suffice
to find that

K = : Ao i fe n i ke n
/i lLromny = 11 fillromn) and jBTOO IVl < jgffoo IV (fi)llLa ey

which implies that { f /’( } _is still a maximizing sequence to problem (2.8). Furthermore, we
iy

write i el
er :=(1,0,...,0) € ]R”_l, Aj = supf (e1) = supk G i (7) ’
K

k>0

By direct calculation, we get

_n=1 L
0=</fi = Ajlyl" 7 and | fjllLreoprr) < w, ,A;. (2.10)

Moreover, according to the Marcinkiewicz interpolation [44, 45] with (1.8), we can deduce
the following inequality

IV(OllLany < Cle, By s s o g’ s W fllLraare)-

Thus, we have

IVUlewy) = Cla, B, . 2, p, q', n)||f]||L!’q(0R+)
P
< C(a, ﬁ,u,)»,p,q’,n)IIijILp,Zollf/IIZp 2.11)

p

=C B rp.g' mA; 7,
which immediately indicates that A; > co for some positive constant cg.
On one hand, by choosing «; > 0 satisfies f (e1) > co. We replace {fj} with {f ] R
J

and denoted as {fj } i then for any j, we have {fj }j > ¢o. For any R > 0, it holds that
R o0
o1 [} (R < w,,,Z/ [Py 2dr < wnfzf FPayr2dr
0 0

:/ Py = 1.
OR"
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Based on the arguments above, we obtain

_1 _
0<fiy) <o,/ Iyl” 7

According to Lieb’s results based on the Helly theorem as in [39], we infer that there exists
a positive, radially non-increasing function f such that

fi— f, ae. oR.

It’s clear that for |y| < 1and || f|lzrrr) < 1, we have f(y) > co. Furthermore, according
to the Brezis-Lieb Lemma [1], it holds that

jEToo I fi— fllip(am) = hm IIfJIILp(aRn 71y LPGRY)
(2.12)
— 11 p o -
For some constant C > 0, we have from (2.10),
-B X,,)l\ 1
V(fj)x) = Clx| I —dy. (2.13)
R |yl (|x" =yl +x) 2 |y|” 7

In view of the assumptions of Theorem 1.3, it’s easy to find that the integral is finite.
Therefore, according to the dominated convergence theorem, for x € R”, we deduce that

dim V(fj)(x) = V() x).
J—>+0oo

By virtue of the Brezis-Lieb Lemma, we obtain
llm IIV(fJ)IILq(Rn = IIV(f)IILq(Rn) + ‘ lim V) — V(f)lqu(Rn

<aaﬂmXPQMHNUMM+aaﬂmkpqnﬂhmHﬁ 1oy

(2.14)
Combining (2.12) and (2.14), 1t holds that

qa

=10z, + (1= 1 W pp )"

Since p < ¢q and f # 0, we deduce that ||f||Lp(3R’Jlr) = 1. With all the analysis above, it’s
clear that f is a maximizer to the problem (2.8). The proof is completed. O

3 Qualitative analysis of the positive solutions

In this section, we study the qualitative properties of positive solutions to integral equations
(1.13). More precisely, we are ready to obtain the regularity, asymptotic behaviors and sym-
metry. First of all, we introduce some basic definitions. Suppose that V is a topological vector
space, and we define two fundamental norms || - ||x and || - ||y on V,

I lixs I lly =V — [0, 0o].

Let
={veV:|vlx <ochY:={veV:|v|y < oo}

We recall that the operator 7 : X — Y
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e is said to be contracting if for any f, h € X, there exists some constant o € (0, 1) such
that
IT7Cf)=TMIlx <ellf —hly.

e is said to be shrinking if for any & € X, there exists some constant § € (0, 1) such that
IT(MWNx < 3lhlly-

Clearly, it is not difficult to see that, a linear shrinking operator must be contracting.
Next, we recall the regularity lifting lemma in [15], which will play an essential role in
the discussion.

Lemma 3.1 [15] Let T be a contraction map from X — X andY — Y, f € X and there
exists a function g € X NY suchthat f =Tf +gin X. Then f € X NY.

Proof of Theorem 1.4 For any constant A > 0, we define

u(y), lu(y)l > Aor|y| > A, v(x), [v(x)] > Aor x| > A,
ua(y) = va(x) =

0, otherwise, 0, otherwise,

up(y) =u(y) —uas(y) and vg(x) = v(x) — v4 (x). Define the linear operator T; as
N0 = [ PPy e ol dx. v € 9B,
RY

and
Ta(h)(x) =/ Y17 PaCx, v, oy (ol Pdy, x e RL.
a n

RY

Noticing that (u, v) € LPo+! (9R%) x L9+ (R is a pair of non-negative solutions of the
integral system (1.13), we have

) = [ PGy ol

+

= [ 17 Py ) om0 el

+

=/ TP e. o v ) x| ~dx +/ YT P e. o v® (o)l dx
R RY

=Ti(w)(y) + FO).
Similarly,

v(x) = / Py Cr, v, 10U () x| Py
R

+

= [ Py ) @A) + un ) w1l dy

= [ Pyl ey

+

[ PGy )+l )l dy

aRY

=N w)(x) + Gx),
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where

F(y) = fRn [y Prx, y, vy (x)|x|"dx,

+

G(x)sz P, v, ua(y) + ul* ()P dy.
3 n

+

Furthermore, we may define the operator 7' : L"(dR’}) x L*(R"),
T (hi, h2) = (Ti(h2), Ta(h1))
with norm || (h1, h2) |5 = k1 ”L"(?’Rfi) + ||h2||Ls(R1). Obviously, it holds that
(u,v) =T(u,v)+ (F, G).

To take advantage of the regularity lifting argument via contracting map, we set the
parameters r and s satisfy
1 n—1 1 1 n—11

+ = + .
K n po+1 qgo+1 n r

Noticing that under the hypothesis of Theorem 1.4, the existence of parameters r and s can
be ensured. To prove that (u, v) € L" (3R".) x L® (R"}), we only need to show that, for A
sufficiently large, the following hold.

(1) T is shrinking from L7 (JR") x L90T! (R™) to LPoT! (9R%) x L9+ (R%).
(2) T is shrinking from L” (B]Rﬁ_) x L* (Rﬁ_) to L” (BRi) x LS (Rﬁ)
(3) (F,G) € L/t (8R%) x L9+ (R%) N L" (R%) x L* (R%).

For the proof of (1). In fact, by applying the weighted integral inequality (1.8) and the Holder
inequality, for (hy, hy) € LPot! (8R'j_) x Lao+! (Ri), we know

—1
IT (BN Lo+t oy < CLVE ™I ot 2l a1 gy
+ L9 (RY) "

qo—1
< CuvAl g gy M2l o0 R

and

-1
1720 ooty < Colwl? ™ N st W oy
(®) A . (o)

po—1
= Calluallpgsr oy 11 Lot (o)
where constant Cy, Cp > 0.

Notice that since the integrability LPo+! (0R%) x Laot] (Ri), for A sufficiently large,
we deduce

1
T (hy, h2) llpg+1,90+1 = N1T1(R2) I pgr1 + 1 T2(h D) llgo+1 < 5” (h1, 12) Nl po+1.q0+1

which immediately implies that 7 is a shrinking operator from LP0T! (JR") x L®F! (R%)
to itself.

Next, we will use Stein—Weiss type inequality (1.7) with general kernels to prove (2), which
is similar to the arguments for (1). For convenience, we only verify that || T2 (h1)]| (R =

1 : 1 :
5 llh1 ||Lr(3Ri), since || T (h2) || .- (r) =3 ||h2||LA\-(R1) can be proved in same way.
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Actually, there exists positive constant C such that

—1
IT2(hD) s (rry < Cllulf? hill Lz ome ) )
71 *
< Cllua I|Z‘}0+1(3R1) Willr ome -

In view of u € LPo+! (9R'L), by selecting A sufficiently large in (3.1), we have

1 -
1200l gy < 5 Wl omyy. Yhi € LT (0RY).

In conclusion, we require the parameters r, s and z satisfy

I 1 po—1
2_;_p()+l’
and
Il a+B+pu—r—n+1 n-11
5= " L
a+B+pu—r—n+1 n—1/(pp—1 1
- n + n (po—i-l ;>
=n—1 1 n 1 _n—1+n—1<po—l 1)
n po+1 qo+1 n n po+1 r
_n—11 1 n—1 1
T nor g+l n po+1
where we applied
n—1 1 I a+p+pu—2
n po+1 qo+1 n '

Based on the analysis above, we conclude that (|7 (h1, ho)|l, s < %”h]»hlur,s, which

indicates that T is a shrinking operator from L" (R, ) x L* (R}) to itself.

Finally, we prove (3), thatis (F, G) € LP! (9R7% ) x L90T! (R%)NL" (IR") x L* (R%).
It should be noted that, u g and vp are uniformly bounded by A. Thus the proof of Theorem
1.4 is completed by using the regularity lifting Lemma 3.1. O

3.1 Asymptotic estimates

In this subsection, we are going to study the asymptotic behaviors of non-negative solutions
of integral system (1.13).

Proof of Theorem 1.5 In order to prove that

xru90 (x)
lim u(y)|y|* :/ o dx, 3.2)
ly|—0 YNy R" |x|#tP

first, we verify that [p. ﬁ%dx < +o0. In fact, for any R > 0, we observe that
+

G0 Ayq0 Ao
v X, U X X, U X
f L&dx:/ "7+(ﬁ)dx+/ "7+(ﬁ)dx
re fx|® B IxI* rRu\BS |X[#
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On one hand, since u € L1 (3R'L), then there exists yo € 9R", satisfies |yo| < & such
that u(yp) < +oo. From the system (1.13),

Ao
f ﬁﬂéﬁwscf Pox, y, v ()lx| P
rR\BE  |X]# RI\BE

+/ Pu(x, y, wv®(x)|x| " Pdx
By
= C/n P(x, y, ))v® (x)|x|Pdx = |yo|u(yo) < +o0,

RY

since |x — y| < |x]|.
On the other hand, by using the Holder inequality, we get

1
X0\qo t 4
xyv90(x) /‘ 1
m_dx < C ——— ) 4

A;mwﬁx— (q wperpr )

With the aim of fm %dx < +00, now we require that (u + 8 — A)t' < n and

(/ vq"t(x)dx> .
B+

R

1 -1 —X 1 -1 1 1
7e<ﬂ B )m( on s
qot n n qo+1 n po+1 n qgo+1
n—1 1 a+p—r+1
n po+1 n—1 ’

Noting that (i + 8 — A) t' < n, we have

wHB—1 1 1
—_— <

qon q0  qot’
Therefore, since gg > 1 and ﬁ > n”‘j, it is easy to find that
1 pu+p—n 1 l(n—l Lol oc)
q0 qon q0 4o n po+1 qgo+1 n

1 1<n—1 1 oz)
T go+1 g n po+1 n
1 n—1 1 o
> - )
qo+1 n po+1l n

here we applied the condition

nel 11 _atBip—d
n po+1 qo+1 n '

With the above analysis, we can select a suitable parameter ¢ such that (u + 8 — At < n

v90 (x)
AT dx < +o0.

and ||v]| a0t ®) < +0o0, which immediately means that fR'i
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Next, we prove (3.2). Direct calculation yields that

A0
/ PA(x,y,M)qu(x)|x|_’3dx —/ L_S;)dx
R" Ry |x[#
A 40 (x)
X, U X
< Pi(x, y, v x)|x| = — "7) dx
/B;( P . |x|m+h (3.3)
Aydo
+ / (Pm, ¥, WU )P %) dx
R \B; Eals
= A1 4+ As.
On one hand, for Ay, we have
_ v (x) v (x)
P (x, y, v (x)|x| Pax 5/ _ / _
/3; By |x — y|ptA=R Bf |x — y|tA=R
1
< 20v |l ge) ”W”LH(B;)'
(3.4)

Taking the limit in (3.4), which leads to lim lim A; = 0.
p—=>0]y|—0

On the other hand, according to the Lebesgue dominated convergence theorem for A, we
get

Ayq0
lim Py, y. i (o)l P — 10N 4 o, (3.5)
[y|=0 R™\B} |x|l‘«+ﬂ

With the help of (3.4) and (3.5), we derive

Aydo
/ Px(x,y,u)vqo(x)lxl’ﬁdx—/ UM o
R R" |x|#tP

= lim lim A; + lim lim A, =0.

lim
[y|—0

p—0|y|—0 p—0|y|—0
For the other case, if -~ — AF¢=2+L o @ 4hep
Po po(n—1) n—1
v(x)|x|? uh (y)
m ——— = o dy.
>0 xp ar |yl

Similarly, we can prove the second conclusion. In conclusion, the proof of Theorem 1.5
is completed. O

3.2 Symmetry via the moving plane argument

In this subsection, we will prove the symmetry of positive solutions under the integral con-
ditions. In order to apply the moving plane argument, we give some basic notations. For any
T € R, one write

V=T = Y1y, Y1)y X =QRT — X1, ., X)), u(Y") =u(y), v(x") = v (x),
and

T,={x€R":x1=r}, Zy,rz{yGB]R'j_:yl<T}, Zx,rz{xeRf’,_:x1<r}.

@ Springer



Stein—Weiss type inequality... Page 19 of 35 22

Next, we will show the following equalities, which are useful in the method of moving
plane.

Lemma 3.2 Supposed that (u, v) is a pair of non-negative solution of the integral system
(1.13), for any y € dR", and x € R}, it holds that

u(y)—uf(y)zf Po(x, v, ) (1170 () lx | 7P — [y v®0 () x| ) dx

X,T

3.6)
+/ Pax® v 1) (Iy1 0% (o) x| — [y7 |0 () x| ) i,
Xy o

and

(x) — ve(x) =/ Pu(x, v, ) (v~ uP () |x |72 = [yT 7 ulo (») x| 7F) dy

EV.T
+/ Pix™, v ) (Iy1 a0l P = 1yT I u (p) x| 7F) dy.
Ty
‘ 3.7
Proof By direct computation, we know

u<y>=f Py, v, 10090 (o) x| P
R"

+

=f |y|—“PA(x,y,u)vq°<x>|x|—ﬂdx+f PG v v () x| P,
Yyt

P

and
) = [ TPy ol P

RY

=f YT Py (r, ¥ 10 () x| P
EX.T

+/ YT P, y7, v () x T P dx.
EX.’[

Since Py (x7, ¥y, u) = Pa(x,y, u) and Py (x, y*, u) = P (x7, y, u), it’s not difficult to find
that

u(y) — e (y) =/ Pi(x, y, ) (Iy17 0% () x| 7P = |yT 7 v () 1x 7| F) dx

+ / Po(x™, y, ) (172 o) lx| =P — [y7 |7 v (x) x| ) dx.
Ex,r
Clearly, in the same ways, we get

v(x) — v (x) =f2 (1917 Po(x, y, wlx =P = [y 7 Putx, y7, i0lx | ~P) uP (y)dy

+/ (Iy17 P, YT, X7 = [y TP (x™, y7, x| 7P ulo (y)dy
)}

.7

=f Poes v ) (¥~ ()l — [y¥ |~ “uo (x| #) dy
PIN

+/ Py, ) (y " uP e — 1y u ()l ) dy.
)

.7
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This finishes the proof. o

Proof of Theorem 1.6 We divide the proof into two steps.
Step 1. We claim that for 7 sufficiently negative, there holds

uc(y) = u(y), ve(x) >v(x), Vx € Xy ¢, y € Xy ¢, (3.8)
Let
E;,r = {y € Xy rlu(y) > ur()’)} , E;’f = {x € Xy rlv(x) > Ur(x)} .

Thus, we will show that for 7 sufficiently negative, the sets X ;’ T and X¥ | must have measure
Zero.

Forany x € X} and y € X _, since [x*| < |x|, we know from (3.6)

u(y) —u-(y) < f 7 (Pa(x, y, W)= Po(x", y, W) (07 (o) x| — v (x) [x7|7F) dx

P

= / [y~ P, (v% (x) — v¥(x)) dx.
bl

X, T

Applying the Mean Value Theorem, we get

u(y) —uc(y) = qofv Y17 PCx, y, v () () — v (x) dx.

X, T

Similarly,

v(x) = ve () < po / P Cr v )P (0 (u(y) — 1z (1)) dy.

u
Z)\r

Using the Holder inequality and Theorem 1.2, we obtain

qo—1

I — ur ”LI’O*'():V\M”T) = C””“quﬂ(zx,,)”') — Vg ||qu+1()3§'z)s (3.9)
and 1
0—

lv— vT”L‘JOJFI(Z;’J) = C”u”ipoﬂ(zw)”“ - “f||L1’0+1(2§‘,_,)' (3.10)

In view of (u, v) € LPOH! (9R%) x LT (R™), for T sufficiently negative, it holds that

1
lvllpao+i(s, ) < 5 lullLroti(z, ) = 5
which indicates that
llu — I/{r”LpoJrl(E;,w) =0, [|[v—ou; ”L"O“(E,ﬁ,r) =0. 3.1

Therefore, we deduce that XY . and X} . must be empty set. This implies that (3.8) holds.
Step 2. Inequality (3.8) provides a starting point to move the plane 7;. Furthermore, we
move the plane 7; from —oo to the right as long as (3.8) holds. One can denote

0 = sup {Tlup(y) = u(y), vp(x) 2 v(x), p < T,Vy € Ty r,x € Tor ). (312)

Assume that tp < 0, then we will show that the solution # and v must be symmetric and
monotone about the limiting plane. Namely,

Uy (¥) = u(y), vgp(x) =v(x), Vy € Xy g, X € Ty g (3.13)
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Suppose for such a 7, on Xy 7, and X ,, we get

u(y) < ug(y), v(x) <vg(x), but u(y) # ug(y), v(x) # vgy(x). (3.14)

We will show that the plane can be moved further to the right. To be precise, there exists
a positive parameter ¢ such that forany x € Xy ; and y € X, ¢,

u(y) <uc(y),vx) <ve(x), Vr €[r, 0 +¢), (3.15)

which would contradict with the definition of 7.
Combining with the first step and (3.14), we know that u(y) < u,(y) and v(x) < v (x)
in the interior of X 7, and Xy , respectively. Moreover, we define

U = v e Suglv) = v}, B =y e Byqlu() = u ()}

Therefore, it’s easy Eo find that Ef’ % and Zg,m have measure zero, and lim; . ;, X ’y’,, C Eg, 0
lim; 4 =Y C X} . Furthermore, By virtue of (u, v) € Lpotl (OR%) x La0+] (R%), we

can select a adequate small e such that for any 7 in [19, 79 + €),

1 1
”U”L‘IO‘H(E,\-,,) = Ea ||u||L”O+1(2y,r) < 5

In fact, the estimate is similar to (3.11), it holds that
llw — MT”LPO“(Z‘;{,T) =0, [lv—o, ”LqOH(Ef.ﬁ =0.

Based on the above discussion, we conclude that X . and %7 . must be empty set. This
proves (3.15) and hence (3.13). '

If 7p = 0, then we can repeat the arguments in the opposite direction. Indeed, we will
get two situations. If the plane 77 stop at some point before the origin, we can deduce that
u(y) and v(x) must be symmetric and monotone decreasing in the x;-direction based on the
previous analysis. If it stays at the origin again, we also have the symmetry and monotonicity
result with x; = 0. Since x; direction can be chosen arbitrarily, we deduce that u(y) and
v(x) |3R1 must be radially symmetry and monotone decreasing about some point yg € R’} .
The proof is accomplished. O

4 The single weighted integral system

In this section, we will consider the necessary condition for the existence of non-negative
solutions of the integral system (1.14) with single weight.

u(y) = / X2 Py (x, y, v (x)dx, y € IR™,

RY

v(x) 2/ ) yI7*Po(x, y, muP (y)dy, xeRL.

aR™
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Proof of Theorem 1.7 Firstly, according to the integration by parts, we get

/1 1Iylf"u”(’(y)(y-Vu(y))dy
By '\B:~

1 / - .
= IyI=%y - V (u”t () dy
po+ 1 Jpr-t\pr!

Rl—a + 81—0{ "
= uPT (y)dt + / uP" " (y)dr
po+1 /BB;—I po+ 1 Japr-!

n—1—«

C opt+l /Bn_l\B,,_l uP () ly |~ dy.
R &

Similarly, we know

/ Ix| 7Pv% (x) (x - Vu(x)) dx
B{\BS

1 / ~ .
= Ix|7Px - Vv (v (x)) dx
q0 + 1 Jpi\pt ( )
RI-F gl=B
_ / vq(’“(y)dr + / quH(x)dt
q0+ 1 JoB}; qo+ 1 JapF
n—p

9+ () x| P dx.
q0 + 1 Jpi\p+

In particular, under the assumptions of Theorem 1.7, we know (u, v) € Lpotl (|y|_"‘dy, 8R"+)
x L90+] (|x|_/3dx, Ri)’ then there exist R; — +o0 and &; — 0 such that

R}""/ uP ' (y)dt — 0, R}‘ﬂ/ VO (x)dr = 0.
B! IB

BRi

Similarly, we obtain
81_0‘ upo—H( Yd 0 1-g qo+1 d 0
i yyar — 0, g v (x)dt — 0.
aBL! 9B
Based on the above analysis, we get

/ Iy~ *ul(y) (y~Vu(y))dy+/ b o (x) (x - Vo(x)) dx
aR" R"

n—1—«a n—p @)
= f I uP  (dy — ——= | [P ()da.
po+1 Jome q0+1 Jpn
Noticing that the weighted integral equations (1.14), by direct calculation, we obtain
du(py)
Vu(y) -y = dp lp=1
4.2)
=—u fR PGy, wlx =y 72 = x) - ylx[ P (odx,
+
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and do(px)
v(px

x =

Vou(x) - x dp lo=1

= /BR” Pi(x, y, wlx — 1720 = y) - xy[ w0 (dy (4.3

+

+ A /aw Py(x, y, wlyl"*u? (y)dy.

+

It follows from (4.2) and (4.3) that

/ Iyl_“u"“(y)(qu(y))dHf x| Pu®0 (x) (x - Vox)) dx
aR" R

— - / / TP Gen o 0 ()0 (1) x| P dydx
Ry Jory

- A)/ Po(x. v, vt ()l Pdx
.

=—(u— /\)f Pi(x, y, wuP T (y)|y|~*dy.
OR"

Combining (4.1) and the above identity, we know that ";Olgl“ + cl;o_Jrﬂl = u — A, which

completes the proof. O

5 Application to nonlocal elliptic equation on the upper half space

In this section, as an application of Stein—Weiss type inequality (1.7), we are interested in
studying the symmetry and non-existence of positive solutions for equations (1.15) by the
method of moving plane in half space. In fact, since the nonlinear term is non-local, we fail
to obtain the symmetry result for positive solutions via the maximum principle. Therefore,
we provide a different proof using the integral inequality to establish the symmetry and
non-existence of weak solutions for the equations (1.15). For convenience, we first write

A
m(x):/a _ P "(y):/R G s

re [x[Plx — yli]y[e n xlPlx =yl yl
then the equations (1.15) can be rewritten by the following form,

—Au(x) = x,),‘m(x)g(u(x)), x eRY,
du , (5.2)
35 =10 f ). ye R

Next, due to the lack of the decay property of those solutions, it is not convenient to prove
symmetry and nonexistence results for equations (1.15) via the moving plane arguments
directly. To overcome this difficulty, we will introduce the Kelvin transform of centered at a
point. Then let us take any point x, € R’ and define the Kelvin transform of u(x), m(x)

@ Springer



22 Page240f35 X.Lietal.
and n(y) as follows.
) 1 X —Xp n @) 1 X —Xxp n
v(x) = u Xy ), k)= m Xp |,
Ix —xp 27 \x —xp2 77 Ix —xp 260 \Jx —xp2 77
Y=o
z2(y) = ] ( + ) .
ly = yplPetn "y =y 2 7
Obviously, by the above definition, for |x — x,| > 1, we have
V(X)) £ ———, o(x) < —————,
Ix —xp "2 |x — x,|2+H
and
WS (5.3)
ly — )’p|2a+u

It’s easy to find that (v, w, z) has the singularities at point x,,. Here and the rest of this paper,

without loss of generality, we take x,, = 0.

In addition, by a straightforward computation, we obtain v(x), w(x), z(y) satisfies the

following elliptic system

—Av(x) = xﬁa)(x)k (|x|"72v(x)) v(x)

n—

0
ﬁ(y) = 2k (191" () v(y)
H(ly"2v(y))

2A+n+2—(2B8+u1)

n=2 , xeRY,
Qa+p)
Tty e oRY\ (0},
2n—1)—Qar+11) 5.4
n=2 udy, xeR], >4

w(x) :/ ——v(y)
ary 1x1Plx — yl#|yl
K (|x"2v(x))x;:

Z()’):/ Y T T T
wy [x[Plx — ylE[yl

Now we turn to the symmetry and monotonicity of v(x). We introduce the following notation.
For § > 0, we define

s ={x eRl|x; > 8}, 9% = {x € 0R |x; > 8}, T3 = {x e Rl |x; =6},

2n+20— 2B+
n—2

(x) dx, y e R} \{0}.

and we also denote the reflected point and functions relate to the hyperplane 75 by
=28 —x1, . x0), vs(x) =v(x%), p® = (26,0, ...,0).
Furthermore, we write
25 ={x € Tslv(x) > vs(x)}, IT§ ={x € IZ;5|v(x) > vs(x)}.

In light of the above preparations, we shall give two basic inequality, which is useful in
the later proof.

Lemma 5.1 Assume that v(x) is non-negative weak solution of the equations (1.15), then we
have

H (ly|"2v(y) 2n=D)=Qartps) 21D Qe
0 (x) — wy(x) < / %(v(y) T —um) T T )y, 55)
axy [xIPlx — ylHyl
and
K (1x]"2v(x)) x} 2042— QB+1) 2042—QB+1)
1) — 25(y) < / g(v(x) T g ) dx (56)
sy xlBlx — ylElyl
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Proof By direct calculation, we get

n—2
w(x):/ Mv(y)wdy

axy [X1Plx — yl#lyl*

H (1y°1"2vs(y) 2=~ Quti)
/ ( ) vs(y) dy

n—=2
axy [x[Plx — yo|i]y3 |

and

n—2
ws(x)=/ H (Iy"*v() () e

n—2
azy P — yly]e

H (]1y*]"2v 2n—1)—Qart1)
/ (1»°l 5(1)) ; 7ﬂdy

azy WOPIxd — yO[[y0]e

Since x € X5 and y € X3, then we get

2(n—1)— (201+IL)
w(x)—wsm—/ L[ Hyr o) v ™
ass 1¥ — I IxIP v
2n1—1)—Qa+p)

H (I’ 1" 20s(0) vs () e ,

TR y

2n—1)—Qatu) 201—1)—Qa+u)
+/ 1 H(y' 1" o)) =2 H(yI"Pvm) v~ = dy

oss X0 — Yl EEE IxIB v

/ 1 ( 1 1 >
= T e
x5 Byl e =yl % — ype

. (H (ly‘ v(y)) v(y) 2(n— l) (7a+)t) H (|y8\" 21}5(})) va(y) 2(n— l) (2u+u) ) d}
Ifyeao Eg, together with the monotonicity of H, then we know

H (Iy"2v(») < H (1Y’ " 2vs(»)) -

If y € 9Xs\0X§, then we have

angew  F(Iy1"?0) _ F (Iy"us(y)

n—2
(IyI" o) v(y) T yPe=D=Catm) = |yRa-D-Cetw
F (|y5 |;172v5 (y)) )Z(n—lzl:(22a+u)

2= -Cati)

()T
= H (Iy*1" s () vs(»)

From the analysis above, we immediately get the identity (5.5).
Similarly, from

K (|x]"2v(x)) x* 20— 2B+
dﬁ=/’QJ(»"MD"2de
50 Pl =yl
K (128" 205 (x)) x* 20+2— QR+
i (2 20s) xp | g
)

dx,
i X 1B 1xd — y[H|y|

2n— 1) (2a+u)
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and
K (1xI"2v(0) xp  2ni2-0pin
za(y)Z/ g B[L)S’va =2 dx
sy [x[Plx — yoJ]yd|
K (|x‘s|”_2v5 (x)) x,)l“ 24+2A—(2f+11)
51Blxd — ool vl =Tdx,
xp WO PLxd — Byl
we arrive at (5.6). The proof is completed. O

Lemma 5.2 Under the conditions of Theorem 1.10, for any fixed parameter § > 0, then it
holds that

(1) vix) e Lff"z@g) U L®(%),
(2) (v —vs)t € Li-2(Z5) U L®(5s).

Moreover, there exists positive constant Cs, which is non-increasing in §, such that

/ IV (v —vs) T |2dx
s

20+n+2—(28+n) n—Qa+p) 20+4—-2B+1)
<Cs {w(x)u I COU +lo@l ol 5, >
Ln—Z(EE) Lﬁ(azg) L(2ﬁ+u)—2)»():g) Ln—Z(zg)
2—Qatu)
HzW 20-n Ol 307]) }( f vVw—v)T |2dx>.
L n=2 %)) L =2 @z | \U%s
(5.7

Proof Actually, because of § > 0, there exists a parameter » > 0 such that X5 C Ri\B;" 0).
Therefore, in light of the definition and decay property of v(x), we have

v(x), (—v)t € L2 (S5) U L®(5y),

where we denote B;F(0) = {x e R [|x] < r}.
Next, in order to remove the singularity of v(x), w(x) and z(y), we need to introduce a
cut-off function ¢ = ¢ (x) € C'(R", [0, 1]) as below

s 1
I, 2¢e <|x—p°| < -,
&

e (x) =

2
0, |x—p3|<s, |x—p5|>f.
£

Furthermore, we require that |[V¢| < % fore < |x — p‘sl < 2¢ and |V¢| < 2e for % <
lx — pl| < % In addition, we also define two functions ¥ (x) and ¢(x) satisfy ¢ = ¢, =
4)3 (v —vs)T and ¥ = ¥, = ¢, (v — vs)" respectively, it’s easy to find that

VY2 =V (v —vs)* Vo + [(v—v5)T] Vo[,
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Now, based on the above preparation, we deduce from (5.4)

IV (v — vg) T |2dx

/zsu[zssu—pa\sg]

< / IV () 2dx < / V (w(x) — v5(0)) T Vodx + f [(x) = vs )] Ve 2dx
%y s i

v
s H )

K] —
= fE AW —vs) pl0dx + /EEU OOV gy + /E [W@) = v )] Ve Pdx

20+n+2—(2B+u) 2n+2—2B+1)

- / [x,)q‘w(x)k (\x\"*zv(x)) v 2 — rod)k (|x5|"*2ua (x)) o
DH

n—Qa+p)
x w0 = vy 2] - [z(y)h (b 2em) 2
axy

)

n—Qa+p)
=200k (191205 ) vy () 72

x @) = 1500 0] + [ [0 = v T 190 P

=y
=11+ +I3.
(5.8)
Apparently, we are going to consider the three integrals above. For integrals Iy, if x € 2§,
then we have
k(Ix"20(0) < k (1K1 o5 ()

where we used the monotonicity of k. Meanwhile, we treat the domain X§ as
Q1 = {x € Zflwx) > ws(x)}

and
Q= {x € Zflwx) <wsx)}.

If x € 2, we know

2A+n+2—2B+1) 2A+n+2—-(2B8+1)
A -2 —_ A § Sin—2 —_
xpo@k (|x]" 7)) v) T 2 = xpe()k (2% s () vs(x) T 2

20+n+2—2B8+1
= [0() — o) ]k (11" ?v(x)) vix)
2h4n+2-Q2p+1) _ 204n+2—(2B+1)
+ xlw(x%) [k (|x|"72v(x)) v(x) ok (IX‘SI" 2va(x)) s (x) Ea ]
_ 2%+n+2—(2B+u1)
<x) o) — o]k (X" 2v@) vx) T 2
20 +n+2—(28 20+n+2—Q2B+n
+ Xy (k (Ix]" v (x)) [v(x)w - Ug(x)w]
(5.9
If x € Q», then we have

204+n+2—-2B4+n) 204+n+2—-2B+n)

ok (" Pv)v) T 2 = xro )k (16" s () vs(x) T 2
- ViAn2-Qp+p0) . 2 e
= xﬁa)(x) [k (|x|n ZU(X)) U(.x) n—2 = —k (|x5| ZUB(X)) Ua(x) 2 m :|
< ok (I 200m) [0 5T Sy T

(5.10)
Clearly, integral I can be estimated in the same way. Therefore, for y € 9%y, it follow from
the monotonicity of 4 that,

h(1yI"20() < b (121" 20s()) -
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Similarly, we can divide domain 9 X§ into

Q3 = {y €3%{1z(») > z5(»)}

and
Q= [y eda=lz(y) < ().

If y € Q3, then we have

2 (1" 20() vy T - z(y W (13120 () ws ()2
< 2h (¥ 20 () [v(y) — () (5.11)
+h (I 20) v T [20) - 200)],
it also holds that for y € Qg4,
2 (1Y 20()) () T = 2 (191 2us () v ()T
n—2 n—Qa+np) n—Qa+un) (512)
< 20 (¥ 0()) [v(y) RO

Consequently, inserting (5.9), (5.10), (5.11) and (5.12) into (5.8), we must have

IV (v—uvs)" |2dx

/):au{zsw < 7}

€

2hn+2— 28+

)
513+C/ [w(x) w(x )] (|x|" 2v(x)> v T () — vs ()T B2 ()dx

2044— 2B+

+C /2” xro(0k (Ix\”fzv(x)> v(x)TM [0 — v(;(x))+]2 $2(x)dx
5

ot

=

2-Qatp)
+C /azv z(V)h (Iyl”fzv(y)) vy 2 [ — va(y))*]qug(y)dy
S5

n—Qa+np)
wC [ (b 2om) v T 200 - 200] 00) - o0 * 20y
oxy
=1+ Al + Ay + Az + Ay.
(5.13)
In fact, based on the discussion above, we focus on estimating the five integrals in the
remaining of proof.
Firstly, to estimate integrals /3 accurately, we write M; = {x € Zsle < |x — p?| < 2¢}
and M> = {x € 55|11 < |x — p®| < 2}, then we have

1
/ IVp|"dx < C— -&" =C.
M en
Similarly,

1
/ IVop|"dx < C— -¢" =C.
M, e

2n
As a consequence, when ¢ — 0, by the Holder inequality and (v — vs)T € L2 (Z5), we

conclude
n=2 2

I < (/ [0 — vp)*]7 dx> ’ (/ |V¢|”dx>ﬁ =0
MyCM> s
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Secondly, for integral A, according to Theorem 1.2, we infer from (1.11) and the Holder
inequality that

22+n +2 (’ﬂﬂ)

Al < Cg/ X, [a)(x) — w(x‘s)] v(x) (v(x) — v,g(x))Jr dx

2 +n+2 (2ﬂ+[t) (n—1)— (7Ot+)t) 2(n—D—Qa+p)
X o(x) W) —vs(N* (v(y) "= —vs(y) w2 )d y
o |
ED |x1Blx — y[#|y|«
2h+n+2— 12/3+u) +
=< Csllv(x) "= @) —vsONTI
L IR0 (52)
v
(y m(dZ )
2/~+n+2—2(2ﬁ+u)
< GCsllvll o, " I (v(x) — vs(x)) H L
Ln=2(x}) (%5)
n— (mw)
v 2y Il (w(y) —vs(y)) H 20-1) (am
L2 (3%})
(5.14)

Next, for integral A;, combining the Holder inequality with the decay estimate of v, there
exists a positive constant Cg, which is non-increasing in 8, such that

A+n+2 (2ﬂ+u)

Ar < f X [o() — oG]k (Ix]" ) v(x) (W(x) — vs(x)) " dx
Ev

8

<C;s /
v

8

2B+1)—2x 204+4—Q2B+1)

on 2n N 2n
w(x) @Brm=2x dx) (/ v(x)nz—de)
=Y

8
n=2

( /E ) — v dx) ,

8

(5.15)
where we used the monotonicity of k.
Furthermore, for integral Az, in view of the Holder inequality, we have
Az < / zWh (1" u(y) o(y) [(v(y) — v d
EDJ
2—Qa+p) 20+
2ty 2(n—1) 21 2(n—1)
<Cs / v(y) =2 dy / z(y) 2 dy (5.16)
azy ED
n=2

2(n— n=T
( [ dy) :

)
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Finally, we estimate integral A4. According to Theorem 1.2, it follows from (1.12) and
the Holder inequality that

Qo+p)

[z(y> - z(y‘S)] W(y) —vs(y) T dy

+2+2x (z;zw)

Ay <C5/ v(y)
EU

< Ca/ / () — ()" v(x) (v(x) — Ua(x))‘L
Y 325 X 1P lx — yl#]yl®
< Gsllv() T () — v || 201y I

2n—-2— (2a+u) (()2 )

o) I (@) — v |

24n+2—Q2B+1)

2n
L 2n+20—2p+up) ():})j)

< Gsllv)ll 5, " v(x) — vs()) || 20
SOOI 2,72 ) = w2
n— (Za;u)
v an D | w(y) — vs(y)) || 2= (5.17)
=2 (%) =2 (x%y )

Hence, insertting (5.14), (5.15), (5.16) and (5.17) into (5.13) and taking ¢ — 0, then by
Lebesgue’s dominated convergence theorem, the Sobolev trace inequality and the Sobolev
inequality, it holds that

/ IV (v — v5)* Pdx
P

Qp+w)~2i
2A+n+2—2(25+;4) n— (204+;4) o 2n
<G @I o ol A+ [ oz ax
Ln=2(%y) =2 (3%)) =P
20+4—2B+1)
o 2n
/ v(x)n—2dx
z§
2—Qa+p) 20+
21 2(n—1) 20-1) 2(n—1)
([ o [ ey
azy azy
([ v o=t rax).
PN
which leads to (5.7). This accomplishes the proof. O

Next, based on Lemmas 5.1 and 5.2, we give the following frequently useful lemma.

Lemma 5.3 Under the hypothesis of Theorem 1.10, there exists a non-negative constant &,
such that for any § > o, x € X5 and y € d¥;, we have

w@x) <w®), 2(0) <z2(°), vx) < vsx). (5.18)
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Proof Actually, since w(x), z(y) and v(x) possess better decay properties, we can take 8g
sufficiently large, such that for § > Jy, it holds that

2A+n+2—2(2ﬁ+/1) 117(201;11.) 20+4—(2B+p)
Cs | lvoOll 2" oIl 26 + o)l 2 RCIE
Ln=2(%}) L2 (3%Y) L CRHI=21 (2}) Li=Z(£D)

| —

2 et
HlzWI 200 oW Jom) <
L n=2 (%) L2 (3%Y)
Further, according to Lemma 5.1 and Lemma 5.2, for any x € ¥s5 and y € dX;, we obtain
w(x) < 0(x%), 2(y) < z(y°) and v(x) < v3(x). 0

Based on the above analysis, we find the starting point to move plane T5,. Now we are ready
to move the plane from the right to the left provided (5.18). To state the process accurately,
we write

81 = inf {8lw(x) < w(x®), z2(y) < z(3°), V(x) < vs(x), ¥x € Ty, Yy € 3T5}. (5.19)

Then we deduce the following important result.

Lemma5.4 If 61 > O, then for any x € X5, and y € 0Xs,, it holds that w(x) = w(x),
2(y) = 2(y*") and v(x) = vs, (x).

Proof Suppose that w(x) # (%), z(y) # z(y®) and v(x) # vs, (x). On one hand, by
means of the continuity of w(x), v(x) and z(y), for any x € X5, and y € dXs,, we have

o) <o), v(x) < v (x), 2(3) <z20O™). (5.20)
Moreover, from the monotonicity of g and k, we know

-2
3 2 2x+n+nz:<2,3+m o g(|x|n v(x))
xpw()k (Jx|"*v(x)) v(x) 2 —xnw(x)m

g (1x]" 2, (1))

A 81
= xo(™) | [2-Fn+2—CB+10)

g (1x1"2vs, (x)) bnt2- Q)
Dtnt2—Cht Y8 (x) "
(Ix[""2v5, (x)) "2

g (|X|"72U51 (x)) 2A+n+2:2(2ﬁ+;4)
5 Dint2—Chtm V8 (x) "
(|01 " =2vs, (x)) 2

Dt +2—Q2B+1)
= x,’}w(x‘sl)k (Ix‘s' |"72v31 (x)) s, (X) n=2 )

< xtw(x)

< xtw(x’)

which immediately implies that
—Av(x) < —Av(x‘s‘), X € Xg,.

Furthermore, according to the strong maximum principle, for any x € X5, and y € 9%,
we obtain w(x) < w(x®), v(x) < vs, (x) and z(y) < z(y‘sl).

On the other hand, when § — §;, we get ﬁ)@é’ 2% 0 and Mz(%n)(azg 2% 0.

Therefore, there exists T > 0 such that for § € [§; — 7, 61], ﬁng < ﬁng’ . and
-
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W\Z(ﬁ Xosy < \\IZ‘%‘) Xosy - Here, applying Lebesgue’s dominated convergence theorem,
when § — §;, we know

1 1
——dx — 0, / ————dy — 0.
/;zg x| axy ly[2=D

Finally, using the decay properties of @ (x), z(y) and v(x), we point out that there exists
7o such that for any é € [§;1 — 0, 1], it holds

2A+n+2—2B8+w) n—Qa+p) 20 +4—-(2B+p)

) -2 2

Cs vl 5" 162 Iy + o)l b2 vl o ™
Ln=2(%}) L 2 (3%P) L CPH1=21 (Z}) Li=Z(£D)

2;520:#]»)”) 1
HlzWI 200 oD 6o <3
L n=2 (%) L =2 (3%)) 2

Therefore, by using Lemmas 5.1 and 5.2, we have for any § € [§; — 10, 61],
o) < 0(’), V() < vs(0), 2() =207, x € Ts, y € ITy,
which contradicts the definition of §1. The proof is finished. O
It’s clear that, the proof of Theorem 1.10 relies on the above results.

Proof of Theorem 1.10 In fact, we can move plane T3 from oo to the left, and continue this
proof until § = ;. If §; > pj, then we obtain

w(x) = &™), z2(y) =z, v(x) = vs,(x), x € Ts,, y € 9Ty,

However, this is impossible. Therefore, we get §; < pj. Similarly, we can move the plane
from —oo to the right as we did in the previous discussion, then we derive 8] and 8] > py.
Furthermore, we conclude §; = 8/1 = p1. Since x; direction can be taken arbitrarily, then
the fact implies that, @ (x), v(x) and z(y) are symmetric with respect to any plane, which is
passing through p and perpendicular to x; (i = 1,2...n — 1) axis.

Finally, for any p € dR” , v(x), w(x) and z(y) are symmetric about the plane that passing
through p and is parallel to x,, axis. Hence we derive that #(x) and m(x) depend only on x,
and 7 is constant. This proof is accomplished. O

Next, we will pay attention to studying the existence of positive solution for Hartree type
equations (1.15). By virtue of Theorem 1.10, we give the proof of Corollary 1.11.

Proof of Corollary 1.11 Naturally, according to Theorem 1.10, we conclude that m (x), u(x)
depend only x, and n(y) are constant function. As a consequence, we can rewrite the equations
(1.15) in the following form

2
B d“u(xy) _ (/ F(u(o))dy) xr}l‘g (u(xn)), xp >0,
d

dx? R X — y|#
A
_ ;” ©0) = / G\ \ £ wo)).
Xn R’ [x — y|®

It is worth noting that the first equation yield u(x) is concave function. Moreover, from
the later equation, we have

A
du 0) = (/ G(”(x"))xndx) f (u(0)) > 0.
R

— 12
dx, n =yl
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Thus, we conclude that u(x) is concave and decreasing unless u = ¢ with F(¢) = G(¢) = 0.
On the one hand, if u is strictly decreasing with respect to x,, then we have ddT”n(O) <0,
which is impossible. The fact implies that this case will not happen. Hence we immediately
deduce the desired result. The proof is accomplished. O
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